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“Your days increase with each Tomorrow” (“Cu maine zilele-ti adaogi’’) 
by Mihai Eminescu 


Your days increase with each Tomorrow, 
Your life grows less with Yesterday, 

In front of you there lies, however, 

For all of the eternity: Today. 


These famous verses of the national poet of the Romanians capture the close 
connections between poetry and mathematics. Indeed, if D, denotes the number 
of days in someone’s life, then the equation of life described by the poet can be 
encoded in the following well-known recurrence: 


Dn+i = Dn-1 = Dn, 


which coincides with the recurrence satisfied by the Fibonacci numbers. 


Preface 


Overview and Goals 


This book presents the state-of-the-art results concerning recurrent sequences and 
their practical applications in algebra, number theory, geometry of the complex 
plane, discrete mathematics, or combinatorics. The purpose of this book is to 
familiarize more readers with recent developments in this area and to encourage 
further research. 

The content of the book is recent and reflects current research in the field 
of recurrent sequences. Some new approaches promoted by this book are visual 
representations of recurrences in the complex plane and the use of multiple methods 
for deriving novel identities or number sequences. 

The first part of the book is dedicated to fundamental results and key examples of 
recurrences and their properties. We also present the geometry of linear recurrences 
in the complex plane in some detail. Here, some recent research has led to 
unexpected developments within combinatorics, number theory, integer sequences, 
and random number generation. 

The second part of the book presents 123 olympiad training problems with full 
solutions and some appendices. These relate to linear recurrences of first, second, 
and higher orders, classical sequences, homographic recurrences, systems of recur- 
rences, complex recurrent sequences, and recurrent sequences in combinatorics. 


Audience 


This book will be useful for researchers and scholars who are interested in recent 
advances in the field of recurrences, postgraduate students in college or university 
and their instructors, or advanced high school students. 

Students training for mathematics competitions and their coaches will find 
numerous worked examples and problems with detailed solutions. Many of these 
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problems are original, while others are selected from international olympiads or 
from various specialist journals. 


Organization and Features 


The book is organized in eight chapters and an appendix. The first six chapters 
are dedicated to theoretical results, examples, and applications, while the last two 
contain olympiad problems accompanied by full solutions. 

Chapter | presents the fundamental aspects concerning recurrence relations, such 
as explicit and implicit forms, order, systems of recurrent sequences, or existence 
and uniqueness of the solution. The chapter also presents some recurrence sequences 
arising in mathematical modeling, algebra, combinatorics, geometry, analysis, or 
iterative numerical methods. 

Chapter 2 is dedicated to first- and second-order linear recurrences with general 
coefficients, various classical sequences and polynomials (including Fibonacci, 
Lucas, Pell, or Lucas—Pell), and homographic recurrences defined by linear frac- 
tional transformations in the complex plane. 

Chapter 3 presents the arithmetic properties and trigonometric formulae for 
classical recurrent sequences, extending some results for Fibonacci and Lucas 
numbers. 

Chapter 4 is dedicated to ordinary and exponential generating functions for 
classical functions and polynomials and presents numerous new results. It also 
presents some new useful versions of Cauchy’s integral formula. 

Chapter 5 explores the dynamics of second-order linear recurrences in the 
complex plane, referred to as Horadam sequences. We first formulate periodicity 
conditions, which are then used to investigate the geometric structure and the 
number of periodic Horadam patterns. An atlas of non-periodic Horadam patterns is 
also presented, followed by an application to pseudo-random number generators. We 
conclude with some examples of periodic nonhomogeneous Horadam sequences. 

Chapter 6 presents the dynamics of complex linear recurrent sequences of higher 
order and investigates the periodicity, geometric structure, and enumeration of the 
periodic patterns. Some results concerning systems of linear recurrence sequences 
are also analyzed, together with applications to Diophantine equations. An atlas of 
complex linear recurrent patterns (both periodic and non-periodic) for third-order 
recurrences is also discussed, along with connections to finite differences. 

Chapter 7 contains 123 olympiad training problems involving recurrent 
sequences, solved in detail in Chapter 8. Many problems are original and concern 
linear recurrence sequences of first, second, and higher orders, some classical 
sequences, homographic sequences, systems of sequences, complex recurrence 
sequences, and recursions in combinatorics. 


Preface ix 
Prerequisites 


Our intention was to make the book as self-contained as possible, so we have 
included many definitions together with examples. Chapters 1, 2, and 5 only 
require good understanding of college algebra, complex numbers, analysis, and 
basic combinatorics. For Chapters 3, 4, and 6, the prerequisites include number 
theory, linear algebra, and complex analysis. 


How to Use the Book 


The book presents recurrent sequences in connection with a wide range of topics 
and is illustrated with numerous examples and diagrams. 

The introductory chapter and some of the properties of first- and second-order 
linear recurrences (which include classical number sequences) are elementary and 
can be understood by high school students. 

More advanced topics such as homographic recurrences, generating functions, 
higher-order recurrent sequences, or systems of recurrent sequences require con- 
cepts usually covered in college or undergraduate courses. 

We have also included many original and recent results on arithmetic and 
trigonometric properties of classical sequences, new applications of Cauchy’s 
integral formula in the study of polynomial coefficients, or the complex recurrent 
patterns applied in pseudo-random number generation, which expose the reader to 
the state of the art in the field. 

The collection of problems with full solutions illustrates the wide range of 
topics where recurrent sequences can be found and represents an ideal material for 
preparing students for Olympiads. 

The book also includes 177 references and an index which will help the readers 
to further investigate key notions and concepts. 
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Chapter 1 ®) 
Introduction to Recurrence Relations ml 


In this chapter we present fundamental concepts and motivating examples of 
recurrent sequences, and show connections of recurrence relations to mathemat- 
ical modeling, algebra, combinatorics, and analysis. There are numerous sources 
presenting the classical theory (see, e.g., [41, 62, 128]). 

Let X be an arbitrary set. A function f : N > X defines a sequence (Xn)n>0 
of elements of X, where x, = f(n),n = 0,1,.... The set of all sequences with 
elements in X is denoted by X\, while X” denotes the Cartesian product of n copies 
of X. In practice, X will be chosen as C, the Euclidean space R”, the algebra M,.(A) 
of the r x r matrices with entries in a ring A, etc. 

The set XN has numerous important subsets. For instance, when X = R, 
the set of real numbers RN includes sequences which are bounded, monotonous, 
convergent, positive, nonzero, periodic, etc. 

When a € X is fixed, in implicit form, a recurrence relation is defined by 


Fu(Xn,Xn-15 +++, X0) = 4, a ee (1.1) 


where F,, : X"t! — X is a function of n + 1 variables, n = 0, 1,.... Notice that, 
in general, the implicit form of a recurrence relation does not define uniquely the 
sequence (Xn)n>0- 

The explicit form of a recurrence relation is 


Xn = fnn-1, ++, X0)s ol oe eee (1.2) 


where f, : X” — X isa function for all n > 1. 

The relations (1.2) give the rule to construct the term x, of the sequence (x7 )n>0 
from the first term x9. We have x1 = fi (x0), x2 = f2(%1, x0), ..., 1e., the relation 
(1.2) is a functional type relation. 
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2 1 Introduction to Recurrence Relations 
1.1 Recursive Sequences of Order k 


Let k be a positive integer and X. A kth order recurrence relation is written 


¢ implicitly, fora € X and F;, : X*+1 _, X withn =k,k+1,...,as 
Fn(Xn, Xn—15 +++, Xn—k) = 4; (1.3) 


° explicitly, for f, : X* > X,n=k,k+1,...,as 


xn = Sn Qn-1, +--+ Xn—-k)- (1.4) 

Sometimes, for n = 0, 1,..., these are also written in the forms 
Frn(Xn+k, Xntk—-1, +++ Xn) =a, (1.5) 
Xn+k = Sn Qn+k-1, ee y Xn): (1.6) 


If fn € Cluy,..., ux] is a polynomial of degree | in k variables, defined by 
Fr, -++, Uk) = alu +-- taku +b,, where the sequences of complex numbers 


(a) )n>0; j =1,...,k and (bn)n>0 are given, then the recurrence relation (1.6) is 
called linear and it is written as 


Xntk =) xntk-1 +--+ taken +b, n=0,1,.... (1.7) 


In particular, when sequences (a) n>0 are constant, i.e., a) = aj,j =1,...,k,and 
by, = 0, the recurrence relation is called a homogeneous, kth order linear recurrence 
relation with constant coefficients, and can be written as 


Xn+k = 4Xntk-1 t+: tax, n=O0,1,.... (1.8) 

The general solution of the recurrence relations (1.3) or (1.4) consists of the set 
of all sequences (X;)n>0 Satisfying the recurrence relation. 

Moreover, if the sequence (x,),>o satisfying the recurrence equations (1.3) 
or (1.4) also satisfies the initial conditions 

XQ = 0, X] =A], ...,Xk-1 = Ak—-1, 

with a, ..., @%—1 fixed complex numbers, then the sequence (x,)n>0 is called a 
particular solution of the recurrence relation. 

A first-order linear nonhomogeneous recurrence sequence is defined by 


Xn+1 =anXn+b,, n=0,1,..., (1.9) 


while the homogeneous sequence has the form x74) = ad,X%,),n =0,1,.... 


1.3. Systems of Recurrent Sequences 3 


In the following chapters we shall discuss in more detail about linear recursive 
sequences of first, second, and arbitrary order, as well as about some other important 
nonlinear sequences and their applications. 


1.2 Recurrent Sequences Defined by a Sequence of Functions 


Let xg be a point in X and consider f, : X —~ X,n =1,2,..., to be a sequence of 
functions. The following recurrence sequence can be defined as 


tart = fariGn), m=0,1,.... (1.10) 


When the sequence of functions (fn)n>1 is constant, ie. f, = f,n = 1,2,..., 
this reduces to a sequence defined by a function 


Xnt1=fOn), n=0,1,.... (1.11) 


Denoting the iterations of f by f” = f, f? = fof,..., f” = f"'! 0 f,..., the 
sequence (X,)n>0 can be represented by x, = f” (xo), referred to as the sequence 
of successive approximations associated with f and xo. 

An important problem with many applications is to determine the classes of 
functions f, for which the sequence associated with f and xo is convergent. Recall 
here the famous Banach Fixed Point Theorem, when (X,d) is a complete metric 
space and f : X — X is a contraction, where for every starting point x9 € X, the 
sequence of successive approximations converges. 

In general, if the function f is not continuous, then the associated sequence 
(Xn)n>0 does not converge. 


1.3 Systems of Recurrent Sequences 


The following example is a special case of the recurrence relation defined by a 
function. Let m be a positive integer, X an arbitrary set, x9 = ene ..+,X9') a point 
of X” and f, : X” > X™,n = 1,2,..., a sequence of functions. An important 
first-order recurrence relation is defined by 


taut = foaiGn), m=0,1,.... (1.12) 


This is equivalent to the following system 


4 1 Introduction to Recurrence Relations 


where f, = (ie sees Hae n=0,1,.... When the sequence of functions (fy )n>1 
is constant, ie., f, = f,n = 1,2,..., where f:X”" > Xx", f= (Ff, ate) 
is a function, the above system of equations becomes 


<9 = sd (Can as aie) 
hele Rua age a eave doweeut wade n=0,1,.... (1.13) 


one i= ayx} Beeb atx 
ee hee eee tes Serenata, 0 eae (1.14) 
Eig = nis het 8 AmmXn 
where ajj € C fori, j = 1,...,m, and x9 = Ge ...,%9') € C”. Introducing the 
matrices A = (4jj)1<i,j<m and Xp = cee ...,x/")', the transpose of Ce. wean de Ds 
then the relation (1.14) can be written as X,4; = AXy,n = 0,1,..., and we 
have X, = A”Xo0,n = 0,1,.... Hence, finding the solution of the recurrence 


system (1.14) is equivalent to determining the powers A” of the matrix A. 


1.4 Existence and Uniqueness of the Solution 


The existence and the uniqueness of solution to the recurrence relation (1.2) are 
important problems in various mathematical processes. We present here a few 
general aspects. 


Theorem 1.1 Leta € X and let (fn)n>1 be a sequence of functions fy, : X" > X. 
There is a unique sequence (Xy)n>0 Satisfying the recurrence relation (1.2) and the 
initial condition xp = a. 


Proof Clearly, x; = f\(xo) = fi(@) and assume that the terms x), x2,..., Xm 
are defined. Then, from we have x41; = fin+1 (Xm,---,*Xo), and the conclusion 
follows by the strong form of Mathematical Induction. oO 


Theorem 1.2 Let ao, a1,...,a@%-1 € X and let (fn)n>K be a sequence of functions 
fn» X* — X. There is a unique sequence (Xn)n>0 Satisfying the recurrence 
relation (1.4) and the initial conditions xp = Qo, X1 = 4, ..., Xk—| = Ak—]. 


Proof Clearly, we have x, = fx(xe-1,---,X0) = fk(Qk-1,---,@0). Assume 
that the terms x,,-1,...,Xm— are defined. Then, from the relation (1.4) one can 
deduce that x» = fin (Xm-1,---,Xm—k), 1¢., the term x,, is uniquely defined. The 
conclusion follows by the step k form of Mathematical Induction. Oo 
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A special case is when the sequence of functions (fn )n>x is constant, 1.e., fr = f 
for alln > k, where f : X* —> X. We obtain the following result. 


Corollary 1.1 Let ao, a1,...,a@%-1, € X and f : X* + X be a function. There is 
a unique sequence (Xn)n>0 Satisfying 


Xn = fOin-1,..-,3n-k)) =k k+1,..., (1.15) 


and the initial conditions x9 = Qo, X1 = Q4,..., Xk—1 = Ak]. 


Another special situation is when the function f, : X* — X only depends on the 
variable uz,n =k,..., ie. f(ui,...,Uk) = 8n(ug), n =k, ..., where (gy)n>x iS 
a sequence of functions g, : X — X. In this respect we have the following. 


Corollary 1.2 Let ao, a1, ..., @—1, € X and (gn)n>x be a sequence of functions 
8 1 X — X. There is a unique sequence (Xn )n>o0 Satisfying 


te =26r-0, HHA vss (1.16) 


and the initial conditions x9 = Qo, X1 = Q4,..., Xk—] = Ak]. 


When the sequence (gy )n> 18 constant, i.e., g, = g for every n > k, where g : 
X — X, we obtain a k-order recurrence relation generated by the function g and 
the initial values ag, a@1,..., @g—1. For k = 1 we recover the first-order recurrence 
relation seen in Section 1.2. 


Example 1.1 Consider a and r arbitrary complex numbers and the sequence 
(Xn)n>o0 defined by x9 = a and 


2 ee et ee / el 


According to Corollary 1.2 for k = 1 and the function g : C > C, g(u) =u+r, 
there is a unique such sequence. This is called arithmetic sequence and it is easy to 
prove the formula x, =a-+rn,n=0,1,.... 

Similarly, for 8, g, a geometric sequence (Yy)n>0 18 defined by yo = 6 and 


Ynt1 =Qyn-1, n=1,2,.... 


Applying again Corollary 1.2 for k = 1 and the function g : C > C, g(u) = qz, 
the uniqueness of the sequence (y,),>0 follows. The explicit formula for the term 
Yn 1S Yn = Bq", n=0,1,.... 


Example 1.2 Consider the recurrence relation 
Xn42 =O! + Xp, n=0,1,..., 


and x9 = 0, x; = 1. From Corollary 1.1 with k = 2 and the function f : R? > R, 
fl, v) = e” + v, it follows the uniqueness of the sequence (%»)n>0- 
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Remark 1.1 If the recurrence relations are not of functional type, then, in general, 
we don’t have the uniqueness of the sequence. 


Example 1.3 Let (%,)n>o0 be a sequence with x9 = O and ae = x + 1, for 
n = 0,1,.... One can easily check that the sequences (./7)n>0 and (—/71)n>0 
both satisfy the above conditions. 


1.5 Recurrent Sequences Arising in Practical Problems 


In this section, let us look at some specific examples of recurrence sequences in 
mathematics and science. The list of applications is extensive, and we suggest the 
interested reader to consult the monographs of Koshy [101, 102] and Vorobiev [164], 
or the papers of Newell [130] and Vogel [163]. 


1.5.1 Applications in Mathematical Modeling 


1. Fibonacci numbers In his book Liber Abaci (the Book of Calculations), 
the Italian mathematician Leonardo Pisano (also called Fibonacci) proposed the 
following theoretical problem concerning a population of rabbits. 


“Having a population of rabbits, one male and one female, in a field. How many 
rabbits will they produce after one year?” 
The following assumptions were made 


1. No rabbits die due to natural causes or predation 
2. Reaching maturity in a month, each mature female reproduces monthly 
3. A female always gives birth to a pair of rabbits (one male and one female) 


Start of month | Rabbits at start of month | Pairs of rabbits at end of month 
1 1 pair (the original one) | 1 

2 1 2 

3 2 3 (1 mature pair breeds) 

4 3 5 (2 mature pairs breed) 

3 5 8 (3 mature pairs breed) 

6 8 13 (5 mature pairs breed) 

7 13 21 (8 mature pairs breed) 

8 21 34 (13 mature pairs breed) 
9 34 55 (21 mature pairs breed) 
10 55 89 (34 mature pairs breed) 
11 89 144 (55 mature pairs breed) 
12 144 233 (89 mature pairs breed) 
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Denote by F,, the number of pairs of rabbits at the start of month n. During this 
month, the F,—1 pairs existent at the start of month n — | will give birth to new 
pairs, while the rest F, — F,—1 just become mature. At the start of month n + 1, 
we will then have Fy,41 = Fy + Fy—1, which recovers Fibonacci numbers. This is a 
second-order homogeneous recurrence relation, as (1.8). 


2. The logistic model Based on research on population growth in the 1830s, 
Verhulst introduced the logistic model described by the equation 


—=rN—-daN’, (1.17) 


where N(t) is the population size at time t, r is the intrinsic growth rate, and a 
is the density-dependent crowding effect (also known as intraspecific competition). 
The quantity * is sometimes denoted by K and can be related to the capacity of the 
environment [161]. 

The logistic map is a discrete version of this model, popularized by the 1976 
paper of May [116], described by the nonlinear recurrence relation 


Xn+1 =lXn (1 — xn), (1.18) 


where x, is a positive number, representing the ratio of existing population to the 
maximum possible population, and the parameter r represents the reproduction rate. 
This recurrence relation is defined by a function and can be obtained by setting 
f(x) =rx( — x) in (1.11). 


3. Recurrent sequences in chemistry Recurrent sequences were used to model 
changes in physicochemical constants of organic compounds (A) in homologous 
series, as shown in some works by Zenkevich (see, e.g., [174]). The author is using 
the simple recurrence equations 


An+k)=aA(n) +b, k=1,2,..., 


where (7) is the number of carbon atoms in the molecule and a and b are coefficients 
are computed or fitted from practical experiments. For k = 1, the solution given by 
A(x) = ka* + b(a* — 1)/(a-— 1) represents a good approximation for the solubility 
of organic compounds in water, while for k = 2, the resulting equation represents 
an accurate model for the change in the melting point. 

Another interesting application of second-order recurrences was proposed by 
Challacombe et al. [51], in relation to the efficient calculation of the Cartesian 
multipole interaction tensor. Using the Hermite polynomials satisfying 


An+1 (x) = 2x Hy (x) — 2nAy—-1(x), Hoe) =1, Mi) = 2x, 
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the CPU calculation time was lowered to O(n*), from the O(n°) required by 
classical methods available in 1995. Since then, the approach inspired other similar 
applications in other areas of Chemistry and Physics. 


1.5.2 Algebra 


1. The Cayley—-Hamilton theorem for 2 x 2 matrices Consider the square matrix 


A= (: i) Direct computations show that A satisfies 
c 


A? — (TrA) A + (det A) In = Op, 


where TrA = a + d denotes the trace, and det A = ad — bc the determinant of A. 
This is called the characteristic equation of the matrix A. 

By induction, one can find two sequences (x,)n>0 and (yn)n>o of complex 
numbers such that the following formula holds: A” = x, A+ yph, n=0,1,.... 
We have x9 = 0 and yo = | from A° = In, and x; = 1 and y, = O. From the 
characteristic equation, we have x2 = TrA and y2 = — det A, hence 


xntt At yaoi = At! = AA" = A (At Yah) = xn A? + yn A 
= Xn(X2A + y2l2) + yn A = (X2Xn + Yn) A + yoXnl2, 


hence, the sequences (x,)n>0 and (yn)n>o satisfy the recurrence relation 
Xnt1 =X2Xn+ Yn, Yatl =Y2X%n, n=O0,1,.... 


One can notice that this is in fact a system of two linear recurrence equations. 


2. Solutions of a Pell equation Let (a,),>0 and (by )n>0 be the sequence of integers 
n 
defined by the relation (2 + V3) =a,+ brv3, n=0,1,.... We have ag = 1, 


bo = 0 and a, = 2, bj = 1. A simple inductive argument shows that a, and b, are 
positive integers for n > 1. Observe that 


dna + Dn4iV3 = (24 v3)" = (2+ v3) (2+ v3)" 
= (2+ V3) (an + PnV3) = 2am + 3bn + (dn + 2bn) V3, 


hence we obtain the recurrence relations 


Ant) = 2a, 4+3bn, dng, =An+2b,, n=0,1,.... 


1.5 Recurrent Sequences Arising in Practical Problems 9 


n 
By the binomial expansion we get (2 — v3) = dn — by V3, with n = 0,1,.... 
Multiplying by the initial relation we get 


1 = (2+V3)" (2— V3)" = (an + bnV3) (an = bn-V3) = a3 — 353, 


hence (dy, bn), n = 0, 1, ..., are solutions to Pell’s equation x2 = 3y? =I, 


1.5.3 Combinatorics 


1. The number of subsets Let X = {x,,...,x,} be a set with n elements, where 
n is a fixed positive integer, and let us denote by a, the number of subsets of X. 
Clearly, we have aw; = 2, because the only subsets are Y and {x,}. If Y = XU{x,+41}, 
where X,41 #X;, / = 1,...,m, then the subsets of Y are all the subsets of X and 
the subsets of the form A U {x,41}, with A being any subset of X. This leads to the 
recurrence formula o@,4) = @, + @, = 2a,, which gives a, = 2",n =0,1,..., 
which is a geometric sequence. 


2. Binomial coefficients Let 0 < k < n be two natural numbers. The binomial 
coefficient represents the coefficient of the x* term in the polynomial expansion of 
the binomial power (1 + x)”, and have the expression 


n\ _ n! 1.19 
(-——- a) 


For example, the power of x? in (1 + x)° is (3) = aT = 10, where 


vote aCe ea Gea )ea(s 


=1+5x+ 10x? + 10x? 4+ 5x*4x°. 


Binomial coefficients can be arranged in Pascal’s triangle (Table 1.1), where each 
number is obtained by summing the numbers immediately to its left and right in the 
previous row. This can be written as 


(= ("E+(TI). ostennt 


The sum of the elements on the nth row is 


y~ (;) =(1+1)" =2", 


k=0 
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Table 1.1 Pascal’s triangle 


n=0 1 

n=l 1 1 

n=2 1 2 1 

n=3 1 3 3 1 

n=4 1 4 6 4 1 

n=5 1 5 10 10 5 1 
n=6 1 6 15 20 15 6 1 


Since the number of subsets with 0 < k < n elements selected from a set with n 
elements is (fy, this is another proof of the previous example. 


3. The Stirling numbers of the first kind For a positive integer n, let us consider 
the polynomial of degree n 


[x], =x(x —1)---@—-n+1). 


Expanding the product we get the algebraic expression of [x],,, 1.e., we have 


n 


a= 84a" 


k=0 


where the integers s(n, k), k = 0,1,...,, are called the Stirling numbers of the 
first kind. Clearly, we have s(n,0) = 0, s(n,n — 1) = (—1)"-!(n — 1)!, and 
s(n,n) = 1. A convenient way to compute these numbers is to observe that from 
[X]n41 = [4], & — 1), we obtain 


n+1 n n n 
Yo s(n + 1, k)x* = (x —n) Yo s(n, px! = Yo s(n, pxit _ Yo ns(n, jx 
k=0 j=0 j=0 j=0 
n 
= —ns(n,0) + > [sn k — 1)x* —ns(n, K)| x* + s(n,n)x"t!, 
k=1 
Identifying the coefficients of x* fork = 1,...,n, it follows that 
sn+1,k)=s(n,k—1)—ns(n,k), k=1,...,n, (1.20) 
with svn + 1,0) = —ns(n,0) = O and s(vn+1,n+ 1) = s(n,n) = 1. By 


this recurrence relation, the Stirling numbers of the first kind can be computed 
successively, some terms being given in Table 1.2. 
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Table 1.2 Stirling numbers of the second kind 


k 
n 0 1 2 3 4 5 6 7 8 9 
0 1 
1 0 1 
2 0 1 1 
3 0 2 3 1 
4 0 6 11 6 1 
5 0 24 50 35 10 1 
6 0 120 274 225 85 15 1 
7 0 720 1764 1624 735, 175 21 1 
8 0 5040 13068 13132 6769 1960 322 28 1 


1.5.4 Geometry 


1. Lines dividing a plane Let d, be the maximum number of regions defined by n 
lines in a plane, n = 1, 2,.... It is clear that d} = 2 and dp = 4. 

One may easily notice that the number of regions defined by n lines is maximum 
if and only if any two lines are not parallel and any three lines are not concurrent. 
Moreover, in this situation, the number d, does not depend on the configuration of 
the lines. 

Suppose that we have n+ 1 lines /), /2, ..., /)41 in a configuration as above. The 
line /,41 intersects the lines J), /2,...,/, in m points and these points cut the line 
In41 into n + | parts (n — 1 segments and 2 half-lines). Therefore, the line /,41 cuts 
exactly n + | of the existing regions, each of them in two regions. This leads to the 
recurrence relation 


dn41 =d,+n+1, n=1,2,.... 


This is a first-order, linear, nonhomogeneous recurrence relation, obtained by setting 
dy = Land b, =n + 1 (1.9), having the solution d, = 2“) +1. 


2. Catalan numbers Let P be a convex polygon in R7. We shall derive the number 
of ways to divide a labeled convex (n + 2)-gon into triangles, denoted by C,,. It is 
known that C; = 1, Cp = 2, and C3 = 5. 

We shall find a recurrence relation for C,+41 as a function of Co, C1,...,Cn. 
Consider a convex (1 + 3)-polygon having the vertices v1, v2, ..., Un+3, denoted by 
_ vn43+ Lhe side vj u,+3 belongs to a certain triangle A, whose third vertex is 
denoted by vg+2 (0 < k <n), as seen in Figure 1.1. 

The polygon is divided into the convex (k + 2)-polygon Py, v»,....4,4, the triangle 
A, and the convex (n—k+2)-polygon Py,.5,143,...,0n43+ By the induction hypothesis, 
there are Cy ways of dividing Py, vy,....v,,. into triangles, and C,_, ways of dividing 


Prop42,0KE43,--.Un43 Into triangles, which gives 
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Fig. 1.1 vx+2 the third vertex Uk+2 
of the triangle A with the side 
V1 Unt+3 
Un+2 
Un+3 
U3 
U1 V2 


n 
Cai => GCee Coat, 
k=0 


Catalan numbers are a classical example of recurrent sequence given in explicit 
form, which depends on all the previous terms. It can be obtained from for- 
mula (1.2), by setting fn(xn,..., x0) = op XkXn—k- 


3. Fractals and the Mandelbrot set Let c € C and let us define the recursion 
Zt = ate, 2 =0. (1.21) 

The Mandelbrot set consists of the numbers c, for which the terms of the recursive 

sequence are bounded. Noticeably, z,, is a polynomial in c, whose terms are given 


by the Catalan numbers. The Mandelbrot set is represented in Figure 1.2, where a 
point c is colored black if it belongs to the set, and white otherwise. 


1.5.5 Analysis 


1. Trigonometric limits For a positive integer n, we denote by L», the limit 


1 — cos x cos 2x ---cosnx 


lim 5 


x30 Xx 
Observe that 


1 —cosx---cosnx cos(n + 1)x 
2 


Ln+1 = lim 
x0 x 
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Fig. 1.2 Fractals generated by the Matlab routines of Pawar [137]: fractal6.m (top-left, Mandel- 
brot set); juliaset3.m (top-right, Julia 12 set); otherjulial.m (bottom-left); otherjulia2.m (bottom- 
right) 


E —cos(n + 1)x " cos(n + 1)x (1 — cosx---cos | 


= ii 
Eo x? x2 
. l-cosn+1 
x0 x 
Because 
. 1l—cos(n+ 1)x _ 2sin? my 
lim. —— A. = lim —.=+—_ 
x0 x? x >0 x2 
(n+)? ‘ sin"34x\" (n+ 1)? 
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2 
we get the equation Lyj4, = Ly + wy This first-order linear, nonhomogeneous 
2 
recurrence relation is obtained from (1.9) by setting a, = 1 and by = ot 


2. Integrals For the integer n > 0, consider the defined integral 


e 
ae In” x dx. 
1 


Clearly, we have Ip = e — 1. Integrating by parts, we obtain 


e e 
Tht =i in"! xd = f x! In" +! x dx 
1 


1 
4 
1 
=xin"*! x |§ -@t »| x—In" x dx 
1 Xx 


e 
=e-m+p { In” x dx, 
1 


hence the sequence (J;,)n>0 satisfies the recurrence relation 
Inggd =e —-(t+ Dh, n=0,1,.... 


This is a first-order, linear, nonhomogeneous recurrence equation obtained from 
(1.9) for ay = —(n + 1) and by = e. 


1.5.6 Iterative Numerical Methods 


Many iterative numerical methods which approximate the exact solutions to poly- 
nomial or differential equations lead naturally to recurrence sequences. 


1. Approximating solutions of equations Let i : R — R be a continuous real 
function. We present some numerical methods for solving the equation h(x) = 0. 


Bisection method Consider an interval [ao, bo] over which the continuous function 
h changes sign, i.e., h(ao) - h(bo) < 0. Testing the value of the function at the 
midpoint co of the segment [ao, bp], one can construct a new interval [a), b1] 
containing a point x*, for which h(x*) = 0. The sequence co, cj, ..., produced 
in this way is an approximation for the solution x*, which after n iterations satisfies 
len — x*| < (b—a)/2""". 


Newton—Raphson method Provided that function h is also differentiable, one can 
build a recursive sequence of iterations starting from an initial point xo, involving 
the function’s values and the first derivative, through the formula 
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h(Xn) 
- h' (xn) ; 


Xnt1 = Xn =0,1,.... 
The sequence (x,)n>0 May converge to a solution of h(x) = O. This recurrence 


relation is defined by the function f(x) = x — fis) , as in (1.11). 


Secant method The solution is estimated by building a recursive sequence of 
iterations, starting from two points xo and x,, by the formula 


Xnh(Xn+1) = Xn+1h(xXn) 
h(xn41) — ACen) 


Xn42 = , n=0,l,.... 


This is a second-order, nonlinear recurrence relation, defined explicitly by using a 
yh(x)—xh(y) : 


bivariate function fn(x, y) = f(x, y) = “honey (1.6),n =0,1,.... 

2. Finite differences and the harmonic oscillator The method of finite differences 
is a classical approach for solving differential equations. The process involves the 
transformation of the initial equation into a recurrence relation, which can be solved 
to produce an approximate solution. 

Many finite difference schemes exist for derivatives of first, second, or higher 
order, with different degrees of accuracy and complexity. Such schemes are obtained 
by truncating Taylor series of a real function x(t) (assumed to be infinitely 
differentiable) at a real point f, and various choices of a in 


x Big ‘ 
x(t) + (a —t) (a-—t) + (a #7 doe 


1! 


(t) x(t) Wr t) 
- 2! ! 


3 


To illustrate this approach, we consider the case of the driven harmonic oscillator 
with damping [146, Chapter 15]. When such a system of mass m is displaced from 
the equilibrium state by an externally applied force F(t) in the direction of x, it is 
subject to a restoring force proportional to the displacement x, and a friction force 
proportional to the velocity v. 

Explicitly, the motion of the oscillator is described by the equation 


F(t) — kx — cx'(t) = mx" (t), (1.22) 


where m, k, and c are positive constants. Some special cases present interest. 
The simple harmonic oscillator obtained from (1.22) for c = 0 and F(t) = 0, 
and its motion is given by the equation mx” (t) = —kx, having the solution 


x(t) = Acos(wt + @). 


k 


The constants @ = ,/ =, A, and g depend on the initial position and velocity. 
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The damped harmonic oscillator is obtained from (1.22) for F(t) = 0, and its 
motion is described by the equation mx” (t) + cx’(t) + kx = 0. Solutions can be 
obtained by rewriting the equation in the form 


x" (t) + 26x! (t) + wp x(t) = 0, (1.23) 


_ fk: —  c.: F 
where w = fe is the undamped angular frequency, and ¢ = Jak the damping 


ratio. We illustrate the finite difference method for solving (1.23). 
Let n be an integer, with xo, yo, and t > 0 real numbers. Let x(t) be a real 
function satisfying the equation (1.23), and x(0) = xo and x’(0) = yo. 


Consider a partition of the time interval [0, t], by the points fo, tf), ..., t, defined 
by % = kAt,k =0,...,n, witht, = nAt = t. The exact values of the function x(t) 
evaluated at these points will be approximated by a sequence of points x, ~ x (tx), 
k =0,...,n, generated by a numerical method. 

Writing the equation (1.23) att = %, k = 0,...,, one obtains 

x" (th) + 2 a@ox! (t) + WX (th) = 0. (1.24) 
The derivatives x’(t,) and x”(t,), k = 0,...,n, are replaced by finite difference 


formulae involving neighboring nodes (see, e.g., [52, Chapter 4]) 


¥G)2 Se (1.25) 
XkEL — Xk—-1 
git ef 
x" (th) ~ Xk+1 ae Xk-1 (1.27) 


The first formula is the forward difference approximation for x’, while the 
following two are the central difference approximations for x’ and x”, respectively. 
Substituting into (1.24), one obtains 


Xt — 2XK + XK-1 


k 2 
+anx%,=0, kK=1,...,n—1. 
(Ar)? 


+ 26a 


Xk+1 — 
t 


This is a second-order linear recurrence relation of the form 
Xeay tax, + bxp-1; =0, k=1,...,n—-1, (1.28) 
where the terms a and b are the constants 


_ (@pAt)? — 2a At — 2 = 1 
1+ 2¢@pAt 7 14 2¢a@9 At 
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The terms of the recurrence sequence (1.28) can be obtained explicitly once we have 
the starting values x9 and x;. Clearly, xo is already known, while x; can be estimated 
from the condition x'(0) = yo. 

Applying the forward difference approximation for x’(t) at t = 0 we have 


X1 — XO 


yo = x'(0) = a 


from where we obtain x; = x9 + (Af) yo. 

The points x2, x3, ..., X, can now be computed recursively by (1.28). 

The error of the above-mentioned schemes is O(At) for the forward differences 
method and O((At)*) for the central differences methods. Therefore, accuracy is 
then improved when using central differences to approximate the derivatives x’ (t,) 
and the initial condition x’ (0). 


Chapter 2 ®) 
Basic Recurrent Sequences nn 


In this chapter we present basic results and examples of first-order and second-order 
linear recurrent sequences with arbitrary coefficients, some classical sequences, 
polynomials, and linear fractional transformations. 

In Section 2.1 we discuss general formulae for first-order linear recurrent 
sequences and illustrative examples. Section 2.2 is dedicated to second-order linear 
recurrent sequences and their properties. We present formulae for the general term, 
examples, including Fibonacci, Lucas, Pell, and Lucas—Pell numbers, and associated 
polynomials and generalizations. In Section 2.3 we analyze homographic recurrent 
sequences in the complex plane, presenting exact formulae, geometric patterns, 
and periodicity conditions. The results motivate the study of periodic Horadam 
sequences and their generalizations in Chapters 5 and 6. 


2.1 First-Order Linear Recurrent Sequences 


Often, we have to find the terms x,, where (x, )n>0 is a sequence defined by 
Xn41 =X, +b, n=0,1,2,..., xo =a, (2.1) 


where a, a, and b are given complex numbers. 
One can identify the following special cases: 


1. Ifa = 0, then (x,)n>0 is the constant sequence x, = b,n = 1,2,.... 


2. Ifa = 1,b = 0, then (xn)n>0 is a geometric sequence and 


Xn =aa"!, n=1,2,.... 
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3. Ifa = 1,b £0, then (x,)n>0 is an arithmetic sequence and 


X, =a+nb. 


In the general case, one has a ~ 1, a # 0, and b ¥ O. To find the general formula, 
one may first identify a real number x such that 


Xn41 +X =a(%y,+x), n=0,1,.... 


For n = 0, we get x} + x = a(xo + x) and x1 = axo + b, hence x = 


a-l 
For the second step, we introduce the sequence (yn )n>0, Yn = Xn + x. We obtain 
Yntl = ayn,n = 0,1,..., hence (yn)n>0 is a geometric sequence. 
From here it follows that y, = a” yo,n = 0,1,2,...,80 
b b 
Xx, =a" (a+ —— ]- , n=0,1,2,.... (2.2) 
a-1l a-1l 


Example 2.1 Consider the sequence (x,)n>0 defined by x9 = O and 


1 
Knt1 = —5%n + I, n=0,1,2,.... 


Find a formula for x,. 


1 
Solution Applying formula (2.2) for a = 0,a = — 5 b = 1, we obtain 


Example 2.2 Let (xn)n>o be a sequence defined by x9 = a and 
Xn41 =aX,+1, n=0,1,.... 


Find all complex numbers a, for the sequence (x, )n>0 1S convergent. 


Solution Applying formula (2.2) for a ¢ 1 and b = 1, we get 


1 1 
maa (at )- n=0,1,2,.... 
a a-1l 
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In this case (X7)n>0 18 convergent if and only if | a |e (—1, 1), and we have 


lim x, = — since lim a” = 0. If a = 1, then (x,)y>0 is the arithmetic 
n— oo a—l n—>0o . 

sequence given by x, =a+n,n =0,1,2,.... Clearly, one can easily deduce that 
lim x, = +00. 

n—->oo 


General Context Let (d,)n>0 and (bn)n>0 be two given sequences of complex 
numbers, and let (x7 )n>0 be the sequence defined by 


Xn+1 =4)Xn+bn, n=0,1,2,..., (2.3) 


where xo = @ is acomplex number. We have the following result. 


Theorem 2.1 Ifa, 4 0 for every n # 0, then the following formula holds: 


n-1 
bk 
= d0:-: an + ———_ ], =0,1,2,.... 2.4 
Xn dao Gn-1 (- S “| n (2.4) 


Proof We are looking for a solution to (2.3), of the form x, = dg --+dn—1¥n, where 
yo = a. We can determine the sequence (y,)n>0 from the recursive relation (2.3). 
Indeed, since we have 


a0 °**AnYnt+1 = 40°+*AnYn + bn, 


it follows that 


Ya+l1 — Yn = — , n= 0) 1, 2.0.4. 
ag eee an 
From the above relation we obtain 
b by b2 bn—1 
Yn = Yor Se +.---+ ———_, 
a0 aoa| aga\a2z ago-:**An—-1 
therefore 
bo by bo Dn—1 
Sp = a9 dy (a+ + + heii Se IE ey 
a0 40a, adgd\az a0-++dn-1 
a] 
Remark 2.1 
1° If the sequence (a,),>0 is constant, ie., d, = a,n = 0,1,..., then the 


formula (2.4) becomes 


22 2 Basic Recurrent Sequences 


n—-1 
b 
cena (os 3), re a ee (2.5) 
a 


2° When the sequence (b,)n>0 is constant, b, = b, n = O,1,..., then 
formula (2.4) becomes 


n-1 
= b - ROIS, 2.6 
Xn = 0° ae (as ae =) n ( ) 


3° When a, = a, and b, = b,n = 0,1,..., we recover formula (2.2). 


Example 2.3 Let (xn)n>o be the sequence defined by x9 = a and 
Xn41 =X tn, n=0,1,2,.... 


Find the value of x2919. 


Solution By (2.5) for a, = 1 and b, =n,n =0,1,..., we obtain 


n—1)n 
maet vine rp _ , 


hence x2919 = @ + 2018. ae 


Example 2.4 Let (xn)n>0 be the sequence defined by 


1 
ay = wand Xp 5 %n + 3, n=0,1,2,.... 


Find the formula of xy. 


Solution One has to apply formula (2.2) for a = 7 b = 3 to obtain 


| =f : : : "( 6) +6 0, 1 
x= 3 a = a 5 N=VU,1,.... 
n >) Ty Ly >) 


Example 2.5 Prove that the sequence (x,)n>0, Where 


1 
xo = Land xn41 = —5%n +(-1)", n=0,1,2,..., 


is divergent. 


Solution This is not a recursion with constant coefficients. The general term can 
be computed explicitly using Theorem 2.1, or Remark 2.1 1° fora = -5 and 


2.1 First-Order Linear Recurrent Sequences 


b, = (—1)”". It follows that forn = 1,2,..., we have 


= 1 " (a) =e i : 2 : : 1)" 
woe IE (Snerl ay or] 


xo +2 2— —2, whenn —> +00. 


At the same time, we have 


1 1 
Kant = F5_41 20 — 255 


+2— 2, whenn — +00. 


This proves that (x,)n>0 1s divergent. 


Example 2.6 Consider the sequence (x,)n>0 defined by x9 = | and 
Xnt1 =aX%, +b", n=0,1,2,.... 
Find all real numbers a, b such that the sequence (x, ),>0 is convergent. 


Solution Indeed, from the recurrence relation we obtain successively 


n—1 1 


a’ "x, —a"x9 = a" 


AXn—1 — A°Xn_2 = ab”? 
_— pn-l 
Xn — aXn—-| =b : 
Adding these relations, for n = 0, 1,..., one obtains 


q’ — pb” 


a—b~ 


Xn =a"xy + (a! +a" b+ --.4ab"? +b") =q'+ 


The formula can also be obtained by Remark 2.1 1° for a, = a and by, = b”. 
The sequence (X;,)n>0 is convergent if and only if 


1. a € (-1, 1), b € (1, 1) and in this situation lim x, = 0. 
n—->oo 
2.a=1,b € (1,1) andhere lim x, =1+ 74). 
noo 


3. a € (-1, 1), b = 1 where lim x, = 74. 
noo 
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The Stolz—Cesaro Theorem is often useful in applications [129, pp. 85-88]. 


Theorem 2.2 (Stolz—Cesaro) Let (Xn)n>1 and (¥n)n>1 be two sequences of real 
numbers. Assume that the sequence (yn)n>1 is strictly monotone and divergent (i.e., 
increasing and approaching +00, or decreasing and approaching — 00). If the limit 


Xn x, 
limy—o0 a= = I exists, then limy+o0 * = I. 
ad gn 


The proof of the following result illustrates this fact. 


Theorem 2.3 Let (dn)n>0 and (bn)n>0 be two sequences of complex numbers 
satisfying the properties: 


1° Jan| € (0, 1),n =0,1,..., and lim |an| =a € [0, 1); 
n—->Oo 
2° lim by = 0. 


noo 


The sequence (Xn)n>0 defined by the recurrence equation Xn41 = AnXn + bn, 
n=0,1,2,..., is convergent and its limit is 0. 


Proof Using formula (2.4) we have 


n—1 
|Xn| =|d0 --- dn ae (or xa) 
<[ao| +++ |an— (iat =). (2.7) 


Un+1 
u 


Consider u, = |do|---|dn|,n = 0, 1,.... Because = |anzil < lan = 

0, 1,..., it follows that the sequence (u,),>0 is decreasing and bounded, hence it 

is convergent. Let us denote by u = lim uy. Clearly, u € [0, 1). If u ¥ 0, then 
n->oo 


from = |an+i1| < 1 forn > o, it follows 1 = a, which is not possible in the 
condition a € [0, 1). Therefore, u = 0. 
The inequality (2.7) is equivalent to 


n 5 [be 
IXnl S Un (tei at 


k=0 


Un+ 
Un 


and 
1 |b 
lo + Eic Dae 
a3 1 


n—1 \b | 
F k : 
lim up—1 (0 + ) tt) = lim 
noo = Uk n—->oo 


The conditions of Theorem 2.2 are satisfied, hence 
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n—I [bx 
la| + a “Uk” Un : [Dn | [Dn | 
im = = lim a = 
noo 1 n>oo 1 _ _1 n>oo | nm n>oo | lan | 
Un—-1 Un Un—-1 Un— 
1. 
= lim |b,| = 0. 
l—an-ow 
Therefore, we have lim |x,| = 0, and the conclusion follows. oO 
n—-> oo 


Corollary 2.1 Let 0 < B < a be two real numbers. If (Xn)n>0 is a sequence of 
complex numbers, then the following statements are equivalent 
1° lim |x,| = 0; 
noo 
2° lim (@Xn41 + Bxn) = 0. 
n—- oo 
Proof The implication 1° = > 2° is obvious. 


To prove the implication 2° = > 1°, let us consider the sequence (yn)n>0, 
where yy = @Xn+1 + Bxn. We have 


Xnt] = —-——Xn + —Yn, n=0,1,..., 
a a 
hence we are in the hypothesis of Theorem 2.3, therefore lim |x,| = 0. oO 
n—->oo 
Example 2.7 Consider the sequence (xn)n>o defined by x9 = a@ and the formula 
wr = sarkn + aes n= 0, 1,.... Find when the sequence is convergent. 
Solution We have a, = st and b, = 47,n = 0,1,.... Clearly, a, € (0, 1), 
n=0,1,..., and lim a, = 0. Moreover, lim b, = 0, hence we are in a position 
noo n— Oo 


to apply Theorem 2.3. It follows that lim x, = 0. 
noo 


Example 2.8 Consider the sequence (y,)n>09 defined by yo = | and the equation 
Yatl = stn + (-1)",n =0,1,.... Decide if the sequence is convergent. 


Solution Note that a, = s4; and by = (—1)",n = 0,1,.... Clearly, an € (0, 1), 
but the sequence (by, )n>0 1S not convergent, so we cannot apply Theorem 2.3. On 
the other hand, using the formula (2.4) we obtain 


1 = 1 (—5)° -1 


and clearly, we have lim y, = 0, 1.e., the sequence is convergent. 
noo 


This example shows that the hypotheses 1° and 2° in Theorem 2.3 are only 
sufficient to have the convergence to 0. 
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2.2 Second-Order Linear Recurrent Sequences 


In Section 1.5, we have discussed some applications of second-order recurrent 
sequences. Probably the most famous number sequence of all is the one named 
after Fibonacci, which has numerous generalizations in integers, real, and complex 
numbers (i.e., the Horadam sequences discussed detail in Chapter 5). In this 
section we present basic results regarding second-order linear recurrent sequences, 
to familiarize the reader with the fundamental ideas and formulae used later on 
throughout this book. 


2.2.1 Homogeneous Recurrent Sequences 


Let (Xn)n>0 be the sequence defined by x9 = ao, x1 = a1, and 
Xn42 = X41 + bxn, n=0,1,2,..., (2.8) 


where ao, a1, a, b are given real (or complex) numbers. 

A formula for the general term of sequence (x,),>0 satisfying the recurrence 
relation (2.8) can be given in terms of ao, a1, a and b. 

In the search for solutions of the equation (2.8), one may try expressions of the 
form x, = t”. By substitution in the original equation 


1" (? —at—b) =0. 


Clearly, a trivial solution is obtained for t = 0, so we shall assume for now that 
t £0. The characteristic equation of sequence (X,)n>0 18 defined by 


t? —at —b=0. (2.9) 


One can distinguish two cases, depending on whether the two roots ft, f2 of the 
characteristic equation (2.9) are distinct or equal. 


Case 1. Distinct roots If the roots ft), t2 of (2.9) are distinct (real or complex), then 
the sequences (t/')n>0 and (t3)n>o are both solutions of (2.8). 
The general formula is given by the linear combination 


Xn = cit} teats, n=0,1,2,..., (2.10) 


where the coefficients c; and cz are determined by the system of linear equations 


(2.11) 


ci +c2 = ag 
city + cot2 = 1. 
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Case 2. Equal roots If t; = tz, then the solution of (2.8) is given by 
Xn = (cer tegn)t}, n=0,1,2,..., (2.12) 


where the constant coefficients c, and cz are determined by the system 


ie = ao 
(c) +02) = aq. 


The relations (2.10) and (2.12) are often called Binet-type formulae. Initially 
formulated by Binet in 1843 in the context of the Fibonacci sequence, numerous 
Binet-type formulae have been obtained for generalizations of the Fibonacci 
numbers [92], including the case of recurrent sequences of higher order. We shall 
discuss such examples in Chapter 6. 


Remark 2.2 When the initial conditions are not specified, the recurrence rela- 
tion (2.8) is satisfied by a family of sequences. The structure of this family is that 
of a vector space of dimension 2, for which the sequences (t))n=0 and (t3)n>0 
form a basis when t; #¢ f2. When f; = f2, a basis for this vector space is given 
by the sequences (¢/)n>0 and (nt})n>0. This superposition principle has general 
applicability, and will be encountered again in Chapter 6, when we solve linear 
recurrent sequences of higher order. 


Negative indices The recurrence relation (2.8) can be extended for negative indices 
and a link can be established between x_, and x,. We focus on the nondegenerate 
case, when the roots f; and f2 of (2.9) are distinct. 

Indeed, considering n > O, one may use (2.10) to write the expressions 
corresponding to x_», X_n—1 and x_,—2. Indeed, we have 


X—n — AX—yn-1 — Dx_n_2 = Ci a; — at; —b)+ ai — at —b) =0. 


Moreover, 
_ el C2 ety + ct} _ (-1)” Pa a 
RS nye [an + (er + a) +8) 
— (—1)” [—x +a re + 13)] (2 13) 
= pn n Oy Q)\> : 
where we have used the relations c; + cz = ao and f}t2 = —b. 


Matrix form The linear recurrence relation of second order (2.8) can be expressed 


in matrix form as follows: 
(2) = (28) () os 
Xn+1 10 Xn 
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Considering the notations 


X, = Xn+1 es ab 
Xn 10 
the relation (2.14) can be written as X,4; = AX,, and we have 


X, = A" Xo. (2.15) 


The sequence (x,)n>0 can be determined if we can compute the powers of matrix 
A, which can be done using the eigenvalues of the matrix A, i.e., the roots ft), fo of 
the characteristic equation (2.9). 

Indeed, for distinct eigenvalues, there is a matrix P such that 


hence by (2.15) we obtain the relation 


Xn+1 t; O ‘ t’ 0 
mr’) = Xn = A"Xy =P PUX»=P(! | P'X, 
Xn 0 tr 0 ty 


which clearly produces the Binet-type formula (2.10). 
As shown in [17, 18], second-order linear recurrent sequences can be written as 
first-order nonlinear recurrent sequences. 


Theorem 2.4 
1° The following formula holds: 


n—1 
es Xi ) = ( ‘) (° -) 5413 (2.16) 
Mi pad ba x1 x2)’ _ 


2° The recurrence sequence (2.8) satisfies the identity below for n=1,2,... 


x2 — axnXn—1 — bx?_, = (-1)"-1b" 1? — aaa — ba). (2.17) 


Proof 


1° Note that the following matrix relation holds for n > 2 


es Xn ) = (} ‘) (ee —) (2.18) 
Xn Xn+1 ba Xn-1 Xn , 
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hence, we can write 

es Xn ) a (° - & “) 
Xn Xn+1 ba Te oa 
2° Taking determinants in both sides, we obtain the relation 
Xn—1Xn41 — x2 = (—b)""! (xox2 - x7) : 
which by the recurrence formula (2.8) gives 
Kn-1(@%n + Byin—1) — x2 = (—b)""" [xo(ax1 + x0) — x7], 
which represents the relation (2.17). 


Remark 2.3 Using formula (2.16) we can show that 
n-1 
Xn+1 Xn \ _ fab X2 X1 
( Xn ) ~ é 5) (* ae 
Indeed, we have 
01\_ (01) (ab\ (01) _ (01) (ab\ (01) 
ba) \io/\i0o/\i0/) \i0o/\10/ 10) * 
01\"_ (01\ (ab\‘ (01) 
ba) \10/\10/ \io) ¢ 


Therefore, it follows that 


Xn+1 Xn _ 01 Xn-1 Xn 01 
Xn? He=1 10 Xn Xn41 10 


and 


a) oe 


29 


(2.19) 
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Remark 2.4 For a,b, c,d real numbers, the following identity holds: 
01\ /ab\ /01 dc 
é | (: ‘) & | 7 (; ‘) vor 
_ (Ol). rae ; : 
Note that the matrix 10 is equal to its inverse, while the effect of the matrix 


multiplications in (2.20) is the interchange of the rows and the columns. 


Example 2.9 The sequence (x7 )n>1 18 defined by x; = 0 and 


Xn4+1 = 5xn + ,/24x2 +1, n= 1,2)... 


Prove that all x, are positive integers. 


Solution It is clear that xj < x2 < .... The recursive relation is equivalent to 

Xeyy — 10XpxXng1 txp—-1=0, n=1,2,.... 
Replacing 1 by n — 1 we get 

a2 —10%p%a 1227-10, #=2,3,..0 
It follows that x,4) and x,_; are the roots of the quadratic equation 

t? — 10x_t +x2-1=0, 
hence 
Xnt1 + Xn-1 = 10%. 
We obtain 
Xn41 = 10%, —Xp-1, n=2,3,..., x, =0, x2= 1. 


An inductive argument shows that x, is a positive integer for any n. 


Example 2.10 Determine x, if the sequence (x7 ),>1 is defined by x1; = 1 and the 
formula X41 = 3X7 + LXn /5| for alln = 1, 2,..., where |x| denotes the greatest 
integer that does not exceed x. 


Solution We have x,+) = |(3 + V5)xn| for all n > 1, and we deduce that 


Xn42 = LB +V5)xn41) = 6%n41 + 1-3 -— V5)LB + V5) xn 1 
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345) 


with x; = 1 and x2 = 5. We know that 


= 6Xn41 + - | = 6Xn41 — 4%, 


te SCT, PO HHA 2s: 


where 11, f2 are the roots of the quadratic equation 127—6t-+4 = 0, that ist) = 34/5 
and f2 = 3 — J/5. 5. Solving the system cyt) + c2f2 = 1, cit; + cots = 5, we obtain 


— +5 — 14/5 
lr: Pace and c2 Seay , hence the formula for x, is 
1 
eae [a + /5)(3+4/5)" + (-14 V5)(3— V5)"| 
8/5 
One may now check by induction that x, = pigs Seep n = 1,2,..., where F, 


denotes the nth Fibonacci number (clearly, x2 = 5 = 2° Fs, x3 = 26 = 2! F). 


Example 2.11 Determine all functions f : [0,0o) — R such that f(0) = 0 and 


porerssr([S)-er([i]) =o 


Solution Let x > 0. If x € (0, 2), then f(x) = 1+5f/(0)—6f (0) = 1. Ifx € [2, 4), 
then f(x) = 1+ 5fd) —6f(0) = 6 = q. If x € [4, 8), then || € [2, 4) and 
eal € [1, 2), hence f(x) = 1+5/(2) —6f() =1+5-6-6-1=25 =a). 
We shall now proceed by induction. Assume for n > 1, that the function f is 
constant on [2”,2”*!), having the value a,, and constant on [2”+!, 2”+?), with 
the value an41. If x € [2"t?,2"*3), then we have |$| © [2"t1,2"*) and 
[4] € [2",2"*"), hence 


f(x) = 14+ 5an41 — 6p. 


We deduce that f is constant on the interval [2”*+?, 2”*+3), taking the particular value 
An42 = 1+5an+1 — 6a, which can be rewritten as 


Bs or 1 
an+2 3 = an+1 5) an a)" 


Since the roots of the characteristic equation 17 — 5t + 6 = 0 are 2 and 3, there exist 
two constants c; and c2 such that 


1 
Gn = 5 +012" + 623", n>1. 
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From a; = 6 and a2 = 25 we get cy = —4 and c2 = 3, and finally 


0 ifx=0, 
f= 41 ifx € (0,2) 
aya Sel itz [2",2°*}) aida S 1, 


Example 2.12 Find all functions f : R — R such that 
2fa)=faty)+ fa +2y), 


for all x € R and for all y > 0. 


Solution Without loss of generality, we may assume that f(0) = 0. Let y > 0 and 
n a positive integer. For x = ny we get 


2f(ny) = f(a+ Dy) + f(a + 2)y). (2.21) 
The sequence a, = f (ny) satisfies the second-order linear recursive relation 


On42 = —An41 + 2an, (2.22) 


with a9 = f(0) = 0, a; = f(). The characteristic equation is ?—t—-2=0, 
with the roots t; = 1 and t2 = —2. It follows that a, = cy + co(—2)", where the 
constants cj, c2 satisfy c} + cz = 0 and cy — 2c2 = f(y). We get 


1— (—2)" 


3 car Ls (2.23) 


f(ny) = a, = 
In particular, we have f(4y) = —5 f(y), while from (2.23) get fy) = —f(y), 
hence f(4y) = —f(y) = f(), for any y > 0. This confirms that f(y) = 0 for 
any y > 0. For any x € R, we have 


2f (x) = f+ xl) + f@ + 2|x]) = 0, 


hence f(x) = 0. This proves that all the desired functions are constant. 


Example 2.13 Consider a nonzero real number a such that 


1 
{a} + {; | = 1, 
a 


where {x} is the fractional part of x. Prove that for every integer n > 0 


1 
a 
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Solution We have 


1 1 1 1 
at za tat| =| +i {a} =tai+| 2] 4. 
a a a a 


is an integer, which we denote by k. Letting S$, = a” + a: n=0,1,.... Since a 
and i are the roots of the quadratic equation x7 — kx + 1 = 0, it follows that 


Xn4+2 = kxn41 — Xn, n=0,1,2,..., 


where So = 2 and S; = k. By induction with step 2, we show that S, € Z for 
n= 2,3,.... It follows that 


1 1 1 1 
+{o}=a+2-t=|2|=m-li+|2]ez 
a a a a 


hence {a”} + | zr} = m € Z, from where we deduce that m ¢€ {0, 1}. If m = 0, 
then a” and + are integers, which is not possible. This shows that m = 1, which 


ends the proof. 
Example 2.14 (IMO Shortlist 2013) Let n > O be an integer and let 


a\,42,...,Qn—1 be arbitrary real numbers. Define the sequences uo, u1,..., Un 
and vo, U1,.--, Un inductively by uo = uj = vo = vj, and the recursive relations 
Uk4] = UR t+ agug—1, Vet = VE + an—Kug—1,k = 1,...,n—1. Prove that uy = vp. 
Solution For k = 1,2,...,n — 1, let x41 = uggs — ug and yee, = Vet — Uk, 


1l+a,p —ax 


and define the matrix ( 
ak = —ak 


) The following relations hold: 


ee = Ax -) and (vig1; yeti) = (ve; yk) Anke 


Xk+1 k 


From these relations we deduce that 


1 
(“") = An—jAn—2+++ A2A] (-) = An—1An—2-++ A2A] ( ) 
Xn xX] 0 


(Uns Yn) = (v1; y1) An—1An—2°++ A2A1 = (1; 0) An—1An—2 +++ A2A1. 


We deduce that 


(un) = (150) (4) = (150) An-as++A1 (f) = (on: 90) (9) = (0): 


This implies uy = vp. 
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The problem can also be related to the Fibonacci sequence. For example, when 
a) = +++ =an_—1, one has uz = ve = Fe+ 1, the (k + 1)th Fibonacci number. 
Also, the problem is equivalent to 


Uk+1 ak Uk+1 an—k 
is = 7 Reel eee 
1 k=l v 1 + n—k+1 
Uk a i 2 k a 
es eer age em ry 
that is, the fractions ie and rar have the same numerator. 
Aa— n— 


2.2.2 Nonhomogeneous Recurrent Sequences 


Let (a;)n>0 be a sequence of real (or complex) numbers. We want to determine the 
sequence (x,)n>o defined by the second-order recurrence relation 


Xn42 = 4Xn41, + bX, +a), n=O0,1,..., (2.24) 


with x9 = ao, X1 = @1, where a, a, a, b are real (or complex) numbers. By 
Theorem 1.2, (2.24), this special case of (1.7) has a unique solution. If b = 0, 
then the recurrence relation (2.24) is a special case of the first-order recurrence 
equation (2.3) seen in Section 2.1. We shall assume that b ¥ 0. 

A sequence (U,)n>0 satisfying (2.24) is called a particular solution to the 
recurrence relation (2.24). It can be easily shown that if (u,)p>o satisfies the 
homogeneous second-order recurrence equation 


Unt2 = AUn41 + bun, n=0,1,..., 
with up = a — vo and uj = a; — v1, then the sequence (xn)n>0 given by 
Xn =Untrvy, n=O0,1,..., (2.25) 
is a general solution of the recurrence relation (2.24). For n > 0, we have 


AXn +) + DXy + An = A (Ungt + Ung) +B (Un + Up) + An 
= (dun41 + bun) + (@Un41 + Dvn + Gn) 


= Un+2 + Un42 = Xn42, 


and x9 = ug + vo = GQ — VO + VO = ao and x1 = Uy +vji =a, —vwy+v~=aQyz. 
Let t; and f2 be the roots of (2.9). We have the following cases. 


Case 1. Distinct roots If t,, t2 are distinct, then 


Xn = cit] +ooty +m, n=0,1,..., (2.26) 
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where the coefficients c, and c2 are determined by the system of linear equa- 
tions (2.11), corresponding to the initial values xo, x1, vo, V1. 


Case 2. Equal roots If t; = f2, then 
Xn = (cr +con)t} tun, n=0,1,..., (2.27) 
where the coefficients c; and cz are determined by the system 


i = a — v9 
(cy +2) t) = ay — yy. 


In concrete applications, the particular solution (vy),>9 depends on the algebraic 


form of the sequence (@,)n>0. The following result clarifies the form of v, when a, 
is a product of a polynomial and an exponential of n. 


Theorem 2.5 Assume that a, = P(n)B",n = 0,1,..., where B 4 0 and P is 
a polynomial of degree s. Then, there is a polynomial Q of degree s + @ such that 
Un = O(n)B",n =0,1,..., where 


0 fp AH andBsH 
6=)1 ifp=tandBA#h, orB=tandpBFt, 
2 if B —F i e—e or 
Proof If v, = Q(n)B",n = 0, 1,..., satisfies (2.24), then we obtain 
O(n + 2)p"** = aO(n + 1)A"*! + LOMB" + P(n)p", n=0,1,..., 

hence 

O(n + 2)p* —aO(n+ 1)B —bO(n) = P(n), n=0,1,.... (2.28) 
Let qg be the leading coefficient of Q. Clearly, one can write 


q xa 4 2)5+9 — aB(n + 1)°t8 — bn’? ] =cn®, n=0,1,..., (2.29) 


where P(n) = cyn® +. cs_jn®~! +--+ + ein +0. 
The relation (2.29) is equivalent to 


ol (# - «8 -) nt? + (5 4+. 6)B(2B — a)n®t9-! 


4. (s+ vee g=1)) 


(4B anit? oo ean n=0,1,.... 
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If 6? — aB — b 0, then we choose @ = 0 and obtain g = Poe 
2 =. —= 7 =— S 

If B- —-aB —b=OandB + 5, then 6 = | and obtain g = GEDBUB=ay" 

If 6? — aB —b =Oand fp = 5, then 6 = 2 and obtain g = GID BGoay" 
After we have determined the leading coefficient of Q, we proceed in a similar 

fashion to obtain the next coefficient. Oo 


A special situation is the case when 6 = 1, where a, is a polynomial of degree s 
in n. We have the following consequence. 


Corollary 2.2 Given the nonhomogeneous linear recurrence relation (2.24), where 
an = P(n),n=0,1,..., and P is a polynomial of degree s. 


1° Ifa+b FI, then (2.24) has a particular solution of the form vy = Q(n), where 
Q is a polynomial of degree s. 
2° Ifa+b =1, then (2.24) can be reduced to the first-order recurrence equation 


Yn4+2 = (a — L¥nt1 + Gn, n=0,1,..., 


where (Yn)n>1 is given by yn = Xn — Xn-1,N = 1,2,.... 


Example 2.15. Determine the sequences (x,)n>0 defined by 
Xn42 = OXp41 — 9X, + Bn? —24n, n=0,1,..., 


with x9 = 5 and xj =5. 


Solution We are in the first case of Corollary 2.2, where P(n) = 8n? — 24n. Put 
Vn = Aon? + Ain + Apo into the recurrence relation and obtain 


Ag(n +2)? + Ay(n +2) + Ay = 6[ Ann + 1? + Ain + 1) + Ao] 
—9 (Aon? + Ain + Ao) + 8n? — 24n, 
Collecting the coefficients of n*,n, and the constant, we have 
(4A2 — 8)n? + (—8Az + 4A, + 24) n + (—2A2 — 4A, + 4AQ) = 0. 

It follows that 4A2 — 8 = 0, —8A2 + 4A) + 24 = 0, and —2A2 — 4A; + 4A0 = 0. 
This has the solution Az = 2, Ay = —2, and Ag = —1, hence v, = 2n? — 2n — 1 
is a particular solution. It follows that the general solution of the recurrence relation 
is given by formula (2.27) as 


X, = (ey + on)" 4 2n* —2n-—1, w= 0,1,..:. 


Using the initial conditions x9 = 5 and x; = 5, we have cy = 8 and cz = -#. The 
sequence is finally obtained as 
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tg (s- yn) 3" + 2n? — 20-1 
= 8-3" — 14n3""! 4+ 2n?-2n-1, n=0,1,.... 
Example 2.16 Find the sequences (x,)n>0 satisfying the recurrence relation 
Xn42 = 3Xn41 — 2X, +2", n=0,1,.... 


Solution We have a, = 2”, and 2 is a simple root of the equation ?—3t+2=0. 
Applying Theorem 2.5, a particular solution to this relation is of the form uv, = 
Q(n)2”, where Q is a first degree polynomial, therefore we have v, = (An + b)2”, 
n=0,1,.... Replacing in the recurrence relation we obtain A = 5 and B arbitrary, 


hence we can choose v, = n2”~!,n = 0,1,.... The general solution is given by 
formula (2.26) as 


Xn = C1 +02" +n2"-!, n=0,1,..., 


where c; and cz are constants. 


Example 2.17 Consider the sequences (x7 )n>0 satisfying the relation 
Xn42 = —4xn41—-4%n +(-1)”", n=0,1,.... 


Solution We have a, = (—1)”, and —1 is different from the double root —2 of the 
equation t* + 4t + 4 = 0. Using Theorem 2.5, it follows that a particular solution 
is of the form v, = A(—1)",n = 0, 1, .... Replacing in the recurrence relation, we 
obtain A = |. The general solution is given by (2.27) 


Xn = (ci + con)(—2)" + (-D)”",  n=0,1,..., 


where the coefficients c; and c2 are arbitrary constants. 


Example 2.18 Let (%n)n>0 be the sequence defined by the recursive relation 
Xn42 = aXn41 + bx, +c, n=0,1,..., 


where a > 0, b > 0, and c > O are real numbers. Prove that if a +2b+c < 1, then 
(Xn)n>0 1S convergent. 


Solution Indeed, from the condition a + 2b+c < 1, it follows thata +b < 1, 
hence | is not a root of the equation t? — at — b = 0. According to Theorem 2.5, a 
particular solution is of the form v, = a, n = 0, 1,..., where @ is a real number. 
Replacing in the recurrence relation, we get @ = ;—S;. The general solution to 


this recurrence relation is then given by formula (2.26) 
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Xn = cyt} + cath + n=0,1,..., 


l-a—b’ 


where f1, f2 are the roots of 2 — at — b = 0. The discriminant of this equation is 
A = a* +4b > 0, hence t), t2 are real numbers. On the other hand, considering 
the quadratic function h(t) = t? — at — b, we have h(1) = 1—a—b > 0, 
h(-1) = 1+a—b>0,and h(O) = —b < 0, therefore t;, f2 € (—1, 1). It follows 
that im Xn = TS: 


Some examples of nonhomogeneous second-order recurrence sequences in the 
complex plane are further discussed in Section 5.8. 


2.2.3. Fibonacci, Lucas, Pell, and Pell-Lucas Numbers 


The Fibonacci numbers (F;,)n>0 satisfy the recurrence relation Fn42 = Fn4i1+ Fh, 
and start with the terms 


0, 1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, ... (to AO00045 in the OEIS [157]). 


They are ubiquitous in nature (flower patterns or bee crawling) and play roles in 
chemistry, music, poetry, or... stock exchange. Numerous identities, extensions, and 
abstractions exist [143, 147, 175], as well as dedicated monographs [101], and even 
journals, like Fibonacci Quarterly. 

They have applications in Graph Theory (Fibonacci graphs) [97], data structures 
(Fibonacci heap) [66], Combinatorics [115], or search algorithms (Fibonacci search) 
[91]. Numerous links with Chebyshev polynomials and generating functions are 
known (see [43, 45, 46], or [118, 119, 121-123]). 

Fermat’s spiral, a geometric pattern related to the golden section, provided 
optimal solutions for the layout of mirrors in a concentrated solar power plant [131]. 
Fibonacci numbers were related to other optimality problems [100]. 

Lucas numbers (L;,)n>0 are another famous sequence, satisfying the recurrence 
relation Lyj+2 = Ly+1 + Ln, and starting with 


2, 1, 3, 4, 7, 11, 18, 29, 47, 76, 123, ...(to A000032 in OEIS [157]), 


which is closely related to the Fibonacci numbers, and satisfying the same recur- 
rence equation, but starting with different values. 

Pell numbers (P,,)n>0 are another classical second-order recurrent sequence, 
satisfying Py42 = 2P,+1 + Ph, and starting with 


0, 1, 2, 5, 12, 29, 70, 169, 408, 985, 2378, 5741, 13860, ... (to A000129 in OEIS [157]). 
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This sequence has numerous applications, related to the approximation of /2 by 
rationals, numerous identities, and Diophantine equations. 

The integer solutions to the equation x2 — 2y? = 4(-1)” are (Qy, Py), where 
Q,, is the nth Pell—Lucas number. The sequences (Pr)n>o and (Qn)n>o0 satisfy the 
same recurrence equation, the only difference being in the initial conditions, i.e., we 
have Po = 0 and P; = 1, whereas Qo = 2 and Q; = 2. 

The Pell—Lucas numbers are companion to Pell numbers, starting with 


2, 2, 6, 14, 34, 82, 198, 478, 1154, 2786, 6726, 16238, ... (to A002203 in OEIS [157]). 
Recall that a Binet-type formula gives the general term of a recurrent sequence 


for general second-order linear recurrent sequences, as in (2.10) and (2.12). Such 
formulae are common for Fibonacci, Lucas, Pell, and Pell—Lucas numbers. 


Theorem 2.6 
1° (Fibonacci numbers) Let Fy, be given by Fy = 0, F; = 1 and 


Fn42 = Fn4it Fr, n=0,1,2,.... 


The formula of the general term is given by 


Lilfteas\” ft/s \ 
H)-(2)) 


2° (Lucas numbers) Let Ly be given by Lo = 2, L, = 1 and 


En42 = Ln4it+ Ln, n=0,1,2,.... 


The formula of the general term is given by 


la= (44) a (<4) (2.31) 


3° (Pell numbers) Let P, be given by Py = 0, P| = 1 and 


Ph42 = 2Pniit Pn, n=0,1,2,.... 


The formula of the general term is given by 


ae WE [(1 + v2)" - (1- v2)". (2.32) 
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4° (Pell—Lucas numbers) Let Qn be given by Qo = 2, Q1 = 2 and 
On+2 = 2Qn+1 + Qn, n=0,1,2,.... 
The formula of the general term is given by 
n n 
Oe (1 e v2) i (1 - v2) (2.33) 


Proof 


1° The associated characteristic equation is 
r?—t—-1=0, 


14/5 i= 


5 
having the distinct roots fj = 5) and f2 = med Solving the system 


cy +tca=0 
cit) + cote = 1, 


1 1 
we get c] = —=, cz = ——~ and the desired formula follows. 


2° The proof is similar to that used at 1° for Fibonacci numbers, but we have 
different starting points. 
3° The associated characteristic equation is 


17 —2t-1=0, 


having the distinct roots t; = 1 + /2 and tp=1- /2, while from the initial 
conditions P9 = 0, P; = | one obtains the formula. 
4° The proof follows the same ideas as for Pell numbers, but here we have the 
starting points Op = 2, Q; =2. 
a 


These formulae can be extended naturally to negative integers, where they yield 
the identities F_, = (—1)"~! Fy, Len = (—1)"Ly, P_n = (—1)"~! Py, and O_») = 
(—1)" Qy, valid for all n. 

Using the expression (2.16), we can obtain matrix forms for the terms of the 
Fibonacci, Lucas, Pell, and Pell—Lucas sequences. 


Theorem 2.7 The following formulae hold for all integers n > 1: 


Bay 2 \. (01\ fot) foi’ Ba 
BR, Beal” Vii 11) Md)’ , 
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n—1 
LIn-1 Ln _ 01 21 
( Ly i) a ({ i) (; :) ; (2.35) 
n—-1 
Pr-1 Pn = 01 01 _ 01 
( Pn 7 ({ ;) (; ;) ~~ (2.36) 
n—-1 
Qn-1 Qn _ 01 22 
( Qn ca) 7 ({ 7 (; ‘) , (2.37) 


Remark 2.5 Using formula (2.19) it follows that for n > 1 we have 
Fut Fn = 11 ‘ . 
i. Bei toy’ 
Bea De OY 
Ln Ln-1 - 10 12 , 
Putt Pr = 21 " ‘i 
Py Peat 10) ° 
=1 
(e2)-09°O) 
On On-1 10 22 


Taking determinants for the identities in Theorem 2.7 or Remark 2.5, one obtains 
the Cassini identities. 


Theorem 2.8 The following formulae hold for n > 1: 


F) — Fy—1Fnyi = (-1)""! (2.38) 
L? — Ly Day = 5(—-1)" (2.39) 
P? — Py_1 Pay = (—1)""! (2.40) 
O7 — On—1On+1 = 8(-1)”. (2.41) 


Some history and related generalizations of these results are discussed by Melham 
in [120], or by Fairgrieve and Gould in [63]. For example, the relation (2.38) was 
apparently proved by Simson in 1753. 

We give below an application of the classical Cassini identity. 


_yyntl 2 . : 
Example 2.19 Compute yo is 2 re where (F;,)n>0 is the Fibonacci sequence. 


Solution Indeed, by the Cassini relation 


F? = Fy_1 Fay + (-1)""1, 


42 2 Basic Recurrent Sequences 
the sum of the first m terms is given by 


n (—1)*+! n 
S, = — 1 
i ps Fy Fey a 


F_-1 Fei — Fe 


a4 y (4 Fy )= Fy, 
toy \ Fk Ft Fat 


Taking limits, the sum of the series is given by 


,o ai iene 2 J5—1 
— lim => = . 
FyFngy em” 4/5 2 


n=1 
One may consult [3, 85, 104] for more results on reciprocal sums. 
In what follows we are also going to discuss some further generalizations. Using 
Theorem 2.4 for Fibonacci, Lucas, Pell, and Pell—Lucas numbers, or directly from 
Theorem 2.8, one can obtain some other classical results. 


Theorem 2.9 (Cassini-type identities) The following formulae hold for n > 1: 


F? — Fy, Fy_1 — F2_, =(-1)"") (2.42) 
L? — LyLy-1 — L?_, = 5(—-1)" (2.43) 
— 2P, Pa—1 — P2_, =(-1)"" (2.44) 

OQ, — QnQn-1 — O71 = 8(-1)". (2.45) 


Solving the quadratic equations for F,, Ln, Py, and Q, in Theorem 2.9, the 
following first-order nonlinear recurrent sequences can be obtained. 


Corollary 2.3. The following relations hold for all integers n > 1: 


me AG ay eke 44D) (2.46) 
n= AG noi +f 5E2_ (20-1) (2.47) 
Py = Pai + f2P2, + (-1)""1 (2.48) 


On = On-1 +/207_, + 8(-1)". (2.49) 


A formula involving products of three Fibonacci terms is given by Melham 
in [120], for Fibonacci numbers and for arbitrary second-order linear recurrent 
sequences. We present the general result below. 
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Theorem 2.10 Consider the sequence (Xn)n>o defined by the recurrence equation 


Xn42 =AXn41+bx, n=0,1,..., 


with xp = Qo, X1 = 1, where ao, a1, a, b are given real (or complex) numbers. The 
following identity holds: 


3 17,3 2 
Xn+1%n+4+24n+6 — X43 = D(—b)"* (4° Xn42 — B°Xn41), 


where D = aaga, + bag — ay. 


2 


Proof The proof uses the identities 


2 1 
Xn+1%n+3 = X12 + D(-b)"* > 


Xn 3 = aXn42 + bxn41, 


Kine = a" +3a°b + B itpea + (ab + ab xpd, 


Other matrix-based proofs are referenced in [120]. 


(2.50) 


oO 


The following Melham-type identities are obtained for Fibonacci, Lucas, Pell, 
and Pell—Lucas numbers. The first of these was given in [120]. 


Theorem 2.11 The following formulae hold for n > 1: 


3 
Fut tFn+2Fnt6 — Fy, 


Lint Ln42Lhns 


3 
16 — Li, 


oe (—1)" Fr 


oe as 3(-1)""'L, 


Pu+1Pn+2Pn+6 = Px = (-1)" (8 Pr+2 — Pn+i) 


On+1 On+2 On+6 = QO}, 


3 = 8(-1)"*! (8On+2 — On+1)- 


(2.51) 
(2.52) 
(2.53) 
(2.54) 


Proof Simple computations confirm the values of D in (2.50) in each case. For 
Fibonacci and Lucas numbers, a = b = 1, hence @xn12 _ BP Xpei simplifies to xp. 
This is no longer the case for Pell and Pell—Lucas numbers. 


oO 


We derive results for products of four terms of second-order linear recurrent 


sequences with arbitrary coefficients, adapting notations from [139]. 


Theorem 2.12 Consider the sequence (Xn)n>o defined by the recurrence relation 


Xn42 = 4Xn4, + bx,, n=0,1,..., 


with xo = ao, X1 = a1, where ao, a1, a, b are given real (or complex) numbers. 
The following identity holds: 
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Xn—2Xn—1Xn41Xn42 = a + Di py (@ _ b) x Sey, (2.55) 


2 


where D = aaga, + bas — ay. 


Proof The proof uses the identities 
sas Ge n—1 ae n—2 
Xnt+1Xn—-1 = Xy_ + D(-b) > Xn+2Xn—-2 = X_ + D(-b) a, 


which can be derived by representing Xx), Xn+1, Xn+2 as functions of a, b, x,—1, and 
Xn—2 based on the recurrence equation, or recovered by setting r = | andr = 2 in 
Catalan’s identity 


Xp kpee = a + D(—by" * y, r=0,1,...,n, 


where (y,)n>o0 is the sequence satisfying the same recurrence equation, but with 
initial values yo = 0, yy = 1. 
Notice that the term corresponding to x2 vanishes when a” = b. oO 


Many extensions are also known (see, e.g., [84]). In particular, for Fibonacci, 
Lucas, Pell, and Pell—Lucas numbers, we get the following result. 


Theorem 2.13 The following formulae hold for n > 1: 


Fa — Fy—2Fn—1Fn+1Fn42 = 1 (2.56) 
Ly Lp abp tla lade = 9 (2.57) 
P4 — Py Py—1 Prt Pat2 = 3(—1)"P2 +4 (2.58) 
O* — On-2On-1On41 On42 = 24(-1)""! Q? + 256. (2.59) 


Proof Simple computations confirm the values of D in (2.55) in each case. For 
Fibonacci and Lucas numbers, a = b = 1, hence the term corresponding to b — a” 
vanishes, which is not the case for Pell and Pell—Lucas numbers. oO 


Remark 2.6 The formula for Fibonacci numbers was given by E. Gelin and proved 
by E. Cesaro in 1880. We give an alternative proof. Define 


An = ae — FaFntifns3lnta, n= 0. 
One can easily check that 


An = (Fat + Fy — Fy Fn41(2Fa+i =f Fn) (2Fr+i a 3 Fy + Fn—-1) 
= Fi + Fp — 2F 2 Fn Fn—1 — (Fn—1 + Fn) Fy Fn + 3Fn-1) 


= Fe 7 Fy—1 Fn(F2 ot 3 Fn Fn oF Fei) 
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= FA — Fa-1FaCFn + Fai) (Fn + 2Fn41) 


= Fi —F, Fn Fn42Fn4+3 = An 1- 


It follows that A, = Ap = 1 for alln > 0. 


Using the same methodology, one can also prove another elegant formula 
between Pell and Pell—Lucas numbers [102, p. 156] 


O4 — P,-1Pa4i(2Py)? = 1. 


Expressions involving products of more Fibonacci factors exist, but these are less 
elegant when more than 4 terms are involved, as shown in [63] 
F3 


n—-1 


Fn Fn 2 F= Fn + ( 1)” Fy—1 Fri Fn42 


Fy-3F—2Fn—1 Fn Fns2 Fata — Fe = (-1)" [4 — ("Fp — 4]. 


Theorem 2.14 


1° (Golden ratio) The sequence of ratios of Fibonacci numbers 


Fy F3 F4 Fri 
F\’ Fo’ F3’ OF, 


has the limit ¢ = Ae = 1.61803 39887.---, called the golden ratio. 
2° The sequence of ratios of Lucas numbers 


Ly L3 La Ln+1 
L,’ Lo’ L3’ 


also has the limit 6 = Es, 
3° The sequence of ratios of Pell numbers 


Po P3 P4 Pati 
P,’ Py’ P3’ "Py, 


geeey 


has the limit 1 + J/2, referred to as the silver ratio. 
4° The sequence of ratios of Pell-Lucas numbers 


Or 03 04 On+1 
Q;' Q2' 03°" On 


has the limit 1 + 2. 


46 


2 Basic Recurrent Sequences 


Proof 


bs 


From the Binet formula (2.30), we have 


1 


F, = —[¢"-(-))"¢""]. 


al 


5 


One can check that forn > 0 


Fut _ grt! _ ei? 


Fn ge = (—1)"p™ 


Clearly, as ¢ > | the limit of this expression is @. 
From the Binet-type formula (2.31), we have 


Ln =o" + (-D"O™, 
hence 


Ln+1 _ grt! zi Gis 
Ing" +(-1)"o™ 


and the solution follows. 
Similarly, from the Binet-type formula (2.32), we have 


1 
P, = 55 [a” = (—1)"a~"| , 


where aw = 14+ V2. Therefore, 


Putt git! _ (—1)" tq"! 


P, on a” — (—1)"a-" 


’ 


hence the limit isa = 1 + V2. 
By the Binet-type formula (2.33) we have 


On = a” + (-1)"a", 
where a = 1 + J2. We obtain 


On+1 _ git! za (-1)"tHa-n! 
On 7 a” + (—1)"a~" 


’ 


and the conclusion follows. 
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Remark 2.7 The golden ratio is linked to the proportions between parts of the 
human body, musical notes, and various patterns in nature. Many of these occur- 
rences are presented in the monograph of Koshy [101]. 


The formula below for Fibonacci numbers was proved by Lucas in 1876. 


Theorem 2.15 The Fibonacci number F,, can be written as 


Proof Let x9 = 0 and 


L254] 


n—k—-1 
m= > ( k ), n> 1. 


k=0 


Note that k > 4) is equivalent tok > n—k—1. Since (") = 0 whenever p > m, 
one may also write 


Clearly, x9 = 0 and x; = (5) = 0 It suffices to show that the sequence x, satisfies 


the Fibonacci recurrence relation. Also, notice that 


ll 
fons 
oO s 
ae 
+ 
= 
a 
a 
3 
> 
Pal 
Se 
+ 
- 
iM: 
, 
~~ 3 
| 
oama> 
ei 


(a )) 
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tl (GES hs 1 
—> k = Xn4+2- 
k=0 


This ends the proof. Oo 


2.2.4 The Polynomials Uy(x, y) and Vi (x, y) 


Inspired by the Binet formulae for Fibonacci, Lucas, Pell, and Pell—Lucas 
sequences, one can define the polynomials U;,, V, € Z[x, y],n =0,1,... 
n n 


xt 
Unle, Y= Wiles yaa" ty" (2.60) 


The polynomials U,, and V,, are symmetric and satisfy deg U, = n—1,n = 1,2,..., 
and deg V, = n,n = 0,1,.... By (2.60) we can extend the sequence U,,(x, y) for 
n = 0, by Uo(x, y) = 0. 

On the other hand, the sequences (U,(x, y))n>0 and (V(x, y))n>0 satisfy the 
same recursive relation of order 2, with different initial values 


Uns2 = (x + y)Un41 —xyUn, Up =0, U; = 1, (2.61) 
Vnt2 = (&+y)Vn41 —XVVn, Vo=2,Viaexty. (2.62) 


The Fibonacci, Lucas, Pell, and Pell-—Lucas numbers are obtained as particular 
instances of U,, and V,, for special pairs of real numbers (x, y) as follows: 


1 5 1-5 
rm tal aa “). W= 03 Myce 


> 


2 2 
1 5 1-¥W5 
= vl ise 4), n=0,1,..., 


Py = Un (1+ V2, 1- V2), 7 ae 
On = Vp (1+ ¥2,1- V2), ZO Men ve: 


The polynomials U, and V, have similar algebraic properties as the Fibonacci, 
Lucas, Pell, and Pell-—Lucas numbers. For instance, we have the following matrix 
forms valid forn = 1,2,... 


Un+1 —xyU yn = x+ yxy : (2 63) 
Un —xyUn-1 1 0 , ; 
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ta —xyVn ) = é oe y a i Te y —2xy ) (2 64) 
Vn —XyYVn-1 1 0 2 —(x+y) . : 
which contain all the matrix forms in Remark 2.5 obtained for the particular values 


(x,y) = (4, Uz 15) and (x, y) = (1 +/2,1—- V2), respectively. 


From (2.63) we can write 
m—1 n 
( Um-+n Ba 2 (* + y 4) (* +y =) 
Um+n-1 —xyUm+n—2 1 0 1 0 
=i Uin ) ‘Gs —xyU yn ) 
Um—-1 —xyUm—2 Un —xyUn-1 , 
hence we obtain the following relation: 


Umtn = Un Un4i = xyUm— Up. (2.65) 


Similarly, from (2.64) we have 
n—-1 m 
( Vintn — _ (* —y 7) (" +y =) (" +y —2xy ) 
Vin-tn—1 —xyVin+n—2 1 0 1 0 2 -x- y 
= ( Un — ‘ee —xyVin ) 
Un-1 —xyUn—2 Vin —XYVin-1 , 
and we derive the following identity: 


Vintn = Vintt Un — XYVmUn-1. (2.66) 


We mention here some important polynomials which can be recovered directly 
as particular instances of the polynomials U,, and V,,. 


Fibonacci polynomials /,, €¢ Z[x],n =0,1,... 


2 , 2 


_ 1 xtwV/x2+4 : x—Vx27+4 : 
x44 2 2 


These satisfy the recurrence equation 


P= (es ae) 


fry2=xfrsith, fo=0, fir =. (2.67) 
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The first few Fibonacci polynomials are 


fo(x) =0 
A@y=1 
fox) =x 
f(x) = x7 +1 


fax) = x° + 2x 
fs(x) = x4 432x741. 


Lucas polynomials /, € Z[x],n =0,1,... 


2 j 2 


x+Vxe244\" (x—-Va244\" 
= —— 


These satisfy the recurrence relation 


nod) = V, (as ee) 


lng =ahgith, lb=2,h =x. (2.68) 


The first few Lucas polynomials are 


Io(x) =2 
I(x) =x 
In(x) = x7 +2 


I(x) =x? +3x 
la(x) = xt +4x74+2 
Is(x) =x° +5x°45x. 


Pell polynomials p, € Z[x],n =0,1,... 


Pn(x) = Un («+ v2? +1, - v2? +1) 


= eles ve)" -(x- Ver)’. 


These satisfy the recurrence equation 
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Pn+2 = 2xPn+i1t+ Pn, po=O0, pi = 1. (2.69) 


The first few Pell polynomials are 


po(x) =0 
pi) =1 
p2(x) = 2x 


P3(x) = Ax? +1 
pa(x) = 8x? + 4x 
ps(x) = 16x44 12x7 +1. 


Pell-Lucas polynomials g, € Z[x],n =0,1,... 


Gn (x) =Vr (x + V24 1x —Vx24 1) 
n n 
= (x + vx? +1) + (x- vx? +1) : 
These satisfy the recurrence relation 


Qnt2 = 2Xdn41t+4n, Go =2, 4 = 2x. (2.70) 


The first few Pell—Lucas polynomials are 


qo(x) =2 

qi(x) = 2x 

q2(x) = Ax? +42 

g3a(x) = 8x> +6x 

ga(x) = 16x4 + 16x7 +2 
q(x) = 32x° + 40.x7 + 10x. 


Chebyshev polynomials of the first kind T, ¢ Z[x],n =0,1,... 


a= ae (x + vx? - Leiaee 1) 
= 5 [(e+ve 1) + (e- ve —1)']. 


These satisfy the recurrence relation 
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Tn42 = 2xTn41 —Th, To = 1, Ti =x. (2.71) 

The first few Chebyshev polynomials of the first kind are 

To(x) = 1 

T\ (x) =x 

To(x) = 2x? -1 

T3(x) = 4x37 -—3x 

Ta(x) = 8x4-—8x7 41 

Ts(x) = 16x° — 20x° +. 5x. 


Chebyshev polynomials of the second kind u,—; € Z[x],n =0,1,... 
Un—1(x) = Uy, (« +Vx2-—1x-—Vx2- 1) 


= es (e+ VP =1)" (x- V2 —1)']. 


These satisfy the recurrence equation 


Und? = 2XUn41 —Un, Ug =0, uy = 1. (2.72) 


The first few Chebyshev polynomials of the second kind are 


ug(x) =0 
uj(x) = 1 
u2(x) =2x 


u3(x) =4x7-1 
ua(x) = 8x —4x 


us(x) = 16x* — 12x7 +1. 


Hoggatt—Bicknell-King polynomials of Fibonacci kind g, € Z[x],n =0,1,... 


xt/x2-4 x—Vx2-4 
2 , 2 


&n(x) = Un ( 
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- 1 xt+wvx2—4 " x—vVx2-—4 i 
xt 4 2 2 


These satisfy the recurrence relation 


§n+2 =%X8n+1— 8n, 80= 0, gi =1. (2.73) 


The first few Hoggatt-Bicknell—King polynomial of Fibonacci kind are 


go(x) = 0 
rate eet 
g2(x) =x 
g3(x) =x7- 1 


ga(x) = x? —2x 


5(x) ge sae sei, 


Hoggatt-Bicknell—King polynomials of Lucas kind 


xtvVx27-4 x-WVx2-4 
hy(x) = Vn , 
2 2 
xtvV/x2-—4 xo —4\" 
a —} + |——— ] | n=0,1,.... 
2 2 
These satisfy the recurrence relation 
hn42 =Xhn41 —hn, ho =2, hy =x. (2.74) 


The first few Hoggatt—-Bicknell—King polynomial of Lucas kind are 


ho(x) = 2 
h(x) =x 
ho(x) = x* -2 


h3(x) =x? —3x 
ha(x) = x* —4x7+2 


hs(x) =x° —5x°4+ 5x. 
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Jacobsthal polynomials J, ¢ Z[x],n =0,1,... 


14+ J8x+1 1-V8x+1 
Jn (x) = Un , 
2 2 
1, 4 1+V841\" (1-V8e41\" 
— /8x +1 2 2 
These satisfy the recurrence equation 
In42 = Ing. +2xIn, Jn = 90, I = 1. (2.75) 


The first few Jacobsthal polynomials are 


Jo(x) = 0 
Ji(x) =1 
A(x) =1 
ROY S041 
Jg(x) = 4x41 


Js(x) = 4x7 +6x 41. 


Morgan-Voyce polynomials B, ¢€ Z[x],n =0,1,... 


xt24+Vx2+4e x4+2—-—V7x24 4x 
By(x) = Un+i > 
2 2 
n+l n+l 
= 1 xt24+Vx2+4x x+2—V0x2+ 4x 

Vx? + 4x 2 2 
These satisfy the recurrence relation 

By42 = (4 +2)Bn41- Bn, Bo=1, Bh =x+2, (2.76) 


and are used in the study of electrical ladder networks of resistors. Clearly, we have 
Bn-1(*) = gn(x + 2),n = 1,2,.... 
The first few Morgan—Voyce polynomials are 
Bo(x) = 1 
By(x) =x+2 
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Bo(x) = x7 +4x+43 
B3(x) = x° + 6x7 +10x+4 
Ba(x) = x4 + 8x2 +21x7+20x4+5 


Bs(x) =x° + 10x44 + 36x° + 56x? + 35x +6. 


Brahmagupta polynomials These polynomials x,, y, € Z[x],n = 0,1,.. 
depend on the integer parameter t > 0 as 


.° 


1 Y= Yn (« + yt, x — vvi) = ; [(« +yvt)" + (x —yvi)'], 


Yn(x, y) = yU, (x t+ yVt,x — yvi) = ai [(« a yvt)’ = (x _ yvt)"] F 


Here it is assumed that ¢ is square free. These polynomials arise naturally from 
the so-called multiplication principle, considered for the first time by the Indian 
astronomer and mathematician Brahmagupta, and generate solutions of the general 
Pell equation x* — ty? = +N, with N a positive integer. 

These satisfy the recurrence relation 


Xn42 = 2X -Xn4+1 — (x? — WENA xo=1, x, =x, (2.77) 


Ynt2 = 2X Yng1 —(? —y"t)yn, Yo=l, n=. (2.78) 


The first few Brahmagupta polynomials are 


xo(x, y) = 1, yo(x, y) =0 

x1(x, y) =x, w@y=y 

x2(x, y) = ty? +27, ya(x, y) = 2xy 

x3(x, y) = 3txy? +2°, ya(x, y) = y (ty? +327) 
x4(x, y) fy pGig ye ya(x, y) =4xy (1y? + x?) 


x5(x,y) = Sexy + 10 tx? y* fa. y5(x,y)=y (?y4 + 10 tx? y? + 2) ; 


The following arithmetic properties involving the polynomials U, and V, are 
useful as they can be used to prove some divisibility properties of the Fibonacci, 
Lucas, Pell, and Pell—Lucas numbers. 


Lemma 2.1 Assume that a and b are nonzero real numbers such that a + b and ab 
are integers. The following properties hold: 
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1° U,(a, b) and V,,(a, b) are integers for alln =0,1,2,...; 
2° Ifk is a positive integer, then Um(a, b) | Ukm(a, b); 
3° Ifk is an odd positive integer, then Vin(a, b) | Vem(a, b). 


Proof 


1° The results follow by using induction with step 2, using the recursive rela- 
tions (2.61) and (2.62). Alternatively, one can use the fundamental theorem of 
symmetric polynomials. 

2° By the definition, we have 


qkm = pkm 7 (a™)* = (bk 


a—b a—b 


Uxm (a, b) 


i. (a, b) (aon A. qgk-2)m pn aga, dh ql pk-2)m a oo) 
= Um(a, b) [Vie—-1m(a, 6) + ab” Vix—3ym(a, b) +++], 


and the conclusion follows since V; (a, b) is an integer, s = 0, 1,.... 
3° Let k = 2s + 1, for some positive integer s. By definition, we have 


Vim (a, b) = Vestiym (a, b) = (a™)**t! + (b")25 +1 
=YV, (a b) a = g2@s—Dm pn Bhi Se gt pes—Dm +4 bs) 
p m ’ 
= Vinn(a, b) [ Vosm (a,b) — ab” V(2s—2)m (a, b) + -- | ’ 
and we obtain the result, since V;(a, b) is an integer, s = 0, 1,.... 
oO 
Theorem 2.16 Let a and b be nonzero real numbers such that a + b and ab are 
integers with gcd(a + b, ab) = 1. Then, the following relation holds: 
ged(Un (a, b), Un (a, b)) = Ugeacn,ny (4, 5). (2.79) 


Proof Using Lemma 2.1 2°, it follows that Ugcain,n)(@, b) divides Um (a, b) and 
U; (a, b), hence also divides gcd(U;, (a, b), Un (a, b)). 

Conversely, we will now show that gcd(U,,(a,b), U,(a,b)) also divides 
Uscaim,n) (a, b). If ged(Um, Un) = 1, then we are done. We now assume that 
gcd(Um, Un) > 1. Let u and v be integers such that um + vn = gced(m,n). It 
follows that M&40"-") — (M”)"“(M")”, where the matrix 


M= a+b—ab 
1 0 
is diagonal modulo Ugedim,n). Since M™ and M” are also diagonal modulo 
Usca(m,n), 80 is Ms4".") | Therefore, gcd(Um, Un) also divides Ugeain,n)- oO 
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Theorem 2.17 Let a and b be nonzero real numbers such that a + b and ab are 
integers with gcd(a + b, ab) = 1. Then for every odd positive integers m and n, the 
following relation holds: 


gcd(Vin (a, b), Vala, b)) = Vecd(m,n) (a, b). (2.80) 


Proof By Lemma 2.1 3°, we just have to prove the case when m and 7 are relatively 
prime. Therefore, suppose that gcd(m, n) = | and let us prove that 


gcd(V, (a, b), Va(a, b)) = Vila, b) =a+t+b. (2.81) 
By Lemma 2.1 3°, we know that “ mls >) and Yn a. p are both integers, so by (2.81) 
we have to show that “ nla-P) and Ma n(a.b) are in ne relatively prime. 


Vin a b) Vn 


We will first show that if p is a prime dividing and Me :b) , then p also 
divides a + b, which will further allow us to reach a radiation” 


Without loss of generality, we can assume that m < n. It follows that 


Vnla,b) — Vn(a, b) 
a+b a+b 


’ 


p | (a +p") 


hence 


a’ pr ™ + q™—™ pm 
a+b , 


P | 


If n > 2m, then we have p | ab" (a"~2™ 4 b"-2"), 

If p | ab, from the relation V;,. = (a + b)Vn—1 — abVm_2, we get p | Vin-1, 
because p | V,, from the hypothesis. From p | V;,—1 and the recurrence equation, if 
follows that p | Vin—1 + abVn-3 = (a+ b)Vn—2. Because gcd(a + b, ab) = 1, we 
get p | Vn—2. Similarly, we establish that p | Vin_a, p | Vn—6,---,p | Vi =at+b, 
which is a contradiction. 

Hence, p does not divide ab, so we must have p | qi—2m 4 pn-2m _ ey an. 
We have reduced the problem from the pair (m,n) with gcd(m,n) = 1 to the pair 
(n — 2m, m) with gcd(n — 2m, m) = 1. Continuing this procedure we get, after a 
finite number of steps, p | Vj = a + b, and we are done. 


From p | ae and p | a + b, using the relations 
Vin(a, b Vin—2(a, b 
m(a, b) = Vy_1(a, b) — ab m—2(d, b) 
a+b a+b 


Vin—1(a, b) = (a =P b)Vin—-2(a, b) ~ abVin_3(a, b), 


and 
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Vin(a, b) 
P| > G+ 5)Vn-21a, b), 


it follows that 


Vin—-2(a, b) 
p\ab [=a + Vin-3(a, b) |. 
Since gcd(a + b, ab) = 1, we obtain 
Vin—2(a, b) 
<< V, — ’ b ’ 
P | ras + Vin-3(a, b) 
hence it follows that 
Vin—4(a, b) 
2Vin—3(a, b) — ab———___.. 
P | m—3(a, b) — a ore: 
Recursively, for every positive integer s we have 
Vin—2s (a, b) 
P| 5Vm—@s—1)(a, b) — ara ar 


Denoting m = 2k + 1, we get p | kV2(a, b) — ab, hence p | k(a + b)* — mab. 
Because p | a+ band gcd(a + b, ab) = 1, we get p | m. 

Similarly, starting from p | tees and p |a+), we obtain p | n. 

This is a contradiction, since we have gcd(m, n) = 1. oO 


Remark 2.8 A different proof in the spirit of the proof of Theorem 2.16 is given by 
Jeffery and Pereira in [88]. 


2.2.5 Properties of Fibonacci, Lucas, Pell, and Lucas—Pell 
Numbers 


Here we present some key properties of the Fibonacci, Lucas, Pell, and Lucas—Pell 
numbers, concerning primarily certain recurrent formulae and divisibility relations 
involving the sequence terms. 


Theorem 2.18 (properties of Fibonacci numbers) 


1° For any positive integers m,n, we have the identity 
Fin+n = Fy—-1 Fan + Fin Fy. (2.82) 


2° Ifm | n, then Fy | Fh. 
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3° For anym,n = 0, gcd(Fin, Fn) = Fecacn,n)- 
4° If gcd(m, n) = 1, then Fyn Fy divides Finn. 
5° (Catalan’s identity) For an integer 0 <r <n, the following identity holds: 


Fy — Far Frater = (-1)"7 Fy. 
6° (Vajda’s identity) For positive integers i, j, the following identity holds: 
Papi = TP epee (1) IG 


Proof 


1° Using the identity (2.65) and the relation F,; = 


the desired formula follows. 


U, 
2° It follows by Lemma 2.1 2°, and F, = U, (434, 135) aaa 
5 


2. ? s= 0, 
3° First Proof We use Theorem 2.16 for (a, b) = a 138). Observe that 
) 


a+b=1andab = —1, and gcd(a + b, ab) = 1, hence (2.79) holds, and the 
conclusion follows. 


Second Proof Suppose that n > m and let d = gcd(m,n). By applying 
Euclid’s Algorithm, we get 


n=mqtri 
m=rig2 +12 


r) =1293 +173 


ri-1 =Viqi+1, 
and so d = 1r;. By the identity (2.82) we have 


gced(Fin, Fn) = gcd(Fin, Fing +r) = gcd(Fin, Fingy—1 Fr, + Ping +r F,,+1) 
= gced(Fin, Fing,—-1 Fr) = gcd(Fin, F,), 


where we have used that gcd( Fin, Fing;-1) = 1. 
By applying the procedure repeatedly, we arrive at 


gcd(Fin, Fn) = gced(F,,,, Fn) = gcd(F,,, F,,) erie gcd(F;,_,, F,;) =F, = d. 
4° The property follows from 2° and 3°, by observing that 


gcd(Fin, Fn) = Fca(m, m) = Fi= =1. 
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5° Using the notations at point 1°, one obtains 


1 | | 
Fp — Fron Fate = = [(a" — BY? — (a? — "Ya" — By] 


_ : (er ee _ 2a” p” te a tp 


1 
— 5 (ob) (a” _ py = eis, 


where we have used the Binet-type formula and the identity a8 = —1. 
6° Similar to point 5°, we obtain successively 


FuitiFntj _ Fu Fnti+j 


: ri +i bj A A 
= 5 [rr _ Br tH aQtti _ p" Fy a any — prtitsy| 


= : [-2" t ign 7 Jp" ti at prtiti an antitipn| 


= 5(@p)" (a! — 6") (a! — p/) = CAF), 


Theorem 2.19 (properties of Lucas numbers) 


1° For any positive integers m,n, we have the identity 
Lintn = Lin+i Fn + Lin Fn-1. 


2° Ifk is a positive integer, then Fy+~% + (—1)* Fx = LyFh. 

3°) Fon = Ly Fh. 

4° Ifk,n € N withk odd, then Ly | Lin. 

5° Ifk,n € N withk even, then Ly Fy | Frn- 

6° Ifd = gcd(m,n) and m/d, n/d are both odd, then gcd(Lm, Ln) = Lecacm,n)- 


145 ee ee V5 
2°" 2 
1° Using the identity (2.66) and the relation Ly; = Vy (4, ee 4), valid for 


k =0,1,..., the desired formula follows. 
2° This relation follows from the exact formulae. Since a6 = —1, we have 


Proof Denoting a = 


, we havea + 6 = 1 andaf = —-1. 


1 
V5 


_1)k 
= mit SE (a" pr ‘=F Fuse + (C1 Fe 


Ly Fn = - (a + B*) (a” — p") = (ane prtk a eit gk ap") 


2.2 


3° 
4° 
5° 
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In the previous relation we take k = n. 
Follows from Lemma 2.1 3° and L; = V5; (44, 15), s=0,1,.... 
Denoting k = 2/ one obtains by Binet’s formula 


Fen 1 gtk = pkn 1 (a2")! _ (p2")! 


E J5 a” + Br ~ SS a” + pr 


7 Le = pen 2n(I—-1) + ey2n(I-2) p2n caeere a2" B2n(l—2) a prey 
V5 at tp 
= Fy (Lond—1) + Long—3) + °° -) ; 

where we have used the relation a6 = —1. - 

First Proof We apply Theorem 2.17 for (a,b) = (44, a) and the 


relation holds since Ly = Vz (44, 15), fork =0,1,.... 


Second Proof Note that we have 


Ups de ay (1, fay (2) 
iy tea) 0 (2) 1.0) a) 
ce mica (> = : 

10 oa 


The matrices L and A satisfy A = 2L — In, hence A and L commute. Also, let 
us observe that A? = 5h. 

From the property 4° above, we obtain that gcd(Lm, Ly) divides Lg. We 
now show that gcd(Ly,, Ly) divides Lg. If gcd(Lm, Ly) = 1, then we are done. 
Suppose that gcd(Lm, LZy,) > 1. Since no element of the Lucas sequence is 
divisible by 5 and det A = —5, we deduce that A must be invertible modulo Ly, 
for any positive integer n. Clearly, there exist integers a and b such that am + 
bn = d. The matrices L” A and L”A are both diagonal modulo gcd(Lp, Ln) 
and so is the matrix (L’"A)“(L” A)”, which is equal to a power of 5 times L@A. 
Therefore, gcd(Lim, Ly) divides Lgca(m,n), and the desired conclusion follows. 


where 


a] 

Items 4°-6° were stated by Jaffery and Pereira [88]. 
Remark 2.9 The relation gcd(Lm, Ln) = Lgcaym.n) 1S not true in general. For 
instance, considering m = 5 andn = 10 we have Ls = 11, Lig = 123 and 


gcd(Ls, Lio) = 1, Lecais,10) = Ls = 11, hence ged(Ls, Lio) F Legcacs,10)- 
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Here we have 5 | 10 but Ls { Lio, hence the implication m | n > Ly, | Ly, does 
not hold in general. 


More related theorems and results can be found in [101, 102]. 
Theorem 2.20 (properties of Pell numbers) 


1° For any positive integers m,n, we have the identity 
Pintn = Pin Phoi + Pm—1 Ph. 


2° We have Pin | Pn if and only if m | n; 
3° For any m,n = 0, gcd( Pin, Pn) = Pgedcn,n)- 
4° The following identity holds: 


4n+1 n 2 
2n+1 

y P= (Pant Pe? = (3 2’( be )) 

i=0 r=0 


i.e., the sum of the Pell numbers up to P4y+1 is always a square [144]. 
5° Pell numbers can be used to form Pythagorean triples in which a and b are one 
unit apart, corresponding to right triangles that are nearly isosceles 


(2P a Prot a a ee Pl +P? = Pans): 


Proof 


1° Using the identity (2.65) and the relation Py = Ux (1 ney ye v2), k= 
0,1,..., the desired formula follows. 

2° The implication “<=” follows by induction. More precisely, we show that P,,, | 
Pm, for every integer k > 1. Clearly, this holds for k = 1 and we assume that it 
is true up to some fixed value k > 2. By part 1° we have 


Ptk+lyn = Pim+m = Pim Pm+1 ae Prm—1 Pm, 


therefore Py, | Prr+iym- 
For the implication “=>” assume that P,, | P, and letn = km +r, where 
0 <r < m. Using again formula 1° we have 


Ph = Prm-+r = Pam Pr+i + Prm—1 Pr. 
Because Py, | Py and Py | Pkm, it follows that Py | Pgm—1P,-. From 


formula (2.44) we obtain gcd(Pkm, Pkm—1) = 1, hence it is necessary to have 
Pm | P,, which is not possible unless r = 0. 
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3° 


4° 


First Proof We use Theorem 2.16 for (a,b) = (1 af O I v2). Observe 


that a + b = 2 and ab = —1, and gcd(a + b, ab) = 1, hence (2.79) holds, and 
our conclusion follows. 


Second Proof Alternatively, a proof of this property may follow the steps of 
the proof of Theorem 2.18 for Fibonacci numbers. 
Using the Binet-type formula we have 


se 1 (4/orts1 (ian 4 
A" 22 | 145/21 er ee 


= ; [a 4 V2 ga vat 2| 


On the other hand, we obtain 


Poy + Pon 41 = aA [a eal DyP? ae 2 ae ee Dt we Ci faye 
eee 2n _ _ ./5y2n 
= we [e+ v20 + v2) Gaia 4) | 
= 5 [a+ var —a- vat], (2.83) 
hence 


(Pon + Poy 41)? = 4 += [a + af yn? + d—- af 2)? = 2| , 


which shows that indeed we have 


4n+1 
> P; = (Pon + Poni)’. 


The other identity follows by the binomial expansion of P2, + P2+1 in (2.83). 
Substituting m = n + 1 in 1° one obtains the identity 


2 2 
Pond = ned Pas 


Gy (2PPreis Pg Phe 


are etn eee Pe = = Poet) is a Pythagorean triple. 
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Theorem 2.21 (properties of Pell-Lucas numbers) 


1° For any positive integers m,n, we have the identity 
Om+n = n—1Om + Pr Om+1- 


2° Ifk is a positive integer, then Phi + (1) Ph—k = QkPn. 

3° Poy = On Pn. 

4° Ifk,n € N withk odd, then Qn | Qkn. 

5° Ifk,n € N withk even, then Qn Pn | Pkn. 

6° Ifd = gcd(m, n) and m/d, n/d are odd, then gcd(Qm, Qn) = Qgcaim,n): 


Proof 
1° By the identity (2.66) and the relation Ox = Vi (1 4./2,1— V2), valid for 
k =0,1,..., the desired formula follows. 


2° This relation follows from the Binet-type formulae (2.32) and (2.33). Denoting 
a =1+J/2and B = 1— V2, we have af = —1, hence 


= 1 k k n n\ __ 1 n+k nt+k n gk kan 
OrPa = 575 (0 + B*) (a - PB) => 5 (¢ — pr + apt — ak pn) 
—1)* 
= Paik oF owe Cg — a) = Patek + (—1)* Phx. 


3° In the previous relation we take k = n. 

4° It follows by Lemma 2.1 3° and Q, = Vs (1 6/2. 1 = v2), s=0,1,.... 

5° The proof is similar to Theorem 2.19 5°. Using the notation k = 2/, one obtains 
by the Binet-type formula 


Pen 1 gtk = pk 1 (a2")! = (p2")! 


On 7 2/2 a” + Bp” 7 2/2 a” + Bp” 


_ 1 qn — pn (oy  q2n(l-2) pn cer a2" prd-2) +4 ped) 
Daf. OP ARB" 
= Py (Long—1) + Lona—3) ++: -) ; 
where we used the relation a6 = —1. 
6° We apply Theorem 2.17 for (a,b) = (1 be f2, 1a V2) and the conclusion 
follows since a + b = 2 and ab = —1 are relatively prime, while Q,; = 


Vi (1+ V2, 1+ V2), fork =0,1,.... 
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2.2.6 Zeckendorf’s Theorem 


A result concerning the decomposition of integers as a sum of Fibonacci numbers 
has been established by Zeckendorf. 


Theorem 2.22 (Zeckendorf) Every positive integer can be represented as sum of 
several distinct Fibonacci numbers. 


Proof We prove by induction that every positive integer k can be written as a sum 
of several distinct Fibonacci numbers. 
The case k = 1 is obvious, since we have 1 = F}. 


Assume now that every positive integer 1,..., — 1 can be written a sum of 
several distinct Fibonacci numbers, and let k = n. Denoting by fj the greatest 
Fibonacci number which is less than n, we have 

n= fit(n— fi). 


By the induction hypothesis, n — fj; is a positive integer less than n, therefore it can 
be written as 


Cafe = Ti tier ERS. JL Shes Ie 


We must have i > j;, as otherwise we would have 


n=fit fit firte t+ fi > fit fi-1 = fis, 


in contradiction with the choice of i. So,n = fj, + fj, +--+ + fj, + fi isa 
representation of n as a sum of distinct Fibonacci numbers. Oo 


Moreover, this representation is unique. Indeed, assume that the integer n has 
two Zeckendorf representations, i.e., there are two sets of positive integers T, S 
containing the indices in the two decompositions as sums of Fibonacci numbers. 
Denote by Tj = T; \ T2 and T; = T> \ T;. Since the sets S’ and T’ are disjoint, we 


Lae et ee Daa = 


xeTy xeET| aéeT,NT> yeT| bET{ NT yeTy 


If either 7/ or T; is empty, then its sum would be 0, as well as the sum of the other 
set, hence we would have Tj = T; = @, hence Ty; = T; NT, = Tp. 

If the sets 7; and Ty are nonempty, denote by F;, = max T; and F,, = max 7). 
Since the sets are disjoint, one may assume that F,, < F;,. We can check that 


SS xXx< Fiat < Fi. 


xeT, 


Since the sums over 7; and 7) must be equal, this is a contradiction. 
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One can also define the Fibonacci multiplication o : N? — N. Given two 
numbers with Zeckendorf representations 


ty 


iy) 
a=) IF, a=) Fig 
k=0 


s=0 
we define 


ty t2 


ajoa, =) >) Fictic: 


s=0 k=0 


Theorem 2.23 (N, 0) forms a commutative semigroup. 


The number of terms involved in the Zeckendorf representation has been 
established by Deza [60, Theorem 1]. 


Theorem 2.24 


1° For any positive integer n the number Frn42 — 1 is the smallest number which 
is not representable as a sum of at most n Fibonacci numbers. 

2° Fon42 — | may be represented as a sum of n + | Fibonacci numbers. 

3° Fon42 — 2 is not representable as a sum of fewer than n Fibonacci numbers. 


Proof Indeed, if n = 1 the theorem holds true. Assume that the theorem is correct 
for n < m. The integers on the segment [1, F2+2 — 2] may be represented from 
part 1° of the theorem, as a sum of < m Fibonacci numbers. Also, number (F242 — 
2) + 1 = Fom+2 — 1 may be represented by part 2° of the theorem as a sum of m+ 1 
Fibonacci numbers, while the number (F242 — 2) + 2 = Fom+2 is a Fibonacci 
number. The integers in the interval 


[F2m+2 + 1, Fom42 + (Fom+1 — 1], (2.84) 
are the sums of number F2,,42 and of the corresponding numbers on the segment 
[1, Fon+1 — 1], which by part 1° of the theorem are representable as a sum of < m 


Fibonacci numbers (since F2_41 — 1 < Fom42 — 2). Number Fry+2 + (Fom+1 — 
1) + 1 = Fom-+3 is a Fibonacci number. We deduce that the numbers of the segment 


[F2m+3 + 1, Fom43 a (Fom+2 _ 2)] ’ 


are representable as a sum of < m-+ 1 Fibonacci numbers for the same reason as 
those of segment (2.84). Therefore, the numbers not greater than 


Fom43 + (Fom42 — 2) = Fom4iy42 — 2, 
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are representable as sums of < m + 1 Fibonacci numbers. By the induction 
hypothesis, a correct decomposition of the numbers F242 — 2 and Foy42 — 1 
contains m and m + | terms, respectively. Adding F243 on the left-hand side 
of these two decompositions, we obtain the correct decomposition of the numbers 
Fom+4 — 2 and Fr,+4 — 1. The latter contain m + 1 and m + 2 terms, respectively. 
From this and by Zeckendorf’s Theorem, it follows that the numbers F2a+1)4+2 — 2 
and F2~m+1)+2 — | may be represented as the sums of m + | (but not less) and m+ 2 
(but not less) Fibonacci numbers. 
Notice that the following identity clearly holds: 


2.3 Homographic Recurrences 


In this section we present key definitions and results concerning linear fractional 
transformations, including some formulae for their composition. These transforma- 
tions are conformal maps which have many applications in engineering, number 
theory, geometry, or control theory. 

We also present the representation formulae for the general term of homographic 
recurrent sequences obtained by Andrica and Toader in [22]. We then discuss the 
composition of sequences of linear fractional transformations given by Jacobsen 
(87], formulated in terms of tail recurrences. 


2.3.1 Key Definitions 


Definition 2.1 Let a,b, c,d be complex numbers. A map f : C > C is called a 
linear fractional transformation (or homographic function) if 


az+b 
cz +d’ 


w= f(Zi= A =bc—ad £0. (2.85) 


The transformation can be extended to the entire extended complex plane c= 
CU {oo}, by defining 
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when the transformation is meromorphic and bijective [87], and analytic everywhere 
except for the point z = —d/c where it has a simple pole. 
The conventions adopted in this case are 


az+b=bifc=Oandz=o0, (2.86) 
cztd=difd=Oandz=~w, (2.87) 
z-w=0ifz=w=o. (2.88) 


Notice that if f is not the identity function, then it has one or two fixed points 
given by the roots q1, q2 of the quadratic equation 


eg? +d —a)g —b =, (2.89) 


which coincide if and only if f is parabolic (i.e, D = (d — a)* + 4bc = 0). 
The following identities hold: 


= d — 
f@-a1 _ ata z A ifg1 #@, (2.90) 
f[@-qQ cqitd z-q 


1 2c 


7Oog ata eo 


» ifm=Q=q. (2.91) 


2.3.2 Homographic Recurrent Sequences 


The matrix of the homographic function f (2.85) is denoted by 


Theorem 2.25 The following properties hold: 


1° If f and g are homographic functions, then the composition f o g is a 
homographic function (where it is defined) and A fog = Af - Ag. 
2° If f is a homographic function, then the composite transformation 


fl=fofo---of (2.92) 
ee 
n times 
is a homographic function on its domain and A fn = (Af)", for any integer 


n>. 
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d b 
Definition 2.2 Let f : C \ {-<| Cwingg so 

c cz +d 
function. We call a homographic recurrence the sequence (Z,,),>0 given by 


, be a homographic 


aZn,+b 
Cin +d’ 


Znt1 = fn) = n>=0 (2.93) 


where Zo is a fixed complex number. 


Clearly, the sequence (Z;)n>0 is well defined if and only if cz, + d ¥ 0 for any 
positive integer n. The set consisting in all zo € C such that cz, +d # 0 for all 
integers n > 0 is called the domain of the homographic recurrence. 

A simple inductive argument shows that for integer n > 0, one has 


in = f"(Z0), (2.94) 


where f” = fo fo---o f. Denote 
ee 


ayn b 
Arta n On \ 
(Ay) 


From the matrix relation A fn = (A¢)” and from z, = f”(zo) we obtain 


n times 


— 4nZ0 + by 


- , n=O. 2.95 
CnzZo + dn ‘ ( 


Remark 2.10 From formula (2.95) it follows that the domain of the homographic 


recurrence sequence Zn41 = f (Zn), n = 0,is C \ {-# se ai ee Deen 
Cn 


Lemma 2.2 Consider the linear fractional transformation 


az+b 
czt+d’ 


f@= d#0, 


having the fixed points qi, q2. The following assertions hold true: 


1° If f is nonparabolic, then by the identity (2.90) we have 


Fi(z)—- 41 _ f (Fn-1(z)) — 11 _ cgat d Fyri@)—41 (2.96) 
Fr)—9q2 f(Fni@)-@ ematd Fi)-—@ , 


cqatd\" z-4q1 
Se SS > oe 
cqut+d] z7-@ 
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2° If f is parabolic (2.91), then by denoting the unique fixed point of f by q, the 
following relations hold: 


1 1 2c 1 


= = eb (2.97) 
Fr(Z)-—q fUr-1@)-q at+d Fri) —4 
2 1 
ere, ees o WEA, Bess 
at+d z-@q 


This lemma can be used to obtain closed formulae for the general term of the 
homographic sequence. 
We give some examples involving homographic recurrent sequences. 


3 
Example 2.20 Let the homographic function f : C \ {- A — C be given by 


Find f” (2), where n is a positive integer. 


Solution The matrix of the homographic function f is 


and its characteristic equation is 
74+ 10=0, 
with A; = 2 and A2 = 5. From Theorem 2.25 we get 
(Af)” =APB+A5C = 2"B+5"C, 


where 


gen! ve ‘pcs 21 
Tea 


Therefore 
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1 n n 1 n n 
gOe2S) GE 4+5") 
(Af)" = é 
1 1 
(97 +2. 5") =a" 4+ 5 
3 3 
and from formulae (2.94) and (2.95) we get 
1 1 
~(Q" +2. 5")-2-+ —(—2" +5") 
nyny — __ 2 3 
fa +2.-5") Date 7 + 5”) 
2n 4 5041 
a —2n+l + 5ntl 2 he 0. 
Example 2.21 Let x9 > 0,m > 0, and xn41 = an 1 for all integers n > 0. 


Xn 
If x9 4 m, prove that the sequence (x,)n>0 iS convergent to the negative root of 


quadratic equation x? + x —m = 0. 


—Xn +m 


Solution We can write x,+1 = t———, i.e., the sequence (X,)n>0 is defined by 
Xx, 


n 
a homographic recurrence. Let us consider the matrix 


(9) 
1 0 


with the characteristic equation A* + 4 — m = 0 and 


~1—./1+4m -14+/1+4m 
a eT 
Ps 


2 


AL= nddAz = 


By Theorem 2.25 we get 


Av =2"B4 IC = by Ay + cA5 bia} + c1245 
; = by At + c21A5 b22A + €2245 
and from formula (2.95) it follows that 


_ 1x0 + b12)A4 + (11X90 + €12)A5 
" (by1x0 + b22)ah + (cr1xo + €22)A4 


Ao n 
(b11xX0 + B12) + (c11X0 + €12) (2) 


x n 
(b21x9 + b22) + (21X90 + €22) (2) 
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Since 


1 


< 1, we get 


i bix0 + bi2 
im x, = —————, 
n— 00 b21x9 + b22 


where b11, b12, b21, b22 are the entries of matrix B. We have 


B= (A —Agdh) = 


1 1 —l-do m 
Ay — do Ay —A2 1 —h2)” 


hence the desired limit is 


—l- iA -(1+A AQAA +A 
( 2)xo +m _ (1 + Az)x9 + A201 + 2)! (lta) =). 
xo — 2 Xo — ho 


2.3.3 Representation Theorems for Homographic Sequences 


The general term of (2.93) can be written by roots of the quadratics 


cq’ + (d—a)q—b=0 
p’ — (a+ d)p+ad — be =0, (2.98) 


with roots q1, ¢2 and p;, p2, which share the common discriminant 


D = (d—a)’ +4bc, (2.99) 
satisfying the identities 
= a— d ha i VD_ 
12= ie ; 
cae +d = pe, k=1,2. (2.100) 


Some key results regarding the general term for degenerate/nondegenerate cases, 
the set of admissible points, as well as the convergence, divergence, and periodicity 
have been investigated by Andrica and Toader [22]. 

These results allow one to express the terms of (Z,)n>0 as functions of zo and 
41, 42; OF P1, p2. Notice that similar explicit results can also be derived from the 
formula (2.96) and (2.97) given by Jacobsen [87]. 


Theorem 2.26 (nondegenerate case, Theorem 2.1 [22]) Jf D + 0, then the 
following equivalent formulae hold true: 
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= dj" — _ " 
oe qi(Zo — q2)(cq1 + d)" — go(Zo — G1) (cq2 + d) (2.101) 


(Zo — g2)(cqi + d)" — (20 — qi) (cq2 + d)” 
_ (i — @A(cz0 = p2+ d)p} — (p2 — a)(czo — pi + a) py 


2.102 
" c(czo — po +d) pt — c(czo — pi t+ 4) p35 
Proof As qx = (aqx + b)/(cqx + d), we have 
(Zn — qk)(ad — bc) 
Zn+1 — 4k = — 2 » k=1,2, 
(CZn + d)(cqx + d) 
thus 
Znt1— 41 _ in - G1 CGa+d 
Znt1—-42. G2 eq td 
By induction, we obtain 
Zn qi _ 2-4 (<2 =) 
wn—q 2-G2\eqitd/ ° 
which leads to (2.101). Relation (2.102) can now be derived from (2.101). oO 


Remark 2.11 From (2.101) and (2.102), zo admits the values (cz, + d 4 0) 


qz(cq, +d)” — qi(cq2 +d)” 
zo z n=0,1,...7, 
(cq, +d)” — (cq2 + d)" 
(p2 — d)pi — (pi — 4) ps 
Pe PL 7 2 on=0,1,...}. 
c(py — p>) 


coe { 


Remark 2.12 The relation (2.102) can also be proved directly, by solving a system 

of two recurrences. Consider the system 

ee =e BN (2.103) 
Yat = CXn + dyn, 


where Zn = Xn/Yn and x9 = Zo, yo = 1. The system (2.103) is equivalent to 


es = (Yn41 — €yn)/e (2.104) 


Yn+2 — (a+ d)Yn41 + (ad — bc) yn = 0. 


This means that (y,),>0 Satisfies a second-order linear recurrence relation which 
has (2.98) as characteristic equation. This verifies the initial conditions yo = 1, 
y, = czo + d, hence it can be represented by 
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_ (czo +d — pr) pt — (czo +d — pi) Py 
n Pi _ p2 2 


The result follows from the first relation of (2.104) and zy = Xn/Yn. 
Similarly, one can formulate the result for D = 0. 
Theorem 2.27 (degenerate case, Theorem 2.3 [22]) Jf D = 0, then 


_ (a+ 4)zo +n[(a — d)zo + 2b] 
“ a+d+n(2czo —a+d) 


(2.105) 


Proof For D = 0, (2.98) has a unique root p = (a+ d)/2. By (2.104) we have 


at+d+n(2co+d—a) fatd\"' 
Ya = 5) >) 3 


n 


__ 2ezo(a + d) + n(a — d)(2cz9 — a + d) € + ) 
7 4c 2 


The desired results follows from the relation zy = Xy/yYn. oO 
Remark 2.13 The admissible set for zo from formula (2.105) is in this case 


afewad 
os oo 


2cn 
In this case, the avoidance set can be obtained from the recurrence relation 


—dy, +b d 
“aieks: oe yor: 
CVn —a Cc 


Yn+l1 = 


2.3.4 Convergence and Periodicity 


The representation formulae given above can be used to describe the behavior of 
the sequence. Based on formulae (2.99) and (2.100) it is convenient to define the 
following notation: 


atd+VJD_ po 2ni6 
L£= — =re iz 
a+d-J/D pi 


_ 20-@ 


A= : 
<0 — 1 


Notice that the initial assumption ad — bc # 0 implies a + d — /D £ 0. 
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Theorem 2.28 /[f D = 0, the sequence (Zn)n>0 is convergent to (a — d)/2c. 
Proof Indeed, this follows by taking the limit as n — oo in Theorem 2.27. Oo 


For D ¥ 0, formula (2.101) is equivalent to the more compact version 


Aq\ = q2z" 
in = (2.106) 


Here we reformulate [22, Theorem 3.1], in the single variable z. 


Theorem 2.29 Let (Zn)n>0 be a homographic recurrence defined by (2.93), where 
D £ 0. The following results hold: 


1° Ifz =1, then (Zn)n>0 converges to (a — d)/2c = (q2 + q1)/2. 
2° If|z| < 1, then (Zn)n>0 converges to qi. 

3° If |z| > 1, then (Zn)n>0 converges to q2. 

4° If|z| = 1, then the following two distinct cases are possible. 


(a) For 0 = p/q € Q irreducible fraction, (Zn)n>o0 is periodic. 
(b) For @ = p/¢ €R\Q (Zn)nso is dense within the curve w(z) = Bead 
defined on the unit circle S = {z € C: |z| = 1}. 


Proof The proofs for 1°, 2°, and 3° follow easily from formula (2.106). 

When |z| = | and @ is rational, it is clear that z” is a periodic sequence, hence 
the sequence (Z,)>0 1s also periodic. 

On the other hand, when @ is irrational, by Kronecker’s Lemma, the sequence 
(z”)n>0 1s dense in the unit circle, hence the sequence (Zy)n>0 is dense in the image 
of the function w : S — C, defined by w(z) = got Ag Its image is a circle of 
radius |A|, if |A| 1, or a straight line if |A| = 1. 7 oO 

Some examples are shown in Figures 2.1 and 2.2. To express the recurrence 


relation (2.106) in A and z, one may choose a, b, d, and then compute c from 


- @ ta [@- Det] - @-a? 
~ 4b 


(2.107) 


In Figure 2.1 are plotted convergent orbits. One may notice that the orbit 
converges to gi forr < 1 in Figure 2.1a, and to qg2 forr > | in Figure 2.1b. 
Figure 2.2 shows a periodic orbit with 13 points (a) and a dense orbit (b). 


Example 2.22 Leta € R. Study the convergence of the sequence defined by 


Xo=1,  Xnt1Xn + aACn41 — Xn) +1=0, n=0,1,.... 
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7| (0) 


Im z 


5 4 3 2 1 0 1 2 
Rez Rez 


Fig. 2.1 First 25 terms of sequence (Zn)n>o0 obtained from the relation (2.93) (diamonds) and 
direct formula (2.106) (circles) for z9 = 1 + 3i (star) and z = r2™'*, where (a) r = 0.9, x = 1/6; 
(b)r = L.1,x = 1/6. Fora =3+i,d = 1—2i, b = 2 — 2i, and c given by (2.107). Also plotted 
are limits g; (cross) and q2 (square). Arrows show the increase of index 


2 
15 
N dpe g LANNY Xxy| 
E AY 
= : ANY KX fat L 
0.5 
0 
-0.5 { 
-0.5 0 0.5 1 15 2 -0.5 0 0.5 1 15 
Rez Rez 


Fig. 2.2 First 100 terms of (Zn)n>0 computed by (2.93) (diamonds) and (2.106) (circles) for 
zo = 142i (star) and z = r2"'*, where (a) r = 1, x = 4/13; (b)r =1,x = 2/4. Fora = 3+, 
d= 1-—2i,b =2-—2i, andc given by (2.107). Arrows indicate the increase of sequence index 


+b 
for n=0,1,...,hencex, = “°** | where 
Cnxo+dn 


n 
An Dn a-—l ( -—,>\" (cosnt — sinnt 
— — 1 *) ’ 
(® )) ( a ) a ( cos nt ) 


where tant = 1 and a # 0. If a = 0, then the sequence repeats with period 2, i.e., 
X2n41 = —Land x2, = 1,n = 0,1,.... It follows that 


Solution We have x41 = “ 
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cosnt — sinnt 1 — tannt 


~ cosnt+sinnt 1+ tannt’ 


If £ ¢ Q, then the set {tannt : n € N} is dense in R, and the range of the function 
f(x) IZ igh \ {-1]}, so the sequence (x,)n>0 is dense in R. 


= ee 
The expression x4) = aint is well defined as x, 4 —a forn = 0,1,.... 
Otherwise, if x, = —a for some n, then —axn+1 + a(xn+1 + a) + 1 = 0, therefore 


a” + 1 = 0, which is impossible for a € R. 


2.3.5. Homographic Recurrences with Variable Coefficients 


In this section we present some results concerning homographic recurrent sequences 
with variable coefficients, and we investigate some cases when such special 
recurrent sequences are convergent. 

Consider the linear fractional transformations (f;,)n>1, defined by 


Anz + by 


fn(Z) = cea 


An = Gndn —Datn #0, n=1,2,..., (2.108) 


where (an)n>0, (bn)n>0. (Cn) n>0, (dn)n>0 are sequences of complex numbers. 
Denoting by w = f(z), the inverse transform for f, is 


d,w —b 
c= nS =" 


CnW — an 


Definition 2.3 Consider the sequence (fn)n>1 of homographic transforma- 
tions (2.108) We call a homographic recurrence with variable coefficients the 
sequence (Zy)n>0 given by 


AnZn +b 
Znt1 = faln) = ————, n2>0, we. (2.109) 
CnZn + dn 


Remark 2.14 Clearly, we have 


Z1 = fo(zo) 
22 = filzi) = (f° fo) (Zo) 


Zn = fn—-1(2n-1) = (fn-1 9 fn—2) Zn-2) = ++» = (fn-1 9+ © fo) Go). 


Remark 2.15. A formula for (2.109) can be found by solving a system of two 
recurrence relations with variable coefficients. Following the steps outlined in 
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Remark 2.12, we consider the system 


ea = AnXn + Dnyn (2.110) 


Ynt1 = CnXn + dnYn , 


where Zn = Xn/Yn and xo = Z0, yo = 1. The system (2.110) is equivalent to 


C = (Ynt1 — AnYn)/€n (2.111) 


Yn+2 — (an + dn) Yn+1 + (Gndn — bnen)Yn = 9. 
This means that (y,)n>0 satisfies a second-order linear recurrence relation with 
variable coefficients, from which one obtains the solution of (2.109). 
Jacobsen [87] uses an alternative form of the identities (2.90) and (2.91), to study 
compositions with variable coefficients (in reverse order) like 


Fr = fio foo---ofn, n=1,2,..., (2.112) 


using the concept of tail sequence defined below. 


Definition 2.4 (Definition 2.1 [87]) The sequence (f,)n>0, with t, € C is called a 
tail sequence for (fn)n>1 if 


A= file). = 243 hei (2.113) 
The following properties can be deduced by simple computations involving the 


formulae (2.96) and (2.97). 


Proposition 2.1 Let (s,)n>0 and (tn)n>0 be two tail sequences for the sequence 
(fn)n>1 Of linear fractional transformation. The following properties hold: 


1° If Sy) 4 ty for some n > 0, then sy F ty for all n> 0; 
2° Iftn-1 4 co and t, 4 %, then for all z € C we have 


1 = Cn (Cntr + dn) Ey (Cut + an) ; 1 


Fn(Z) —[m-1 —An —An Z—tn 


3° If Sn, Sn—1, tn, th—1 F CO, and so F to then for all z € C we have 


Sn(Z) — Sn-1 Cnty + dn : Z— Sn 


Sn(2) —tn-1 Cn8n +dn Z—th 


These results can be used to produce a representation of F,, (2.112) and are shown 
to have applications to continued fractions. 
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Theorem 2.30 Let (Sn)n>0 and (tn)n>o0 be two tail sequences for the sequence 
(fn)n>1 Of linear fractional transformations, and consider the composition Fy, 
n=1,2,... (2.112). For every integer N > 1, the following statements hold. 


1° Ift, #0 forn =0,1,..., N, then for all z € C we have 


N 


1 N 
=) 8 cjtj td; TI (cyte + dx)” ds I (cyte + di) 
—Ak Z—tn yy, = Ak 


NOTw = Aj kel 


2° If in addition, s, 4 0 forn =0,1,..., N, then for allz € C we have 


N 
Fu(z)— so Z—Sn yy City taj 
Fy(z)-t = 2 —tNn eee dj 


Proof 


1° This follows from Proposition 2.1 2°, applied form = 1,...,N, and the 
formula (2.113) for the tail recurrence. 

2° This follows from Proposition 2.1 3°, applied for n = 1,...,N, and the 
formula (2.113) for the tail recurrence. 

Oo 


Proposition 2.2 Consider the recurrence defined by the formula 


AnXn 
Xn+1 = ————,, n=0,].,..., 
CnXn + An 


where (an)n>0, and (Cy)n>0 are complex sequences with ancy # Oforn =0,1,..., 
and xo ° a complex number. The sequence (Xn)n>0 converges if and only if the series 


papal t 
n=0 an is convergen 


Proof Indeed, one may rewrite the relation as 


1 rom 1 
=—+—, n=0,1, 
Xn+1 an Xn 
If N > 1 is an integer, by adding the relations for n = 0,..., N — 1 one obtains 
: . Se . A 

—— ae + ae 

XN an Xo 
n=0 


and the conclusion follows by letting N go to infinity. oO 


80 2 Basic Recurrent Sequences 


Example 2.23 Find the limit of the sequence defined by the recursive formula 


2 


N“Xy 1.2 
X41 = ——_ 5, 2= eads) 
n+ Xn + n2 ’ 2m 
where xo is a nonzero real number. 
Solution Consider the sequences defined by ay = n? andc, =1,n =1,2,...,in 


Proposition 2.2, we deduce that the sequence (x, ),>0 satisfies 


ye 
- k2 xq’ 


k=1 


Xn 


hence 
i i 1 1 
im x, = lim = . 
noo” n->00 a=, 1 “ 1 m2 4 1 
k=1 k2 x0 6 xo 
a, fe ‘ 6x0 
We conclude that the limit of (x,)n>1 is 7 ae 


Proposition 2.3. Consider the recursive sequence defined by the formula 


Xn + Dn4t 


————.,, n=0,l...., 
1 — ba4iXn 


Xn+1 = 


where (by)n>1 is a real sequence and xg is a real number. The sequence (Xn)n>0 


converges if and only if the series )\°°_, arctan by, is convergent. 


Proof We show by induction that 


n 
Xn, = tan (si Xo + xe arctan n) . (2.114) 
k=1 
When n = | we get 
xo + by _ tan(arctan x9) + tan(arctan bj, ) 


xj, = — 
: 1 — bi x0 1 — tan(arctan xg) tan(arctan b;) 


tan (arctan x9 + arctan bj), 
hence the formula is true. Assuming that (2.114) holds for n, we get 


Xn + bn+1 tan(arctan x9 + ys arctan b;,) + tan(arctan by,+1) 


1 — bn41Xn i tan(arctan b,+1) tan(arctan x9 + pee arctan b,x) 


Xntl = 
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n 
= tan (si xo + > arctan by + arctan bat ; 
k=1 


and we are done. oO 


Example 2.24 Decide if the sequence (x,),>o defined by the formula 


2(n + 1)*xn +1 
Xn41 = ———__—__, n=0,],..., 
2(n + 1)? — x 


where x is a nonzero real number, is convergent. 


Solution We have 


1 
Xn + aq472 
Xn = —————,, n= 0,1)..., 


I 
Zn+nye*” 


ale 
2n?? 


hence we can consider b, = in Proposition 2.3. Using the identity 


1 
arctan —~ = arctan 
2k2 k 


it follows that 


n 1 n 
» arctan A122 = arctan 
-_ 2k n+l 


From formula (2.114), foreach n=O, 1,..., we obtain 


n 


tot aT — (1+x0)n + x0 


l=. ~ (l=xo)n +1’ 


n 
Xn = tan {| arctan xp + arctan — 
n+1 


1+x0 ; 
therefore (x, ),>0 converges to Ts ifxg A 1. 


If x9 = 1, then it follows that x, = 2n+ 1 forn =0,1,.... 


Example 2.25 Let (tn)n>o be a sequence of real numbers such that t, € (0, 1) for 
n=0,1,..., and there exists limp_, oo ty € (0, 1). Prove that the sequences (X,)n>0 
and (yn )n>o defined by the recurrence relations 


eee = tXn + (1 — tn) Yn 
Yntt = = t)Xn +tnyn, n=O, 


are convergent and calculate their limits. 
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n 4 th 
n = 0,1,..., we have Uj); = Ay,An—1---AoUo. We now calculate the matrix 
product A, A;,_1--- Ao. The eigenvalues of A, are A; = 1 and Az = 21, — 1, and 


Solution Let U, = (=) and let A, = 6 tn re) Since Uns, = AnUn, 
n 


the corresponding eigenvectors are X; = (1) and X2 = Ge (which are in fact 


the same for all n > 0). Denoting by P = (; aa we have 


A, = P(! u Po, 
0 2t, — 1 


hence 


AAR «ApS P(; ae 


Sn 


where s;, = Tie 2te — 1). If one of the terms of (t)n>o0 18 5 (say tng = 5s then 
S, = 0 for all n > no. If all the terms are different from 5. then we have 


. Sn+l1 
lim 
Nn>OO Sy 


= lim (%41 — 1) € (-1, D, 
n—->oo 


hence limy—o0 5, = 0, which implies 


p = 10 —1 [0 
stor r(08) (0) 


We conclude that limy_so0 Xn = “0500 = limy—+oo Yn- 


Example 2.26 Study the convergence of the sequence (x,)n>0 and (yn)n>0 defined 
by the system of linear recurrences 


(ieee = axXn — byn 
Ya+l = bxy + ayn, ; 


where a, b, xo, yo € R and az+b* <1, 
a—b 
ba 


we get U, = A"Uo. Letr = Va? + b? and let ¢ € [0, 277) such that a = r cost and 
b=r sint. It follows that 


Solution Let U, = a and let A = ( 


Yn 


) Since Un+; = AUn, forn => 0, 
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An = pr (098 nt — sinnt 
sinnt cosnt )’ 
which implies x, = r” (xg cos nt — yo sinnt) and yy, = r" (xq sinnt + yo cosnt). 


¢ Ifr e€ [0, 1), then (xp)n>o and (¥n)n>o Converge to the common limit zero. 

* Ifr = land £ = E € Q with (p,q) = 1, then the sequences (x;)n>0 and 
(yn)n>0 are periodic, having the same period 2q. 

e Ifr = 1 and L € (R \ Q,, then the sequences (x,)n>0 and (¥n)n>0 are dense 


within the interval l-/ xo +y6. sf: xg + %3 


Example 2.27 Let A = (: ’) € M2(R) be such that bc ¥ 0 and there exists an 
c 


integer n > 2 such that b,c, = 0, where A” = i Py, Prove that a, = dy. 


Cn An 


Solution By the identity A A” = A” A we deduce the relations 


day + ben = ana+ byc 

abn + bdy = anb + byd 

Can + den = Cha + dye 

chy + ddy = Cnb + dnd, 
therefore bce, = byc, (a — d) by = (dn — dy)b, (a — d) cy = (An — dn)c, chy = cnb. 
Since b 4 O and c ¥ 0, if b, = 0 or c, = 0 we have ay, = dy. 


ab 


Example 2.28 Let A = ( 
cd 


) € M2(Q) be such that bc ¥ 0 and there exists an 
; An by 
integer n > 2 such that b,c, = 0, where A” = a}? neN. 

Cn an 


1° Prove that a, = dy. 
2° Study the convergence of the sequence (x,)n>0 defined by 


n>0, x» ER\Q 


Solution 


1° The conclusion follows from the previous example. 

2° Ifad = bc, then x9 = xj = ---, hence the sequence (x;,)n>0 is constant. 
Otherwise, we have the relation x9 = See Assuming that x, is rational, 

since a,b,c,d € Q we obtain that x9 € Q, a contradiction. We deduce that 


xe € R\ Q for all k > 0, and cx, +d 4 0. 
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Let f : R\ Q > R \ Q be the function defined by f(x) = axte The 


recurrence relation xx%4; = f (xx) implies that x, = f (xo), where fk = fo 
-o f. When k = n, by part 1° we have a, = d,, which combined with 
bncn = 0 gives by = Cn = 0, hence xy = = = xo. It follows that 


aX, +b axot+b AXn41+b ax,+b 
= =X1, Xn42= = = X2, 
CXn +d cxo +d CXxn41 +d cx, +d 


Xn+1 = 


and Xn4k = Xn, k € N. This sequence converges if constant, i.e., x9 = f (x0). 
Hence, xo satisfies exe + (d — a)xo — b = 0, with the solutions 


—d+tVJ/D 
gst D = (d—a)’? +4bc > 0. 


Thus, the sequence converges for D > 0 and D ¥ q?, where q € Q. 


Example 2.29 Prove that (x,)n>o defined below 


1 
M41 =14+—, n=0,1,..., x9 ER\Q 
x 


n 


1° (Xn)n>0 is well defined. 
2° (Xn)n>0 18 convergent and its limit does not depend on xo. 


Solution One can show by induction that 


Fn41x0 + Fr 


Xn4+1 = : 
ad Fnxo + Fr-1 


where (F;,)n>0 is the Fibonacci sequence. 


1° Since xo is irrational, it is clear that F,x9 + Fy-1 4 0, for alln = 1,2,.... 


2° By Theorem 2.14, we deduce that lim,_, 45 Frnt gy, where g = ee is the 


Fn 
ni = | It follows that 
n+l g 


golden ratio, and also that limy_, 4 


Fn 
Pr (44x + 1) yxo +1 
= 1 = 
ae oo (x0 + “-1) xo + G 


Chapter 3 Mm) 
Arithmetic and Trigonometric Properties = xy 
of Some Classical Recurrent Sequences 


The classical second-order recurrent sequences discussed in Chapter 2 have many 
interesting properties. In Section 3.1 we present arithmetic properties of the 
Fibonacci and Lucas sequences first found in [23]. Section 3.2 studies properties 
of Pell and Pell—Lucas sequences. We also discuss about certain notions of 
Fibonacci, Lucas, Pell, or Pell—Lucas primality. These results have been extended to 
generalized Lucas and Pell—Lucas sequences in our paper [16]. Section 3.3 presents 
factorizations of the terms of classical sequences as products of trigonometric 
expressions. These are derived from the complex factorizations of the general 
polynomials U,, and V,, (2.60), and some involve the resultant of polynomials. 


3.1 Arithmetic Properties of Fibonacci and Lucas Sequences 


Here we give some arithmetic properties of Fibonacci and Lucas numbers, focusing 
on results given in [23]. 


Theorem 3.1 Let p be an odd prime, k a positive integer, andr an arbitrary integer. 
The following relations hold: 


2Fiptr = (E) Felr + FrLx (mod p), (3.1) 
and 
2Liptr =5 (Z) FF, + LyLy (mod p), (3.2) 


where ( 4) is the Legendre’s symbol. 
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Proof We shall prove (3.1) directly from the definition. First, one may write the 


formula (1 +4/5)§ = ds +b,a/5, where ay and b, are positive integers, s = 0, 1,.... 
From Binet’s formula, we have 


kp+r k 
: _ 1 eae ptr {a./5 p+r 
kp+r = V5 2 2 


= aaelu + byv/5)? (ay + byV/5) — (ag — bev/5)? (ay — bW/5)] 


akptr/5 
1 GN a8 . 
Ce oI) PF (bya/5)/ 
siren f5t 4 2 J Ree 


P ; ; 
— (a, — by V5) (’) (—1)/aP~ (V5) 
j=0 


p 


aj. Hes P\ 0 (4) iy ,P74 j 

= aes D(5)0 (-1)))aP! (V5) 
P 
+bV5)° (?)a + (-1)/)aP~! (bp V5). 


j=0 


Since p divides (7) for j = 1,2,--- , p — 1, it follows that 


p—1 
2+ | Fin, = (a-bf5'? + brag) (mod p). 


Using Fermat’s Little Theorem and Euler’s Criterion, we have further that 


P 


yaaa ee - (< 


) arb + b,ax (mod p), (3.3) 


5 
On the other hand, from the relation (1 + /5)° = a, + b,/5 we get the identity 
(1 — 5)’ = a, — b,/5, hence we have a, = 2°~!- L, and b, = 2°~! - F, for 
s =0,1,.... Substituting this back into (3.3), we obtain 


where by Gauss’s Quadratic Reciprocity Law we deduced that ( ) — (2). 


OE iis — (2) L, Fx + F-Lx (mod p), 


and the relation (3.1) follows via Fermat’s Little Theorem. 
To deduce (3.2), we employ the following well-known formula 


Ly = Fi = 2Fn—1, 
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which can be proved either directly from the definition or by noting that the 


sequences (Ly)n>o and (Fy + 2Fy-1)n>0 satisfy the same initial conditions and 
the same recursion formula. From this identity we also deduce that 


Ln + 2Ln-1 = 5Fh. 
By (3.1), we have 
2Fkp+r = (=) FL, + F-Lx (mod p), 
and 
AFp+r—1 = 2 (2) FyLy_1 + 2F--1L, (mod p). 
Adding these two relations yields 
2Fiptr + 4Fipar—t = (Z) Fa(Lr + Let) + La Fr + 2F-1). 

Then using the two identities which we mentioned above we deduce that 


2Fkptr + 4Feptr—-1 = Lkp+r; 


and 
P _ Pp 
(5) Fy (Ly + Lp-1) + Lg + 2F--1) = 5 (5) FF, + LxLy, 
which gives the relation (3.2). oO 


Some consequences are presented in the examples below. 


Example 3.1 Taking r = 0 in relation (3.1), we obtain that for any positive integer 
k one has 


Fip = fe) Fx (mod p). (3.4) 
In the special case k = 1 we get 
P 
F,= (<) (mod p). 
Taking k = 1 andr = | in relation (3.1) we get 


2Fy41 = (=) +1 (mod p). (3.5) 
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Taking k = | andr = —1 in relation (3.1) we get 
2F,-1 =—(£)+1 (mod p) (3.6) 
pal 5 P). ; 


If (£) = —1, then from (3.5) we have p | Fp+1. In the case (£) = 1, from (3.6) 
one obtains p | Fp,—1. We can summarize these in the following known property: 


p | Fy—(2)- (3.7) 


5 


Remark 3.1 A composite integer n is called Fibonacci pseudoprime if 1 | F,-(4): 
Lehmer proved in [112] that there are infinitely many such pseudoprimes. The list 
of even such pseudoprimes is indexed as A141137 in the OEIS [157]. The list of 
known odd Fibonacci pseudoprimes is indexed in [157] as to A081264 , and begins 
with the terms: 


323, 377, 1891, 3827, 4181, 5777, 6601, 6721, 8149, 10877, 11663, 13201, 


13981, 15251, 17119, 17711, 18407, 19043, 23407, 25877, 27323, 30889, 
34561, 34943, 35207, 39203, 40501, 50183, 51841, 51983, 52701,.... 


In contrast to (3.7), there is no prime p < 2.8 x 10!° such that p? | Fy—-(2): 


Crandall et al. called in [56] such a prime number p satisfying p? | F p-() a Wall- 
Sun-Sun prime. There is no known example of a Wall—Sun—Sun prime and the 
congruence F/,_; 2) = 0 (mod p7), can only be checked through explicit powering 
computations. Further remarks on this topic can be found in [9] or [73]. 


Example 3.2 Taking k = | andr = 0 in the relation (3.2), we obtain 
Ly = 1 (mod p). (3.8) 


Remark 3.2 A composite number n satisfying n | L, — 1 is called a Bruckman- 
Lucas pseudoprime. In 1964, Lehmer [112] proved that the set of Lucas pseudo- 
primes is infinite. The sequence is indexed in the OEIS [157] as to A005845 , and 
begins with the terms: 

705, 2465, 2737, 3745, 4181, 5777, 6721, 10877, 13201, 15251, 24465, 29281, 
34561, 35785, 51841, 54705, 64079, 64681, 67861, 68251, 75077, 80189, 90061, 


96049, 97921, 100065, 100127, 105281, 113573, 118441, 146611, 161027,.... 
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Remark 3.3 A composite number n is called a Fibonacci-Bruckner—Lucas pseu- 
doprime if it satisfies simultaneously the properties 


n | F,-(2) andn | Ly, —1. 
These numbers produce the sequence [157] as A212424, beginning with 
4181, 5777, 6721, 10877, 13201, 15251, 34561, 51841, 64079, 64681,.... 
Bruckman proved in 1994 [42] that there are infinitely numbers n with this property. 
It was later shown that they correspond to Frobenius pseudoprimes with respect to 


the Fibonacci polynomial x* — x — 1 [57, 142]. 


Example 3.3 From (3.4), it follows that for two positive integers k and s, p divides 
Fp — Fsp if and only if p divides Fy — Fs. In particular, since F7 = F, = 1, we get 


P| Fop — Fp. 
Taking k = | andr = | in relation (3.2), we get 
2Lp+1 =5(2) +1 (mod 
pri =5(Z) +1 (mod p). (3.9) 
Taking k = | andr = —1 in relation (3.2) we get 
_«(P 
2bp-1=5 (Z) —1 (mod p). (3.10) 


If (2) = —l, then from (3.9) we have p | Lp4; + 2. In the case (2) ae 
from (3.10) one obtains p | Lpy—1 — 2. 
We can summarize these remarks in the following formula: 


P 
P| Ly(ey—2(Z). (3.11) 
The relations (3.7) and (3.11) are just the first in a sequences of divisibility 
relations as we can see from the following result. 
Theorem 3.2 /f p is an odd prime and k a positive integer, then we have 


L* Fep—(2) = Fy_; (mod p). 
2° Lip (2) = (£) Lxe—-1 (mod p). 
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Proof 
1° Let us consider in (3.1) r = 1 andr = —1 to deduce the relations 2Fyp)41 = 
(2) Fx + Ly (mod p) and 2Fxp-1 = — (2) F, + Lx (mod p), respectively. 


These relations can be summarized as 
2Fip—(2) = Lx = Fr (mod p). 


The sequences (Lj; — Fj) ;>o0 and (2F;_1) j>0 satisfy the same initial conditions 
for j = 0, j = 1 and the same recursive relation, hence L; — Fj = 2Fj—-1. 

2° The argument is similar. Consider r = 1 andr = —1 in (3.2), to get the relations 
2Lepsi = 5(2) Fe + Le (mod p) and 2Lyp-1 = 5(£) Fe — Lx (mod p), 
respectively. These relations can be summarized as 


Dp (By = (2) (5F; — Le) (mod p). 


Now observe that the sequences (5 F; — L;) j>0 and (2L ;-1) j>0 satisfy the same 
initial conditions for 7 = 0, 7 = 1 and the same recursive relation, therefore 
5F; — Lj; = 2Lj;-1, and the property is proved. 

| 


Remark 3.4 The first relation in Theorem 3.2 shows that for every odd prime p, 
there is an arithmetic progression ag, a), ..., with ratio p, such that 


(Fao, Fay, Fay, .--) = (Fo, Fi, Fa, --) (mod p). 


The second relation in the Theorem shows that for every odd prime p, there is an 
arithmetic progression ao, a1,..., with ratio p, such that 


(Lay, La,, La, le ) = (<) (Lo, Ly, Lo, ms .) (mod Pp). 


3.2 Arithmetic Properties of Pell and Pell-Lucas Numbers 


Here we present some arithmetic properties of Pell and Pell-Lucas numbers. 


Theorem 3.3 Let p be an odd prime, k a positive integer, andr an arbitrary integer. 
The following relations hold: 


24 
2Pkptr = (—1)" Py, + P,Qx (mod p) (3.12) 


pe = 
8 


2Qkp+r = 8(—-1) ” PP, + QxQ, (mod p). (3.13) 
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Proof We will prove (3.12) using the Binet-type formula for Pell numbers (2.32). 


Note that one may write (1 + /2)5 = Us + Vs af where us and v2 are positive 
integers, s = 0, 1,..., while (1 — /2)* = uy — v,/2. We have 


Prp+r = OE [a + /2)KP tr (= v2) ] 


= [ut 2) (ur + veV/2) — (ue = 142)? (ur = v-V2) | 


= salut “DY “(jet r-4 (m2)! 


_ 3) 


0 DE (Heo Diue-  (yv2)" | 
al > (1 _ (-1)/) (?)up (v/2)’ 


j=0 


a 


foals (1+) (?)up (nv/2)' | 


j=0 


Since p divides (7) for j =1,..., p — 1, it follows that 
Pee p 
Prp+r = uv, 2-2 + uz, v, (mod p). 
By Fermat’s Little Theorem and = = (- Me a ~ (mod DP), we get 


Pal 
Prptr = (—1) up vg + ugv, (mod p). (3.14) 


On the other hand, from (1 + /2)° = us + v2V2 and (1 — /2)° = us — 2/2, we 
get 2u, = Q, and v, = Ps, fors = 0, 1, .... Substituting into (3.14), we get 


2 Peyote = (-1) ® Qu,)ug + (2ug)v, (mod p), 


and the relation (3.12) follows. 
To prove the relation (3.12), with similar computations we have 


coven BUe0) (E08) 


j=0 
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Pp ; Pp : j 
+u,V2>~ (1 = (-1)) ( "ue! (v2) 
= j 
1 
hence 


p-l 
2 


Okp+r = 2uluy +4ufv,2°2 (mod p) 


P— 


1 
= 2ugu,y + 4ugu-2 2 (mod p). 
D— 2 
Using again the relation 2°r = (-1) ao (mod p), we obtain 


2-1 
2Okp+r = (2ue)(2ur) + (1) ® vgv, (mod p), 


and the desired relation follows using 2u; = Qs and vs = P;,s =0,1,.... oO 
Below we present some subsequences of the relations (3.12) and (3.13). 


Example 3.4 Taking r = 0 in relation (3.12), we obtain that for any positive integer 
k one has 


p?— 
Py = (—1)"™ Py (mod p). (3.15) 


The special case k = 1 gives 


p?-l 
P, =(-1)"® (mod p). 


Taking k = 1 andr = 1 in (3.12) we get 


pr 
Pyyt = (-1)°® +1 (mod p). (3.16) 


Taking k = | andr = —1 in (3.12) we get 


p2— 
P,1 = —(-1)"* +1 (mod p). (3.17) 
If p = 5 (mod 8), then from (3.16) we have p | Py+1. In the cases p = 1,3,7 
(mod 8), from (3.17) one obtains p|Pp,—1. We can summarize these relations in the 


following property: 


p|P ae (3.18) 
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Remark 3.5 An odd composite number 7 is called a Pell pseudoprime if 1 divides 
P n2-,- The list of Pell pseudoprimes is indexed as A099011 in the OEIS 


n—(-1) 8 


1 
[157], starting with the terms 


169, 385, 741, 961, 1121, 2001, 3827, 4879, 5719, 6215, 6265, 6441, 6479, 6601, 
7055, 7801, 8119, 9799, 10945, 11395, 13067, 13079, 13601, 15841, 18241, 
19097, 20833, 20951, 24727, 27839, 27971, 29183, 29953, 31417, 31535, .... 


Kiss et al. [96] showed that this sequence is infinite. 


By analogy with Wall—Sun—Sun primes, we call a prime p strong Pell prime if 


p | P p2-l : 
p-(-1) 38 


Finding examples of such primes and algorithms to check the sequence 


P 2-1 =0 (mod p*), 
p-(-1) 


are interesting open problems. 


Example 3.5 From relation (3.16) it follows that for two positive integers k and s, 
p divides Pxpy — Psp if and only if p divides P, — P;. Moreover, we have the relation 


Prp — Psp = cp (P, — Ps) (mod p). 

In particular, since P2 = 2 and P; = 1, we get 

Prp — Pp = (noe (mod p). 
Example 3.6 Taking r = 0 in relation (3.14), we get 

Okp = Qx (mod p). 
The special case k = 1 gives 
Qp =2 (mod p). 

Taking k = 1 andr = 1 in relation (3.14) we obtain 

Qr41= ap oe +2 (mod p). 


Taking k = | andr = —1 in relation (3.14) we obtain 
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pr] 
Op-1 =4(-1)"* —2 (mod p). 


Remark 3.6 We say that an odd composite number n is a Pell-Lucas pseudoprime 
if n divides Q,, — 2. The list of Pell—Lucas pseudoprimes starts with 
169, 385, 961, 1105, 1121, 3827, 4901, 6265, 6441, 6601, 7107, 7801, 8119, 10945, 
11285, 13067, 15841, 18241, 19097, 20833, 24727, 27971, 29953, 31417, 34561, 
35459, 37345, 37505, 38081, 39059, 42127, 45451, 45961, 47321, 49105, ..., 


and was recently indexed in the OEIS as A330276. 


Also, it seems that the following property is true, but at this moment we are not 
aware of the existence of a proof for this result. 


Conjecture 3.1 There exist infinitely many Pell—Lucas pseudoprimes. 


We now define another pseudoprimality concept for which we formulate a 
conjecture suggested by numerical experiments. 


Remark 3.7 We call an odd composite number n a Pell—Pell—Lucas pseudoprime 
if it satisfies both 


n|P 2_, andn | Q, —2. 


ne 


n—(-1) 8 
The list of such pseudoprimes that we know at this moment is 


169, 385, 961, 1121, 3827, 6265, 6441, 6601, 7801, 8119, 10945, 13067, 15841, 
18241, 19097, 20833, 24727, 27971, 29953, 31417, 34561, 35459, 37345, .... 


The sequence was recently indexed in the OEIS as A327652. 


Conjecture 3.2 There exist infinitely many Pell—Pell—Lucas pseudoprimes. 


3.3. Trigonometric Expressions for the Fibonacci, Lucas, Pell, 
and Pell—Lucas Numbers 


The complex factorization in connection with some trigonometric expansions of 
Fibonacci, Lucas, Pell, and Pell—Lucas numbers have been studied by many authors. 
We mention the works of Cahill et al. [44], Sury [155, 156], and Wu [167] (see also 
the monographs of Koshy [101, 102]). 
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In this section we present unifying methods which allow the derivation of many 
general trigonometric expansions, including some new formulae. 
The polynomial U, € Z[x, y] (2.60) has the complex factorization 


n—-1 


Un(x, y) = []@- jy), (3.19) 
j=l 


where w; are the nth roots of unity, namely 


2j 2j 
Oj oo a jJ=l,...,n—-1. 
n n 
When n is odd, by grouping the factors in (3.19), we can write 


n—-1 n-1 


2 


Es din 
Un(x, y) = [[o —wjy)\(x —@jy) = I] ( + y — 2xy cos “7 : 
j=l j=l 


Because 


2j 2j 
x2 4 y? — 2xy cos = (x + y)? — 2xy (1+ 00s 2) 
n n 


jC 
=(x+ yr —4xy cos” 3 


and since U, (454, 4) = F,, forn = 0,1,..., we obtain the following 


trigonometric expansion of the nth Fibonacci number F;, 


valid when n is an odd integer. 
This formula can be completed for the case when n is even, by the factor 
corresponding to j = 5, which is 1. Therefore, we have the following result. 


Theorem 3.4 For every positive integer n > 2, we have 


Lae , 
ju 
i,.= a=), , 
n= |] (1-4 4c0 ) (3.20) 
j=l 
The identity (3.20) was proved in [38] by counting the spanning trees in some 
classes of graphs. With the same technique, the authors completed the formula by 
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Ly] haa 


Fy, = I] (1+ 4cos?) = I] (1+ 4sin?). 


j=l j=l 


The identity (3.20) is also mentioned in several references, including the paper by 
Garnier and Ramaré [67]. 


Using the relation P, = U;, (1 + J2, 1- v2), forn = 0,1,..., we obtain the 
following trigonometric expansion for P,,, the mth Pell number. 


Theorem 3.5 For every positive integer n > 2, we have 
Ls] 


Py = QF TT (1-4 0s? 2). 3.21) 
j=1 ° 


Using the relation 2 cos* t = 1 + cos 2t, formula (3.21) is equivalent to 


Le 


n 2j 
P, = 212! I] (3-4 cos 7), 
n 


j=l 


which is called the Shapiro’s formula (see Koshy [101, pp. 288—290]). 
Similarly, the polynomial V, € Z[x, y] defined by (2.60) has the following 
factorization over complex numbers: 


n—-1 


Vila, y) = [| ][@-&y). (3.22) 
k=0 
where ¢; are the nth roots of —1, namely 


Ch =c k=0,...,n—1. 


(QQk+1)r |. (2k+1)x 
OS +1 sin ; 
n n 


When n is odd, we can write 


n—-1 
ah 
Vile, y) = +y) [[@-g@ - Fy) 
k=1 
n—-1 


ss 
= 6+ TJ (22 + 9? = aay eo 


(2k + = 
n , 
k=1 


(2k+1)a __ 2 (2k+1)a 
= = 2 cos aa 


Using the relation 1 + cos , one obtains 
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5 (2k + l)x 


=at+ yy? — 4xy cos 
2n 


2k + lj) 
Pave gees 
n 


Because V, (254, 14) = L,, forn = 0,1,..., we obtain the following 


trigonometric expansion of the Lucas number Ly, 


n-1 


2 2k +1 
Ln=T] (1 + Acos? a) (3.23) 
n 


k=1 


valid when n is an odd integer. 
When n is even, we have the following factorization for the polynomial V,, 


n—2 
on 
2k+1 
Vn = Il E + y)? — 4xy cos” a] : 


and we obtain the formula below for the nth Lucas number Ly. 


Theorem 3.6 For every positive integer n > 2, the following trigonometric 
expansion of the Lucas number Ly, holds: 


n-1 
Thi (1 + 400s? PREM") ipnis odd 


Ln a n=2 +1 
nr (1 + 4cos? we) ifn is even. 


(3.24) 


From the relation V,, (1 + /2, 1- v2) = Q,, forn = 0,1,..., we obtain the 
following trigonometric expansion for Q,,, the nth Lucas—Pell number. 


Theorem 3.7 For every positive integer n > 2, the following trigonometric 
expansion of the Lucas number Q,, holds: 


n-1 
2" TT,2; (1+ cos? C&EN) ifn is odd 


2 


Qn = (3.25) 


ye Pear (1 + cos” 2h | if n is even. 


3.4 Identities Involving the Resultant of Polynomials 


Consider two monic polynomials f, g € C[x], given by f(x) = x" +am—1x"~! + 
--+--ayx+ag and g(x) = x" +by_jx""!+---+b1x +bp. Recall that the resultant 
of the polynomials f and g is defined as 
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R(f.g) =| [(@x — Bj). 


where ax, k = 1,...,m, are the roots of f, and Bj, j = 1,...,n, are the roots of 
g, not necessarily distinct. A simple but useful observation is that we have 


m n 
R(f.8) =] ] g@n) = Cb" TT £6. (3.26) 
k=1 j=) 
Many identities can be obtained for different choices of f and g in (3.26). 


e In the special case f(x) = x” — 1 and g an abit monic polynomial, we 
denote the mth roots of unity by w, = cos 2k +isin*2,k =0,...,m—1. 
The relation (3.26) becomes 


m-1 


I g (wx) = (—1)" Ter - (3.27) 


e If f(x) =x”+1 and g is an arbitrary monic polynomial, denote the mth roots of 


—1 by && = cos CAFU + j gin CAFDZ ¢ — 0... , m — 1. By (3.26) we obtain 
m—1| n 
[[ Go = Cn" [67 + D. (3.28) 
k=0 j=! 


Case 1 The polynomial g(x) = x*—x—1 has the roots 6; = res and Bo = ey 
From (3.27) it follows 


m—1 


TT (2 - ex 1) = (67 1) (68 = 1) = GiB)" — Br — By +1 


k=0 
= =I)" —Lm + 1, 


where L,,, is the mth Lucas number. On the other hand, we can write 


2 1 _ , 2krw 
wy, — WOK — 1 = ox | wx - 1) = —a@, {| 1 — 27 sin ad 


fork =0,1,...,m—1. As wa ...@m—1 = (—1)"~!, we have 
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m—1 


2k 
I] (1 — 2i sin ==) Stabe 4; 
m 


k=0 


The factor corresponding to k = 0 is 1, hence considering the cases m odd and m 
even and grouping the factors in pairs of the form (z, Z), we get 


[a4 
I] 


2k 

(1 + Asin? =) = Lin +(-D™! = 1. (3.29) 
m 

k=1 


Now, from (3.28) we have 


m—1 
TT (:2 - & - 1) = (67 + 1) (68 +1) = Gib)” +80 + Be +1 
k=0 
= <1)" + Lm +1. 
Also, notice that fork = 0, 1,...,m — 1, we have 


eau (& 1) = a(t 2 sin AHO) 
ok m 


Therefore, by using ff] ... ¢m—1 = (—1)”, one obtains 


m—1 


2k +1 
Il (1 24 sin ‘ + 7 ) = im +I 41. 
k=0 uo 
If m is odd, then the factor corresponding to k = wit is 1, hence we can group the 


factors of the above product in pairs of the form (z, z). Therefore, collecting these 
terms, we obtain 


("I 


Oe 
I] (1 + Asin? a) =e +1, (3.30) 
m 
k=0 


Case 2 The polynomial g(x) = x? — 2x — 1 has the roots 6} = 1+ V2 and 
B2 = 1 — V2, hence using the formula (3.27) we get 


m—1 


I] (of aie 1) = (6) — 1) (63' — 1) = (BiB2)” — By" — By +1 


k=0 


= (-1)” = Om +1, 
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where Q,,, is the mth Pell—Lucas number. Since we have 


2 1 _ , Qk 
wy — 2a, — 1 = ag | = 2) = —2a, | 1 —isin rad 
k 


fork =0,1,...,m—1and apa ...@m—1 = (—1)"~!, we obtain the identity 
m—1 
. , 2k 
am ie (1 —isin =| = Ont (1! =f 


Again, the factor corresponding to k = 0 is 1, and considering the cases m odd and 
m even, we obtain the identity 


| 
5 kn 1 
Il (: + sin? =) = Sa (On 4 (-1ymth 1) (3.31) 


k=1 


Applying formula (3.28), it follows that 


m—1 
TI (<2 - 26-1) = (67 +1) (88 +1) = iB)” + BM + BF +1 
k=0 


= (—1)” aa Om +1. 


Taking into account that 


’ 


| _ (k+ x 
op — 26% —1=% (« 2) = —2% (1 isin ) 
ok m 
fork =0,1,...,m —1, by using f9¢) ... Gm—1 = (—1)”, we obtain the identity 


m-1 


og, Gk+ Da) _ yy 
2 IT (! i sin ——_—— ) = Om + 4-1, 


k=0 


Considering the cases m odd and m even, and grouping the factors in the product, 
we obtain the identity 


[a 
I] (1+ si’ ate) - (Om + (—1)" +1). (3.32) 


~ 9m 
k=0 


2 


Remark 3.8 Consider the polynomial g(x) = x“ —ax—1, where a > | is a positive 


integer, having the roots 
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With similar computations as before, we can extend the identities (3.29) and (3.31), 
fora = | anda = 2, respectively. Denoting by 


ater) re (= a 


n= At +8 =( 7 


we clearly have 


m—1 


I] (ox — aw —1)= (B1 62)" _ By _ Bs +1=—Am+ (=1)" +1. 
k=0 


Notice that 


2 1 _, 2kr 
wy, — awa —1 = ax | wx a a) = —a, | a — 2i sin a 


fork =0,1,...,m—1. As wa ...@m—1 = (—1)"~!, we have 
si Qk 
I] (« — 2i sin =) =Agtei* <1. 
m 
k=0 


The factor corresponding to k = 0 is a, hence considering the cases m odd and m 
even and grouping the factors in pairs of the form (z, Z), we obtain the formula 


[te 
2k 
I] (« +4 sin? =) =A, ay =A, (3.33) 


k=1 


Furthermore, this is also equivalent to 


m—1 


2k 2 
Il (« + Asin? =) = (An +(-1)"1 — 1) 
m 


k=0 


Similarly, the identities (3.30) and (3.32) can be seen as the particular cases a = | 
and a = 2, respectively, of the more general formula 
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(a) 
2k+1 
Il (« asin! a) = Ay oe el. (3.34) 
m 
k=0 


This is also equivalent to 


m—1 


I (« 4 Asin? a“) =(Ag+(-)" $1). (3.35) 
k=0 


Case 3 The polynomial g(x) = x? — ax + 1, with a > 2 integer, has the roots 


It is useful to denote 


a+ Ja? —4 ‘ ganja sa\" 
Cn = a; + | — . 


From (3.27) we obtain 


m—1 
T] (ef = aon +1) = (67" = 1) (68 = 1) = Gib" — BM - BY +1 
k=0 


= —Cin + 2. 


Notice that we can write 


2 1 2k 
Wy — Ady + 1 = wR | OK + — — a) = wy uae ae ; 


Wk 
fork =0,1,...,m—1. As @@1...@m—1 = (—1)"~!, we obtain the identity 
m—-1 kr 
I] a—Deos —— |S = 2. (3.36) 
m 
k=0 


With similar computations we obtain 
m—1 
I] (62 - at +1) = Cnt 2, 


k=0 


and 
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2k +1 
ef — ate + 1 = (2008 <2 9" a), k=0,1,...,m—1. 
m 


Therefore, the following identity is derived: 


m—1 


2k +1 
ll (2 soy a) = Cn +2. (3.37) 
m 
k=0 


Chapter 4 ®) 
Generating Functions nn 


Generating functions play an important role in the study of recurrent sequences 
(see, e.g., [103, 113, 123, 154, 166]). In this chapter we present basic properties, 
operations, and examples involving ordinary generating functions (Section 4.1), or 
exponential generating functions (Section 4.2). Then we derive such generating 
functions for some classical polynomials and integer sequences. In Section 4.3 
we give applications of the Cauchy integral formula in the derivation of integral 
representations for classical number sequences. 


4.1 Ordinary Generating Functions 


4.1.1 Basic Operations and Examples 


The generating function of an infinite sequence 
dQ, A], --+5,An, +++, 
is the infinite series 
F(z) =ay t.aiz+anz? +++ + anc" +--+. (4.1) 


Identification Principle Let F(z) = )-0°.9 anz” and G(z) = °° 9 bnz” be two 
generating functions. Then, F(z) = G(z) if and only if a, = by, n => 0. 


The following operations hold. 
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1 


7) 


. Addition 
[o,@) 
Sane" + Das" = = yaks where Cy = dyn + bn. 
n=0 n=0 
. Multiplication by a constant If @ € Ca scalar, then 


D3 Anz” = LS, Cnz", where cy = Ady. 


n=0 


. Formal differentiation 


d d [o,@) [o,@) 


. Formal integration 


f Feode= fYoae’ te=D ae 


. Multiplication 


n 


F(z)G(z) = (> oc’ (>: byz" )- Saal where Cy = So akbn—k- 
n=0 


n=0 k=0 


Hadamard multiplication 


[oe Cc [oe 
F(zZ)oG(Z)= (3 oc’ (> bc = Sar, where Cy = dnbn. 
n=0 n=0 n=0 


. Composition If ap = 0, we have 


GUE@)= Sh [F(2)I" ays a ase ae 


n=0 n=0 Jitetjpan 
Jive dkZ1 


. Division If bo 4 0, then we have 


F(Z) = oe on 
G(z) 7 peas =0 2 ° = Da 
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1 n 
Ch = —|a—- Yo becn—k ; 
bo k=1 


9. Inverse The power series F(z) and G(z) are inverse if F(z)G(z) = 1, which 
implies agbo = 1 and 


1 n 
b, = -— byn_-x, forn>1. 
n eS n= 


We now present some illustrative examples of generating functions. 


Example 4.1 (finite sequences) For example, a finite sequence 
do, @1,...,4n, 
can be seen as the infinite sequence 
ao, 4{,-.--,4n,0,0,..., 
whose generating function is the polynomial 
F(z) =anp tayztanz? +++++ayz". (4.2) 


Example 4.2 (constant sequence) The generating function of the sequence 


is the function 
2 n 1 
FyH=l+zt7 te t25+---=——, [gl <l. 
= 


Example 4.3 (binomial coefficients) For an integer n > 1, the generating function 
for the binomial coefficients 


(9.09). Coats) Ce 


is the function 
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Example 4.4 (generalized binomial coefficients) Recall that for a real number a and 
an integer n > 0, the generalized binomial coefficient is defined by 


j—_—_— 


n n! 


The generating function for the generalized binomial coefficients 


a a a a 
0 ’ | 3. 2 Fi 8 Sere n J eee ie 
is given by 
(a 
a Je =(1+2)". 
n 
n=0 
Example 4.5 Let k be a positive integer and let 
G1, 42, ..., An,---, 


be the infinite sequence whose general term a, is the number of nonnegative integer 
solutions of the linear diophantine equation 


XotX +e +X, =H N. 


Then, the generating function of the sequence (x7 )n>0 1S 


Ce [oe 
F(z) = > > 1j2"= >» ier k 
n=0 \jitet+ jean n=0 jite t+ jean 
CO ee) ee) 1 
_ +> zi yy zi2 |... > zik | = ea 
ji=0 j=0 je=0 


[o,@) (o,@) 
—k n+k—-1 
“Rev ()eeB Ore 
n=0 4 n=0 u 
Example 4.6 Let a, be the number of integer solutions of the equation 


Xj +x2+%3=N, 


where 0 < a) < 4,2 < a < 3 and az > 3. Find the generating function. 


4.1 Ordinary Generating Functions 109 
Solution The generating function of this sequence is 
FZ)= (l¢zt 2423424) (2 +2) (2+z4+---) 


Pdtzt24+Hteyl+a 
1-z 


Example 4.7 Find the generating function for the number of n-combinations of red, 
green, blue, and yellow balls, with the properties: the number of red balls is 0, 1, 2 
or 3, the number of green balls is at least 5, the number of blue balls is odd, while 
the number of yellow balls is even. 


Solution The generating function of this sequence is 


ro (EME) Em) E) 


_ &(1-24) (1-2) 
7 Geren 


Example 4.8 Let k be a positive integer and let 
dQ, Ql, .--, dn, ---, 


be the infinite sequence whose general term a, is the number of nonnegative integer 
solutions of the linear diophantine equation 


Xp+x2++++- +X, HN. 


Then, the generating function of the sequence (x,)n>0 is 


[oe [oe 
F(Z) = > SS Jz! = +S oe zhi te tik 
n=0 \fite-tjpen n=0 j++ jen 
Yen} ( Dea} (S 
= a car = Zio mE Sie | = d—zé 


lhe "Ve. 


n=0 


[o,@) 
—k 
Dev" Je = 
n 
n=0 
Example 4.9 Let k be a positive integer and let x;,, be the number of integer 
solutions (j1,..., jx) of the equation 
a4 a2 +++ + dk =n, 


such that the numbers j,..., jz are odd positive integers. 


110 4 Generating Functions 


The generating function of the sequence (Xn,k)n>0 iS 


eo) eo) zk 
= 2j+1 |]... 2j+1 | _ 
F(Z) = ee Dee = (i — 22)k 
j=0 j=0 


lee) lee) 
n+k—-1 n+k—-1 
pm n 2 a n ae 


n=0 


Example 4.10 Let a, denote the number of nonnegative integer solutions of the 


equation 
3x, + 442 +434 5x4 = 7. 


The generating function of the sequence (ay )n>0 1S 


ro EEE) 


(1-23) (1-24) -—2 (1-2) 


More generally, if for an integer k > 1 and given integers a),..., ax, then the 
number of integer solutions (x1, ..., xx) of the equation 
ayX, + a2x2++++ + ax, =n, 
is given by the formula 
F@)= 
OS =) =) 
Note that we also have the following useful identities: 
1 [on r wa(ntk—-l\, 
a-9" “Lee | k ): ee 
k=0 k=0 
1 Se (on ee (REKkAT\ Gy 1 
azar L(y oo ->( e Jatct al oF 


These formulae can be used to find the generating functions associated with 


numerous sequences. 
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Example 4.11 Show that the generating function of the sequence 


OS Ao pees aes 
is given by the formula 
z(1 +2) 
F()= : 
(z) Gas 


aye 9 2, hence 


ee) 


1 d/ 1 dt gh. eee 
= = SKF, 
(1 — z)? “(RE me 


= Vo kz*, which by differentiation 


Multiplying both sides by z we obtain aoe? 


with respect to z gives 


a 2 kl 
ie ak : 


The desired result is obtained by multiplication with z. 


Similarly one can obtain the generating functions for the sequence 
Be Dee Saale Ty ey 


where k > 2 is a fixed integer. 


Example 4.12 (Catalan sequence) Consider the Catalan sequence given by 


n 
Choi = Se Crs Co = 1. 
k=0 


Using the generating function F(z) = )°°2.9 Cnz”, we have 


n=0 n=0 \k=0 


ioe) 
= SS Oi = LG" = = 2 ae 
n=0 


z 
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hence the following identity holds: 
ZF(z) — F(z) +1=0. 


Solving for F(z) we obtain 


1ltJ1—-4z 
F(z) = ———_.. 
2z 
Since we have 
lee) an lee) 
Wl =4z = 14 Yen(?)are" =14+ ) oanz", 
n 
n=1 n=1 


with 


= yr |i : 1 : 1 cl oF 
on" [5 (5-1) (gat) | or 


(-)C-3)-:-C2@—-—1) +1) 


= (-1)" 5 Qn 
= bese rds es ig 2 — I) 
n!} ni(n — 1)! 
It follows that 
ee s~ _ Qn)! tl 
1-4 ps Tees , 
hence 
—1-VI-& GS 2! , SG 1 (2), 
F(z) = - ees Bren 


The sequence (C;,)n>0 given by 


1 (*") 
Ch = ’ 
n+1\n 
is known as the Catalan sequence. One can prove by induction that C,, is the number 
of ways to add brackets to evaluate the matrix product 


A,A2--- An4+1, n> 0. 
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The number of ways to evaluate the product A; A2---An+2 is determined by 
multiplying two matrices at the end, which is given exactly by n + I, i.e., 


AjA2++-Anyo = (A+++ Agsi) (Agi: Angi), OSk <n. 


This suggests that the following recurrence relation holds: 
n 
Cutt = 5 CkCn—k, 
k=0 


which produces Catalan’s sequence. 


4.1.2 Generating Functions of Classical Polynomials 


Using the formulae for U;,, and V,, (2.60), one obtains 


yo = Y@&’-y)2= ( ) 
n=0 eS ath aan pe ae 
= z = (4.3) 
~ d—xz)d—yz) 1-@+y)z+ Gy) 22’ , 
lee) ine) 1 1] 
V, : n n n wD 
Ss ns Y)z Lite ty")z fo, ae 
n=0 n=0 
_ 
_ (+ yz (4.4) 


1—(wt+y)z+ (xyz? 


Substituting for the polynomials given in Section 1.2.3, we obtain the generating 
functions for special classical polynomials. 


Fibonacci polynomials Since f(x) = Un (# ees sa yee), we have 


> falxz" = —~,. 
n=0 


1—xz-z 


Lucas polynomials Since /,(x) = V, (= ees a =), we have 


CO 
2 i 
ihr = 


—xX 
l—xz- 
n=0 3 . 
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Pell polynomials As pn (x) = Un (« OY Soe ee ee oe 1), we have 


Dato = er 


Pell—-Lucas polynomials As g,(x) = Vn (x 4+ 7x24 1, x — Sx? 4 1) 


[o) 
2 —2xz 
D Gnle)2" = 


2xZ—Z 


Chebyshev polynomials of the first kind Since we have the relation T,,(x) 
5Vn (« + J7x2—1,x —VSx? = 1) , it follows that 


Stace" — 2xz 
X)Z Sa He ed. 
et 


Chebyshev polynomials of the second kind Since we have the relation u,(x) 
Dts (« alga k= Wee 1); it follows that 


(ee) 


1 


no 
DEWOe = T—aeeeeee 
n=0 


nee een ae polynomials of Fibonacci kind Since we have g, (x) 


U, (ae a —~s— =), it follows that 


z 
) no _ 


Hoggatt-Bicknell-King polynomials of Lucas kind By the relation h,(x) 
V [= x—a/ x24 
n 2 ’ 2 


). one has 


int 2—XZ 
n_ 


, we have 


Jacobsthal polynomials Since J, (x) = Up (SS, veil) 


Dh (x)z" = ew 
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Morgan-Voyce polynomials As B,—1(x) = gn(x + 2), go(x) = 0, we have 


loo) 
2 By(x)z" 
n=0 


CO 1 (oe) 
Dnt 12" = =) | Ble + 2)2" 
n=0 


n=l 
_ 1 
~ 1-@42Dz¢4 22" 


Brahmagupta polynomials For the integer parameter tf > 0 we have x,(x, y) = 
Vn (x + y+/t, x yvt), yn (x, y) = yUn (x + yvt, x — yv't), 80 


(oe) 
orn, yz" = a 
pars jail 1 — 2xz + (x? — y2t)z? 
love) yz 
i 


n=0 


4.1.3 Generating Functions of Classical Sequences 


Using (x, y) = (ES, 4) one obtains the generating functions which corre- 


spond to Fibonacci and Lucas sequences. In this case, xy = —l andx + y = 1, 
hence by the formulae (4.3) and (4.4) we have 


3 x 

n 
Fz 2 
n=0 


~ 1-—z-z 


foe) 2- 
Ee oe 


— I _ = 
n=0 4 7 


For (x,y) = (1 + J/2, 1-— v2), the generating functions for Pell and Pell— 


Lucas sequences are obtained. Indeed, here xy = —1 and x + y = 2, hence by the 
formulae (4.3) and (4.4) we have 


ed Zz 
Yr = 

° 1—2z—z2 
n=0 


ioe) 
Oc = 2-28 
n=0 " 2g = 27" 
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4.1.4 The Explicit Formula for the Fibonacci, Lucas, Pell, and 
Pell-Lucas Polynomials 


Using the ordinary generating functions of the Fibonacci, Lucas, Pell, and Pell- 
Lucas polynomials, we can derive the following algebraic expressions. 


Theorem 4.1 For every positive integer n, we have 


° = = na pl n—2j-1, 
i=, ix (4.5) 


gs (4.6) 


2° Ewe oan (" Pia 


I Foc 
- Pate) = Do 2) (4.7) 


4° n(x) = n ("7 n- 2iy n— 27 (4.8) 


Proof 


1° Using the geometric series we can write 


de faz" — =i a: = Detar: mn 


l—xz- 
e m=0 


= (le 


3 ¥ (" an z”, 


n=0 jae 


and the formula follows by identification of the corresponding coefficients. 
2° Following the same idea as before, we have 


= 2—XxZ 2—Xxz = 
In(x)z" = = = 2—xz)(x + z)"z" 
doin) l-—xz-z* 1-—(+2)z di m ) 
n=0 m=0 
co (La) 
= S n (" ~ ‘\ ru Pie 
n=0 =a J 


hence the formula (4.6) follows. 
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3° From the generating function of the Pell numbers, we obtain 


fee) z z ioe) 
D> pn(x)z” _ = pe: +4 gyngntl 
m=0 


1-2xz—-22 1—-(2x+-z)z 
n=0 


E(E Cerda 


n=0 j=0 


and the formula follows by identifying the corresponding coefficients. 
4° Analogously, for the Pell—Lucas polynomials, we have 


= 2—2xz 2—2xz = 
m= = =2 Y (1 — xz)(2x +2)"2" 
Do dnlx)e 1—2xz-2. 1-Qx+az DU x2) Qx + 2"2 
n=0 m=0 
co (LS ; 
_ y S n (" = Se zi 
n-j\ j 


n=0 \ j=0 
and the desired formula follows. 
i] 


Because F, = fy (1), by (4.5) we obtain the Lucas formula in Theorem 2.15 with 
a different proof. Similar formulae hold for Ly, Py, and Qn. 


Corollary 4.1 The following relations hold: 


[= 


: (4.9) 


° n (";’) 
2. Lye - ; : (4.10) 
; n—J J 


2 B= -s fim te (4.11) 
j=0 
Pl A atest 
4 On = ( Fan 2s, (4.12) 
n= j\ J 
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4.1.5 From Generating Functions to Properties of the 
Sequence 


In many situations, it is possible to obtain the generating function of the sequence 
(Xn)n>o using only the recurrence relation, and then to derive some properties of 
the sequence. We illustrate this idea for second-order recurrence relations. Assume 
that (%,)n>o0 iS given by Xn42 = aXn41 + bX, n = 0,1,..., where x9 = ap and 
x1 = a1, while a, b are real (or complex) numbers with b ~ 0. We can write 


[o,e) [o,@) 
F(z) =) xnz" = x0 + izt Do x2" 


n=0 n=2 
ore 
=agtayz+ (aXn—1 + bXn—2) z" 
n=2 


= 019 + oz + az (F(z) — a0) + bz” F(Z), 
and obtain the following relation: 


ao + (a1 — aa) z 


F(2) = 
@) 1 —az— bz? 


(4.13) 


From formula (4.13) we can derive the Binet-type formula for the sequence (xn )n>0. 
Let f1, fo be the roots of the characteristic equation associated with the sequences, 
t? — at — b = O. Clearly, we have 1 — az — bz? = (1 — tyz)(1 — tz), hence the 
decomposition of the fraction in (4.13) can be written as 


ag+(aj—aa)z A B 
l-az—b22 1 =z) 1 bz’ 


(4.14) 


where the values of A and B can be determined by identifying the coefficients in 
the equality a9 + (a1 — aao) z = AC — fez) + BUI — tz). This leads to the system 
A+ B=aoandtA+tB = aap — a. If t) 4 hb, then we get 


aot, + a, — aag aot2 + a, — aag 
A = ——., B= : 
t—t2 ty — 12 


We can derive the explicit formula for x, by expanding the fractions in (4.14) as 
geometric series, and the comparing coefficients of z” on either side. It follows that 
forn = 0, 1,..., we have 


Xn = At" + Br? 


1 
=o 4 [ (aot + a —aag) t! — (aotz + a1 — aay) t |, n=0,1,.... 
t=" 2 
(4.15) 
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If t; = fg, then it is possible to derive the formula for x, directly from (4.15), by 
taking the limit t — t,. We obtain 


= ao(n + Lt! + + (a1 — aa) nt! 
= [aot) + (aot) + a) — aao) ae n=0,1,.... 
Example 4.13 Find the recurrence relation satisfied by the sequence (F;n)n>0, 


consisting of those Fibonacci numbers whose index is a multiple of r, where r is 
a fixed positive integer. 


Solution The generating function can be found by Binet’s formula 


> Frnz" = > a (o”” a p) Zt (> gig — Sore 
n=0 n=0 5 v5 n=0 n=0 
ie =e eee rere 1 1 1 
(5 269 ~ (8°) ~ f5 l-wz 1p 
where a = ne and B = re We also obtain the relation 
sr a ( me Aa" — Bz 
Z= = 

n=0 ° V5 vl=a'2 [p's L—(o" + B)z+ (apy 2 


= Fz 
1—Lyzt (-1)'22’ 


where L, denotes the rth Lucas number. The denominator leads immediately to the 
recurrence relation 


F-(n+2) = Ly Fyn+1) =e (-1)""! Fray, n=0,1,.... (4.16) 


4.2 Exponential Generating Functions 


As seen earlier, the method of ordinary generating functions was very useful for 
finding sequence terms, especially when these were linked to binomial coefficients. 
However, in other applications, one might have to consider generating functions 
with different properties. Such examples are the exponential generating functions. 
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4.2.1 Basic Operations and Examples 


For the sequence (a; )n>0, the exponential generating function is the series 


E@=)>> a, (4.17) 


oe 


Identification Principle Let F(z) = (729 Ganz” and G(z) = 9 Abnz” be 
two generating functions. Then, F(z) = G(z) if and only if a, = by, n > 0. 
The following operations hold. 


1. Addition 
1 
ye <a + B < ane = = acne. , where cy = ayn + dy. 
n= ie . . n= me , 


2. Multiplication by a constant If a € C a scalar, then 


CO 


1 
a > <a = 5 ene , where cy = Aap. 


n= Oo” 
3. Formal differentiation 


d clay eo if = : 
ay) ae ane = eran = antiz ‘ 


n=0 ~ n=0 


4. Formal integration 


ee) 


1 1 
/ F(z)dz = ie z Tanttde = = mnths > me ee 
ni 
= nin + 1 aM! 
4. Multiplication 
oo 1 oo 1 
F(z)G(z) = (>i me “) (3 — by z" )- > —cne 

n=0 ; = 0” 
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5. Hadamard multiplication 


roecto= (Soi “\(-2 snc) = y aen2", Cn 
n=0 — : n=0 — 


6. Composition If aj = 0, we have 


CO 


GFO)= +h tFer=v+h{| DY ah. 


n=0 ~ n=0 Jitet jean 
Jive dk=1 
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a | 1 n 
= a ae + n 
O23 ae ("einen | 2 


7. Division If bo 4 0, then we have 


F(z) oe sanz" 1 fn 
= acta : = Da ; com E(u 3 k becn—k } - 


GE). Sega ne” 


8. Inverse The power series F(z) and G(z) are inverse if agbo = 1 and 


ee: 
b, = -— Dn—ks f > 1. 
n wooo (a) n—k orn = 


The following exponential generating functions are immediate 


* dn = 1,n => 0 (constant sequence) 


Ej) = —— 
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« If0 < k < n be positive integers and P(n,k) = mom denotes the number 
of arrangements of k objects selected out of n, then the exponential generating 
function of the sequence 


P(n,0), P(n, 1), P(n,2), ..., P(n,n), 0,..., 


is given by the formula 


n 


E@=> ae Oke ~ (ie = (1+2z). 


k=0 . k=0 


Theorem 4.2 (1-permutations of multisets) Let M = {n,a1,n2Q2,..., nag} be 
a multiset over the set S = {at), a2, ..., ax}, where nj is multiplicity of the element 
aj, j =1,...,k. Denoting by an the number of n-permutations of the multiset M, 
the exponential generating function of the sequence (dyn )n>0 is 


n j n2 : Nk 


E@=|>-4 = oe so } (4.18) 


j=0 i j=0 i j=0 B 


Proof Notice that forn > nj +--- + nz, we have a, = 0, hence E(z) is a 
polynomial. Notice also that the right side of (4.18) can be expanded as 


N1,N2,....Nk hittin tik nyt+n2+---+nk zn 


~ 2-5 SE " 


Jilja! +++ Se! 


Phytases Gel 
Ji Qs Ik=O Ji-J2 Jk n=0 jitetik 
O<ji<n),..., O< je<ng 
The number of permutations of M with exactly jja\s, joa,s,..., jeot,s such that 


Jit j2t-::+ je =n is the multinomial coefficient 


( n )- n! 
Fis daseees de) fidjates jel 


This shows that a, is indeed given by 


n! 
m= ye 


PVjoleee Tl 
Jite bik ue - 


OS ji Sny1,...,0S jeSnk 
a] 


Example 4.14 Determine the number of ways to color the squares of a 1-by-n 
chessboard using black, white, green, and red, if an even number of squares is 
colored in black. 
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Solution Denoting the numbers of colorings by a,, we have aj = 0. Each such 
coloring can be seen as a permutation of three objects b (black), w (white), g (green), 
and r (red), with repetitions allowed, where b appears an even number of times. This 
is given by the exponential generating function 


oo gn oo zn 7 
wo BIBS 


n=0 n= 
an =f 1 : 
_é = pee : (e* +e”) 
1 oe Arn ia gn gn 1 oo . ‘ zn 
-3(% es a ee 
n=0 n=0 n=0 


This shows that a, = 2”-!(27 + 1),n > 1. 


Example 4.15 Determine the number a, of n digit (in base 10) numbers with each 
digit even, where the digits 0, 2, and 4 occur an even number of times. 


Solution Denoting this number by a, and setting aj = 0, this is the number of 
n-permutations of the multiset M = {000, 002, 004, 006, 008} (having infinitely 
many copies of each element), in which 0, 2, and 4 occur an even number of times. 
The exponential generating function is 


00 zn 3 / 0% zn 2 
0 =(X an) (2) 


n=0 
z -z\3 1 
= (a < ) er = - (e+ 3c? + 3e¥ + &%) 
1 (-1)"z et Bead Big 
(GF aay say yy Fe) 
n=0 n=0 n=0 n=0 


1 z” 
n n n 
n= 


This shows that 


5437414 (-1)" 


3 », n=O. 


an 


Example 4.16 Find the number of ways to color the squares of a 1-by-n board with 
red, blue, green, and white, where the number of red squares is odd, the number of 
blue squares is even, and at least one square is white. 
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Solution The exponential generating function is 


se=(E arr) (Sam) (Sa) (2) 


n=0 n=0 n= n=1 


Z_ pz z ~Z 
-(¢ > yE = Jee 1) 


1/4, 37 = 
— ee 7 4—[+ ) 
zl e e 
Ie zn 
== = 4” 3" 1)” . 7 
a als +¢ .") n! 
n=0 
This shows that 
qr _ 37 —1)" 
an = ae n= 1, 


and ag = 0. 


4.2.2 Generating Functions for Polynomials U, and V;, 


Using the formulae for the polynomials U,, and V,, (2.60), we have 


ane | i. 4 
De Uae ve" = ety) 
n=0 n=0 
1 eed = il 
— n n 
“ ox-y dy) D0) 
n=0 n=0 
XZ py 
a (4.19) 
x—y 
and 
uaa | yl 
DVaheG ye" = DOG ty) ae te. (4.20) 


n=0 ~ n=0 
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4.2.3. Generating Functions of Classical Polynomials 


Here we use the hyperbolic functions sinhu = & —_ and coshu = 


Xt x244  x-a/x244 
5 : 5 ), we have 


el teu 


Fibonacci polynomials Since f,(x) = Un ( 


( xtvx? +4 a) 
e 2 2 el 


oo 
yee 
aap 7 : va +4 
2e7 ope et4 _ ype 24+4 2e2 zx? +4 
= sinh : 
YZ 44 2 Vx2+4 2 
eines ¥EH) we have 


Lucas polynomials Since /,(x) = Vn ( 


lee) 
1 x Vf x2 4 xo x244 
Yo sn@)2" =e coe een ae oa 
ere 
wp e2N 4 1 oben x74 x zvx2 +4 
= 2e2 5 = 2e2 COS ge 


Pell polynomials As pn (x) = Un (« ny Sh een Foe 1), we have 


lee) 
1 2e%% 
— py(x)z" = ———— sinh zV x? +1. 


Pell—Lucas polynomials As gy, (x) = Vp (« t+ Jx24 1, x — Sx? 4 1) 


(oe) 
1 
> s4n (x)z"” = 2e** cosh zV x2 + 1. 
“01! 
Chebyshev polynomials of the first kind Since we have the relation T,(x) = 
5Vn (« + Jx2—1,x —VSx? = 1) , it follows that 


(oe) 
1 

> —Th (x)z" = e“* cosh zV x2 — 1. 
n! 


n=0 
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Chebyshev polynomials of the second kind We have the relation u,(x) = 
Un4+1 (« dea = 1 Sal ge ‘), while by (4.19) we deduce that 


00 > 
1 xer — ey 
¥ — Uns (x, yz" = ae. 
n=0 mM x= y 
It follows that 
Pa 2 s : 5 . 
le) l (x+ va%=1) tv ')F _ (x —va=T) el? J x Ie 
nh 
dX ine a TS 
XZ 
~ eS (x sinh zx? — 1+ Vx? — I cosh zV'x? = 1) . 
P — 


Hoggatt-Bicknell—King polynomials of Fibonacci kind Since we have g,(x) = 


U, (= —), it follows that 


2 = (x)z" = 2e? sinh eva? = 4 
n=0 ne" 7 Vx? —4 2 


Hoggatt-Bicknell-King polynomials of Lucas kind By the relation h,(x) = 
Vi (= as _ f=) we have 


ae | ‘i xz zx2—4 

> hn (x)z = 2e? cosh ——_—_ 
n! 2 

n=0 


Jacobsthal polynomials Since J,(x) = Up (ee, etl), we have 


ae | : 2ei eV Bx +1 
bs —JIy(x)z" = sinh : 
7! V/8x + 1 2 


Morgan-Voyce polynomials Since B,_1(x) = gy(x + 2) and go(x) = 0, by the 
same argument as for Chebysev polynomials of the second kind, it follows that 


oO 4 x4 Ce ae ae xe [x2 oes 
> = Ba(x)z" = 2 
n} x? —4 


n=0 
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er ) 
5 : 


_. 2x2 —4 
= —— | x sinh + V¥ x2 —4cosh 


x2 —4 2 


Brahmagupta polynomials For the integer parameter tf > 0 we have x,(x, y) = 


5 Vn (x + yt, x — yt), Yn (&, Y) = YUn (x + yVi,x — yt), 80 


[e.e) 


1 
y > Xn(x, yz" = e** cosh yzr/t. 
ere 
oS 1 ext 
> — Yn(X, y)z" = sinh yzVt. 
oar n! a/t 


4.2.4 Generating Functions of Classical Sequences 


Substituting x = 1 in the formulae for the exponential generating functions for 
Fibonacci, Lucas, Pell, and Lucas—Pell polynomials, we obtain 


(oe) A 

1 2e2 5 
.? —F,z" = *** sinh eS. 
pre J/5 2 


lo.) 
1 z 5 
> —Lyz" = 2e2 cosh 2V5, 
n! 2 


| 2e* 
> mene = V2 sinh z2: 


= 
_ one = 2e* cosh zV2. 


n=0 


4.3 The Cauchy Integral Formula 


The Cauchy integral formula is one of the fundamental results in complex analysis, 
having a long history and applications in numerous fields of mathematics, including 
complex analysis, combinatorics, discrete mathematics, or number theory. 

Here we will use a version of Cauchy’s formula derived in [12], to derive 
integral representations for the terms of some classical integer sequences. Recently, 
this approach was used to compute exact integral formulae for the coefficients 
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of cyclotomic polynomials [11], Gaussian and multinomial polynomials [13], 
polygonal polynomials [14], and other general classes of polynomials [15]. 


4.3.1 A Useful Version of the Cauchy Integral Formula 


Recall that a function h : Q — C is said to be meromorphic at a point zo € Q, if h 
can be written as a quotient of two analytic functions f, g ina neighborhood Cc Q 
of zo 


z 
VzEUu\ {za}: A= FQ) 
g(z) 
In this case we also have the expansion 
h(z)= D> en(z— 20)", (4.21) 


n>—m 


for all z 4 zo ina disk centered at zo. If m is the largest number for which c_», 4 0 
in (4.21), then zg is called a pole of order m. The coefficient c_; of (z — zo)~! in 
(4.21) is denoted by Res(h, zo), and called the residue of h at the point zo. 
Cauchy’s Residue Theorem relates global properties of a meromorphic function 
and its integral along closed curves, to local characteristics, i.e., the residues at poles. 


Theorem 4.3 (Residue Theorem) Let h : Q — C be a meromorphic function in a 
domain &2, and x be a simple loop in Q along which the function is analytic. Then 


i h(z) dz = Y > Res(h(z), Z=S), 
zy s 


210i 


where the sum is over all poles s of h enclosed by x. 


Through this formula one can obtain a unitary formula for the coefficients of an 
analytic function [70]. 


Theorem 4.4 (Cauchy integral formula) Let f(z) = >°,.9¢nz” be an analytic 
function in a disk centered at 0, and let T be a curve in the interior of this disk, which 
winds around the origin exactly once in positive orientation, that is the winding 
number with respect to 0 is equal to 1. Then we have 


1 f (z) 


dz, n=0,1,.... (4.22) 


Ch = : 
2ni Jr zn+l : 


Letting I" be the circle of radius R > O centered at 0 and z = R (cost +isinf), 
t € [0,27], we have dz = R(—sint + icost)dt = iR(cost + isint)dt. Then, 
formula (4.22) can be written as 
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1 2" iR(cost +isint) f (R(cost +i sint)) 
Ch = ; +1 oat +1 
2mi Jo R"*! (cost +isint)” 
ol 2x £ (R(cost + isinf)) a: 
~ QR" Jo cosnt +i sinnt 
therefore 
1 20 
C= =| (cosnt —isinnt)f (R(cost+isint)) dt, n=0,1,.... 
27 R” 0 


(4.23) 
If the coefficients c, are real numbers, then from (4.23) we obtain 
1 20 
re am | Re [(cosnt —isinnt) f (R(cost +isint))] dt, n=0,1,.... 
27 R” 0) . 
(4.24) 


In addition, in this case the following formula can be deduced: 
20 
i Im [(cosnt —isinnt) f (R(cost +isint))] d¢=0, n=0,1,.... 
0 


Remark 4.1 When f is a polynomial, we can give a direct proof to formula (4.23). 
Indeed, assuming that f(z) = )-yL9 cez*, we obtain 


m 
z f@) =Cn + 2 ae, 


k=0,kAn 
Let z = R(cost +isint), t € [0, 277], and consider the integral over the interval 
[0, 27r]. Clearly, the integral of z‘~” vanishes for k 4 n, hence 


20 
: R(cost +isint)" f (R(cost +isint)) dt =22rc,, n=O0,1,..., 
0 
(4.25) 


therefore formula (4.23) follows. Notice that the above argument can also be applied 
for Laurent polynomials. 


Example 4.17 Let with 0 < R < 1 and consider the geometric series }°,,.9 2". 


- and 


Clearly, we have f(z) = 7 


1 — R(cost —isint) 


R(cost +isint)) = = , 
Ff (R(cost + i sint)) 1—R(cost+isint) 1+R2—2Rcost 
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By formula (4.23) it follows that for every n > 0, we have 


1 [ (cosnt —isinnt) [1 — R(cost —isint)] dt 
0 1+ R2—2Rcost 


ol [ cosnt — Rcos(n + 1)t —i [sinnt — Rsin(n + 1)t] a 
~ IWR" Jo 1+ R*—2R cost . 


Because the coefficients c, are real numbers, from (4.24) we obtain 


’ 


1 [ cosnt — Rcos(n + 1)t 
0 1+ R2—2Rcost 


and 


ee [ sinnt — Rsin(n + 1)t . 
~ In R" Jo 1+ R2—2Rcost , 


4.3.2 The Integral Representation of Classical Sequences 
We begin with the integral representation of U;,(x, y), where x, y are nonzero real 


numbers with x # y. Assume that R < min | ae i}. The ordinary generating 


function of U;,(x, y) is given in formula (4.3) as 


= 1 i 1 
U, (x, y)z” = —— _ : 
as ny) see 2 eer =) 


n=0 


The power series in the left-hand side is convergent for |z| < R, since |xz| < 1 and 
|yz| < 1. Applying formula (4.23) we obtain 


U, (x, y)= ie cosnt —i sinnt cosnt —i sinnt 
a ase Qn(x—y)R® Jo | 1—xR(cost+isint) 1—yR(cost+isinf) 


In order to calculate the first expression in the integral, we have 


cosnt — i sinnt _ (cosnt —i sinnt) [1 — xR(cost —isint)] 
1—xR(cost+isint) _ x2R2+1—2xRcost 


cosnt —isinnt — xR [cos(n + 1)t —isin(n + 1)t] 
x2R241—2xRcost 


’ 


and similarly 
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cosnt — i sinnt _ (cosnt —i sinnt) [1 — yR(cost —i sint)] 
1—yR(cost+isint) — y*R2+1—2xRcost 


cosnt —isinnt — yR [cos(n + 1)t —isin@n + He] 
y2R2 + 1—2yRcost 


Because U;,(x, y) is a real number, it follows that 


Un(x, y= 


1 [ cosnt—xRcos(n+1)t cosnt—yRcos(n+1)t Ae 
2n(x —y)R" Jo x?R2+1—2xRcost y2R2 +. 1—2yRcost 


After simple computations we obtain the integral formula 


U, (x, y) [ xyR? cos(n + 1)t 
x,y= 
1 Oe RII 0 a+bcost+ccos?t 


1 f° (x + y)Rcosnt 
2nR"—! Jo atbcost + ccos*t 


1 2n cos(n — 1)t 
+ ; (4.26) 
2a R"-! Jo a+tbcost+ccos?t 
where 
a = a(x, y, R) = (xy) R* + (2? +9?) R41, 
b= d(x, y, R) = —2(x + y)(xyR? + DR, (4.27) 


c=c(x,y,R)= AxyR?. 


Similarly, the ordinary generating function of V,(x, y) is given by 


1 
> Vala, y)z" = —— 
4 — yz 


Applying formula (4.23) it follows that 


1 "7 cosnt —xRcos(n+1)t cosnt — yRcos(n+ l)t 
Vix, y) = dt, 
27 R” x?R2+1—2xRcost y2R2 + 1 —2yRcost 


hence 


Vix, y) = 


1 [- 2xy R? cos(n + 2)t 
2m R” bene” 
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1 [ (x+y) (xy R? + 2) Rceos(n + 1)t P 
t 
2n R”" Jo a+bcost+ccos?t 


1 i [ (x + y)? R? + 2] cos nt 
2a R" Jo a+bcost+ccos?t 


1 [othe Ot 
2nR" Jo atbcost+ccos*t ’ 


(4.28) 
where a, b, c are defined by (4.27). 


Remark 4.2 Considering the integral 


F Ie R) i cos kt ay 
= x,y, = ; 
eee a+bcost +ccos?t 


formula (4.26) shows that U,, (x, y) is a linear combination of the integrals [,41, In 
and /,_1, 1.e., we have 


xy x+y 1 
Un(x, y) = It R"3 Tn4+1 ont RN—2 In + Int Rt! In-1. 


Similarly, from (4.28), we obtain V,,(x, y) as a linear combination of the terms 
In+2, In4i, In and In—1, given explicitly by 


x 
Valx,y) = — 


ite (x + y) (xyR? + 2) 
TR 2 n+2 


(x+y)? R242 
2n R"—! faa 


x+y 
27 R" ? 


An Rr! In-1. 


Integral formula for Fibonacci numbers Because F, = Uy, 


(4, 1535), for 
Fibonacci numbers we have x + y = | and xy = —1, therefore 


a 1 i? —R* cos(n + 1)t — Rcosnt + cos(n — 1)t a 
"In R'-! Jo R44+3R2+1+2(R3 — R)cost —4R2cos?t ’ 


(4.29) 


- ; 2 2 — 2 _ 5-1 
for every positive real number R < min | iaatds “} =a 2° 
Using the notation 


1+V/5 1-V5 


[ cos kt 
0 


R4 + 3R2+.1+2(R3 — R)cost — 4R2 cos? t 
this can be further written as 


’ 
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1 
In-t 
Qn R'-2°" " Iq RI- 


Fy = zt n+1 


Qn R'- pin-. 


22 
y? = 3, we obtain the following integral formula for Lucas numbers 


Integral formula for Lucas numbers Because L, = V;, (44 135), and x2 + 


1 an cos(n + 2)t 

Ln = —2 4 2 3 Too, dt 
mR” o R*+3R*+1+2(R? — R)cost — 4R*cos-t 
R2—2 [ cos(n + 1)t 

+ dt 

2a R"-! Jo R44+3R24 14 2(R3 — R) cost — 4R? cos? t 
Re 47 [ cos nt a 
2nR" Jo R4+3R24+14 2(R3 — R) cost — 4R? cos*t 


1 ? cos(n — 1)t bs 
2nR"—! Jo R4+3R2+1+2(R3 — R)cost—4R?2cos*t ’ 
(4.30) 


for every positive real number R < min | 


2 2 fs 2. _ 5-1 
14J5’ J/5-1f 145 0—~C~S~S 


With the J;’s used for Fibonacci numbers, for Lucas numbers we have 


Re-2 | R42 1 
an Rt "1 T op RD” OnRe! 


1 
Ln = ~ Spann int2 + In-1- 


Integral formula for Pell numbers Because P,, = U;, ( +42, 1 v2), for Pell 


numbers we have x + y = 2 and xy = —1, therefore 


Pn 


1 E —R* cos(n + 1)t — 2R cosnt + cos(n — 1)t di (431) 
0 


~ I RII R4 + 6R2 +.1+4(R3 — R) cost — 4R2 cos? t 


for every positive real number R < min | aoe: | Bald Ty 
Using the notation 


Ie = (1+ V2, 1- V2, 8) 


_ is cos kt 43 
~ Jo R4++6R24+1+4(R3 — R)cost —4R2 cost” 
we have 


1 1 1 
Qn R"-3 In) qt R"-2 fn Qn R"-! Int. 


n= 
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Integral formula for Pell-Lucas numbers Since Q, = V, ( Lae 1S v2) 


and x* + y” = 6, for Pell—Lucas numbers we obtain 


1 2x cos(n + 2)t 
a n—2 4 2 3 Taoe2; ot 
aR o R*+6R*+1+4+4(R? — R)cost — 4R*cos-t 
R2—2 is cos(n + 1)t - 
wR"! Jo R4+6R2+1+4(R3 — R) cost — 4R2 cos? t 
DR 41 i cos nt 
+ dt 
wR" Jo R4*+6R2 +14 4(R3 — R) cost —4R? cos? t 
1 [ cos(n — 1)t 
dr, 
wR"! Jo R44 6R24+1+4(R3 — R) cost — 4R2 cos? t 


(4.32) 
for every positive real number R < min | Ga’ ao] = /f2-1. 
With the J;’s used for Pell numbers, for Pell-—Lucas numbers we have 


Ro 2R7 +1 1 
On = ~ Spann int + Rel intl an aR" a Ra=l In-1. 


Chapter 5 ®) 
More on Second-Order Linear Recurrent = sv 
Sequences 


The sequence (Xn )n>0 = (xn(a, b; p, q))n>0 defined by 
Xn42 = PXnti+4qXn, XO =a,x1 =b, (5.1) 


with a,b, p, and q arbitrary complex numbers is called a Horadam sequence. For 
simplicity, we shall denote (xn (a, b; p, g))n>0 by (Xn)n>0 hereafter. The recurrent 
sequence (5.1) was named to honor A.F. Horadam, who initiated the study of this 
general recursion in its general form since the 1960s in [78-82]. Many classical 
sequences are particular instances: when (a, b) = (0, 1), for (p,g) = (1, 1) one 
gets the Fibonacci sequence, while for (p,q) = (1,—1) the Lucas sequence, 
respectively. 

In Section 5.1 we discuss the formula of the general term of the Horadam 
sequence, which is used to characterize periodic orbits in Section 5.2. The periodic 
orbits are enumerated in Section 5.3, and their geometric structure is discussed in 
Section 5.4. Non-periodic Horadam patterns are detailed in Sections 5.5 and 5.6, 
with applications discussed in Section 5.7. Certain examples of nonhomogeneous 
orbits are presented in Section 5.8. 


5.1 Preliminary results 


Historical details about this sequence are given in the survey paper of Larcombe 
et al. [107], or [126]. Many properties and identities are shown in [2, 47, 93, 94, 
104-106, 108, 109, 111, 148, 150, 159, 171-173, 176, 177]. One can find links to 
other related sequences in [75, 77, 140], results related to generating functions in 
[95, 113, 154, 170], and many generalizations and extensions in [83, 149, 169]. 
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The characteristic equation associated with the recurrence (5.1) is 
P(x) =x? — px—q =0, (5.2) 


whose roots, termed generators, are denoted by z; and z2. By Vieta’s relations for 
the polynomial P we have the relations 


—pH%1122, G=2122, (5.3) 


showing that the recurrence (5.1) may be defined either through the coefficients 
DP, q, or equivalently, by the generators z), z2. 


5.1.1 General Sequence Term 


We start with formulae for the general term x, of the sequence (5.1), when the 
characteristic polynomial (5.2) has distinct, or equal roots. These formulae are 
equivalent to the Binet-type formulae discussed in Chapter 2. 


5.1.1.1 Nondegenerate Case: Distinct Roots (z; 4 z2) 


The general term of the sequence (x, )n>0, when (5.2) has the distinct roots z; and 
Z2 is given by (see, e.g., [1, Chapter 7], [62, Chapter 1], or [89]) 


Xn = Az + Bz, (5.4) 


where the constants A and B obtained from the initial conditions are 


—pb b— 
fe, fe (5.5) 
£9 SZ] £9 £1 


The general Horadam term can be written explicitly as 


Xn = 


ay laze — bet +b — azi)z3] (5.6) 


5.1.1.2 Degenerate Case: Equal Roots (z1 = Z2) 


When z; = Z2 = Zz, the general term of the Horadam sequence is given by 


n= [A+ Bn a E + (2 =) I. (5.7) 
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5.1.2 Ratios of Horadam Sequences 


Here we explore ratios of consecutive terms of Horadam sequences, first considered 
by [138]. We extend these with analysis of non-convergent cases, as seen in [34]. 
The results extend naturally to higher order recurrences. 

Extending the concept of Golden ratio for a general Horadam sequence (Xn )n>0, 
we define the following sequence of ratios of consecutive terms 


Bee eh, (5.8) 


Xn 


well defined if x, ¢ 0 forn € IN. We have two main cases to analyze. 


Case 1. Nondegenerate case (z; # Z2) In this case we have 


1 1 
Xn+1 Agi’ + Bayt 
Xn Azi ae Bz 


qn = (5.9) 


The condition x, 4 0 gives (azz — b)z} # (az1 — b)z4. The limit satisfies 


1° If [zi] < |zal, then limp. oo Gn = 223 
2° If |zi| > |zeal, then limy—oo Gn = 213 
3° If |z1| = |z2], then limp. oo is indeterminate. 


While 1° and 2° have been investigated in the literature (see, e.g., [138]), item 3° 
presents special interest. The orbit produced can be periodic if z; and z2 are roots 
of unity (Figure 5.1a), or dense in a circle (Figure 5.1b). 


eo 
0 p 4 2 
2 wy, 
-0.2 d 
-0.4 15 
@ 
-0.6 ’ 
K 0 
N .0.8 N F 
a ; = 
¢ 
2 
0.5 
4 
-1.6 go 
1.8 4 9 
4 -0.5 0 05 1° 15 -0.5 
Rez 


Fig. 5.1 Terms qo,...,¢y (circles) obtained from (5.5), fora = 2+ di, b = 3 +i (stars) and (a) 


J V3, 2 . J V5 
y= OTF zy = OT TTS, N = 200; (dD) z= OT, 2 = C7715, N = 2000. Arrows 


indicate the direction of the orbit 
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Indeed, if |z;| = |z2|, denoting by z = z2/z1 = e'®, one can write 
Xn41 A+ BeiatDx 
Gdn = - =21 A+ Beinx (5.10) 


If 6 € Q, then the sequence (gn)n>o is periodic, while for 6 € IR \ Q the orbit of 
(Gn)n>o is dense in a circle. Note that z; and z2 must not be roots of unity. 


Case 2. Degenerate case (zj = zz = Z) The condition x, 4 O reduces here to 
C # —nD for alln €N, and the limit is 


C D 1 n+l 
ie a ey, (5.11) 


noo n>0O Xp n> 0o (C + Dn)z" 


5.1.3 Particular Horadam Orbits 


Here we explore some particular orbits produced by distinct generators [32]. 


5.1.3.1. Orbits Produced by Conjugate Generators (if a, b € IR) 


Theorem 5.1 Let (Xn )n>0 be a Horadam sequence of general term (5.6). If z1 = Z2, 
then the sequence (Xn)n>0 is a subset of the real line whenever a, b € R. In this case 
we obtain the classical Horadam sequence for real numbers. 


Proof Denoting z = z2 = Z1, the general sequence term is 


Xn = 


— ca —b)z"+(b- a"), 
zZ-2Z 


which is equivalent to 


Xn = : -| azz i - zt") + d(z" — 2") 


4 


a —OEz (ie? $ Zt pe Ze a) + b(t 4... + a} 


As a, b and zz are real and the sums are symmetric in z and z this indicates that 
Xn = Xn, therefore x, is real. This ends the proof. oO 
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5.1.3.2 Concentric Orbits Produced by Opposite Entries 
Theorem 5.2 Let k be an even natural number, z,, Z2 opposite primitive kth roots 
satisfying z2 = —z, and a, b arbitrary complex numbers. The orbit of the sequence 


(Xn)n>0 defined in (5.1) is formed from two concentric regular k/2-gons, whose 
nodes represent a bipartite graph. 


Proof Considering z = z2 = —z1, from (5.4) we obtain 


sic = =| (az — b) (—z)" + (b+ az) a 
2Z 


therefore the even and odd terms of the sequence are given by 
— q72n __ fye2n 
X2n = 4270, X2n41 = bz", neN. 
Hence, the even and odd terms of the sequence represent the vertices of the polygons 


generated by 2? (the root z = e*”'?/* generates a k/gcd(2p, k)-gon). These are on 
the circles of radii |a| and |b|, respectively, as shown in Figure 5.2. oO 


5.1.3.3 Conjugate Orbits Produced by Conjugate Parameters 


Theorem 5.3 Let (Xn)n>0 be the sequence defined in (5.4) for generators z, # Z2 
and initial conditions a and b. The sequence (x})n>0 generated by the conjugate 


Im z 


3-2-1 0 1 2. 3 3 2 4 oO + 2 3 
Rez Rez 
Fig. 5.2 First N = 100 orbit terms of sequence (x,),>+0 obtained from (5.4), computed for pairs 
: eit - 6 5 - 12 
of opposite roots (a) k = 10, z} = 0,7 =e: (bk = 14,7, = CMM, zy = TT, 
Arrows indicate the direction of the orbit from one term to the next. The dotted line is the unit 
circle. The initial conditions x9 = a = 2+ 2/3i and x; = b = 3 +i shownas stars 
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‘ 
Im z 


3 35 Sas AT 05 0 08 “4-35 8 25 2-15-1050 05 1 


Rez Rez 


Fig. 5.3 Orbit of sequences (a) (Xn)n>0 defined by (5.4) and (b) (Xn)n>0 defined by (5.13), 


computed for z} = errs z2 = | and initial conditions a = —3 + 2i, b = —2 — 2i. Arrows 
indicate orbit’s direction, while the dotted line is the unit circle 


generators Z1, Z2 and initial conditions a, b satisfies 


Xn=Xn, neN. (5.12) 


Proof From (5.4) for (xn) n>0 we obtain 


1 = _ 
Xn, = = =| @x —b)zy" + (b- azz" | (5.13) 
£221 


Using basic properties of the complex conjugate (see [6, 168]) 


m=ud; utv=ut+d, uw !=av!weCveC), 


one obtains 


which end 


1 
Xn = ce - b)zi + (b— aie | = Xn; 
£2 — Z1 


s the proof. The result is illustrated in Figure 5.3. oO 


5.2 Periodicity of Complex Horadam Sequences 


In an early article [79], Horadam remarked two periodic instances of the sequence 


(xn (a, b; A 


t1,1)),>0. Here we present sufficient conditions for the periodicity of 


the sequence (X,)n>0 are established when the roots z,, z2 of (5.2) are distinct or 
identical. The results were published in [27]. 
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5.2.1 Geometric Progressions of Complex Argument 


The behavior of the sequence (z”)n>0 for an arbitrary value of z € C is essential 
for the study of the periodicity of Horadam sequences. This is related to Weyl’s 
criterion (see, e.g., [165], [65, Chapter 2], or [72]). We state it for convenience. Full 
details of the proof are given in [27]. Denote the floor and fractional part of x by 
[x] =max{me Z : m < x} and {x} = x — Lx], respectively. 


Lemma 5.1 The set M = {{n0} : dn € N} is dense in [0, 1] for every 0 € R\Q. 


The behavior of sequence (z”)n>o0 for arbitrary z € C is described below. 


2110 


Lemma 5.2 Let z = re € C be a complex number (r > 0). Then (z")nso is 


(i) a regular k-gon ifr = 1, and @ = j/k € Q with gcd(j, k) = 1; 
(ii) a dense subset of the unit circle for r = 1 and @ € R\ Q; 
(iii) an inward spiral forr < 1; 
(iv) an outward spiral for r > 1. 


Proof 


(i) Forr = 1 the terms of the sequence (z”),>0 are located on the unit disk. When 
6 = j/k € Qis an irreducible fraction, z is a primitive kth root of unity. As 
zk = 1, the sequence (Z”")n>0 = {1, Z,..., zl dis periodic and describes 
a closed finite orbit. 

[The result is illustrated in Figure 5.4 for (a) k = 5 and (b) k = 8.] 

(ii) As the argument of z” is 27nx, the principal arguments of the terms in the 
sequence (z”),>9 form the set {27 {nx}} which, from Lemma 5.1, is dense in 
the interval [0, 27r]. 

Thus, the orbit of (z”),>0 is a dense subset of the unit circle. 


Rez Rez 


Fig. 5.4 Orbit of (z”),>0 obtained for r = 1 and (a) x = 1/5; (b) x = 1/8. Arrows indicate 
orbit’s direction, dotted line the unit circle, while z = r exp(27ix) is shown as a square 
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1 (a) ‘ 1 
0.8 “ 0.8 
0.6 : 0.6 
ol 21 19% = 0.4 
0.2 te 0.2 
N N 
ae al! z! 
-0.4 —< -0.4 
-0.6 -0.6 
-0.8 -0.8 
“4 a4 
= -05 0 05 1 = 05 0 05 1 
Rez Rez 


Fig. 5.5 First 71 terms of (z”)n>0 obtained for r = 0.98 and (a) x = 1/5; (b) x = 2/10. Orbit’s 
direction shown by arrows, unit circle by a dotted line, z = r exp(277ix) by a square 


(iii) For r < 1 we have lim |z”| = lim |z|” = lim r” = O, therefore the 
noo n—-> Oo no 

sequence (z”),>09 converges to the origin. 
[The terms of (z”)y>0 are all real for {x} € {0, 1/2}. When 06 = j/k € Q 
is an irreducible fraction (k > 3) the orbit of (z”)n>o0 forms an inward spiral 
whose points are aligned with the vertices of a regular polygon, as shown in 
Figure 5.5a for @ = 1/5 andr = 0.98. When @ € IR\Q the orbit also converges 
to the origin, this time the resulting points form a spiral, as in Figure 5.5b for 
x = /2/10 andr = 0.98.] 


(iv) Forr > 1 wehave lim |z”| = lim |z|” = lim r” = oo, hence the sequence 
noo n—- Oo noo 


of absolute values (|z”|)n>0 diverges to infinity. 

[Notice that the terms of sequence (z”),>o are all real for {x} € {0, 1/2}. When 
fraction 6 = j/k € Q is irreducible (k > 3), the orbit of the sequence (z”)n>0 
forms a set of rays aligned with the vertices of a regular polygon, as depicted in 
Figure 5.6a for 9 = 1/10 andr = 1.01. When @ € IR\Q the orbit also diverges 
to infinity but this time the points form a spiral, as illustrated in Figure 5.6b for 
6 = /2/10 andr = 1.01.] o 


If one of the roots of the characteristic polynomial (5.2) is zero, the Horadam 
sequence is in fact a first-order recurrence relation, and the analysis of periodicity is 
straightforward. 


Remark 5.1 For roots z1, Z2 of the characteristic polynomial (5.2), z1z2 = 0 implies 
q = 0, when the Horadam sequence reduces to a first-order recurrence sequence. If 
z2 = 0, the general term of the Horadam sequence (X,)n>0 iS Xn = bz ee (n > 1). 
For z; 4 O and b F 0, the sequence (x, )n>0 is periodic if and only if the sequence 
(z1)n=0 is periodic, which from Lemma 5.2 is equivalent to z1 is a kth root of unity 
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Fig. 5.6 First 101 terms of (z”),>0 obtained for r = 1.01 and (a) x = 1/10; (b) x = J2/10. 
Orbit’s direction shown by arrows, unit circle by a dotted line, z = r exp(2mix) by a square 


for some k € IN. When b = 0 or z, also vanish, the recurrence relation is satisfied 
by x, = 0 (nm = 2), with the only nonzero terms being potentially xo, x1. 


5.2.2 Nondegenerate Case 


The conditions for periodicity of the recurrence sequence (5.1) are examined when 
the roots z1, Z2 of the characteristic polynomial (5.2) are distinct. 


Theorem 5.4 (sufficient condition for periodicity) Let z} 4 z2 be distinct kth 
roots of unity (k > 2), and let the polynomial P(x) be 


P(x) =(x-—z)(*#—-22), x €C. (5.14) 


The recurrence sequence (Xn)n>0 generated by the characteristic polynomial (5.14), 
and the arbitrary initial values xp = a, x = b, is periodic. 


Proof As z — zh = I, the sequence (x, ),>0 iS periodic. The period is a divisor of 
k, generally lem(ord(z 1), ord(z2)) (where ord(z) is the order of z). 

From (5.4), the following degenerate (i.e., not both generators contribute to x,) 
periodic cases are possible. When B = 0 one obtains b = az}, therefore x, = az} 
(n = 0), while A = 0 gives x, = az} (n = 0). When A = B = O we have 
b = az, = 42, thereforea = b= Oandx, =0(n => 0). oO 


By Lemma 5.2, periodic sequences can only occur when z; and zz are roots of 
unity, as otherwise the orbits of (z7)n>0 and (z5),>0 have infinitely many distinct 
terms. A necessary condition is presented next. 
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Theorem 5.5 (necessary periodicity condition) Let z, 4 z2 be the distinct roots 
of the quadratic (5.14). The recurrence sequence (Xn)n>0 generated by z1, Z2, and 
the initial values x9 = a, x; = b, is periodic only if there exists k € IN such that 


A(zk—1)z1=0, Bek — Dar =0, (5.15) 


where A and B are given by (5.5). The following cases emerge. 


(i) z1 and z2 are kth roots of unity (for some integer k > 2) (nondegenerate); 

(ii) Zz, or z2 isa kth root of unity and the other is zero (regular polygon); 
(iii) Z, or Z2 is a kth root of unity and b = az, or b = azz, resp. (regular polygon); 
(iv) z1 and z2 are arbitrary, and a = b = 0 (degenerate orbit). 


Proof Let us assume that the sequence is periodic, and let k € IN be the period. 
Under this assumption the periodicity can be expressed trivially as 
Xn =Xn+k, WoeEN. (5.16) 
As z1 4 22 relations (5.4) and (5.16) give 
te = AZ, + Be = Aa + Bo =Xn4k, WneN, 
which can further be written as 
A(zi — Dzi + BS -1)zh =0, Wie N. (5.17) 


The case when 0 = z12Z2 (discussed in Remark 5.1) implies (5.15). 
Assuming that z;, 22 # 0 and that there exist nonzero numbers a and f such 
that, Wn € IN, az} + Bz5 = 0, one can write (5.17) for n = 1, 2 to obtain 


Bz 


a 

Bog a 

equivalent to z} = z2, a contradiction. The periodicity of (x,)n>0 requires 
Ai -1)=0, BieS—1) =0, 


which implies (5.15). This ends the proof. 

The only nondegenerate solution of (5.17) (i.e., both generators have a nonzero 
contribution) requires a — Z = 1, which is seen in Case (i). If either A or B is 
zero (but not both), (5.4) shows that the sequence is determined by only one of the 
generators which leads to Cases (ii) and (iii). Finally, if both A and B are zero we 


obtain a degenerate orbit (Case (iv)). oO 
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Theorems 5.4 and 5.5 highlight the importance of both the generators and initial 
values to the periodicity of the orbits of Horadam sequences; we see this again in 
the degenerate roots instance. 


5.2.3 Degenerate Case 


Here the conditions for periodicity are examined in the case when the characteristic 
solutions z;, Z2 are equal. 


Theorem 5.6 (sufficient condition for periodicity) Let k > 2 be an integer, z a 
kth root of unity, and let the polynomial P(x) be defined by 

P(x)=(x—-2)*, x EC. (5.18) 
The sequence (Xn)n>0 having the characteristic polynomial (5.18), and arbitrary 
initial values x9 = a, x1 = b, is periodic when b = az, and divergent otherwise. 


Proof The closed form (5.7) shows that (%,)n>0 diverges (and is clearly not 
periodic) whenever B 4 0. For B = 0 one obtains b = az, and in turn a periodic 
orbit with general term x, = az” (n > 0), while A = 0 gives x, = bnz"-!(n > 1) 
for which the sequence (x;,)n>0 represents a divergent spiral. When A = B = 0 we 
have a = 0 = D and the trivial sequence x, = 0 (n > 0). oO 


Proposition 5.1 When generated by a repeated kth root of unity, the terms of the 
divergent subsequence (xnxk+j)n>0 are collinear for each j € {0,...,k — 1}. 


Proof For a fixed j € {0,...,k — 1}, the general term of (xy%+))n>0 (5.7) is 
xwktj = [A+ B(NK + f)izNHi = [A+ BINK+ lz’, VN EN, 
therefore 
XNk+j —Xj = NkBz/, 


whose argument is independent of N, hence the terms of the subsequence 
(xnk+j)n>0 are collinear for every j € {0,...,k — 1}, as shown in Figure 5.7, 
where sequence terms are calculated from (5.7). oO 


For each j € {0,...,k—1}, there are k/gcd(j, k) rays of aligned sequence terms, 
as seen in Figure 5.7 for (a) k = 6, 7 = 1 and (b)k = 6, j = 2. 


Theorem 5.7 (necessary condition for periodicity) The recurrence sequence 
(Xn)n>0 generated by the characteristic polynomial (5.18), and arbitrary initial 
values x9 = a, x1 = D, is periodic only if one of the following conditions is true 
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Fig. 5.7 First N terms of the sequence (xy )n>0 for the initial values a = 1.5 exp(27ri/30), b = 
1.2 exp(277i/7) (shown as stars) for (a) N = 18, z = emis: (b) N = Ll, z = e77'%. Arrows 
indicate the direction of the sequence trajectory 


(1) z =9, 
(2)z*-1=0, B=0, 
3)z28-140, A=B=0. (5.19) 
The following orbit types emerge. 


(i) z = 0 (degenerate orbit); 
(ii) zis akth root of unity (for some integer k > 2) and b = az (regular polygon); 
(iii) z is arbitrary and a = b = 0 (degenerate orbit). 


Proof For z; = z2 = Z, the general term formula (5.7) and periodicity property 
given by (5.16), together give the condition 


Xp = Az" + Bnz" = Az"t* + Brn + k)z"t* = xngn, Wn EN. 
This can be written as 
[Ac —1) + Beek + Bn(ek — | z?=0, WeN. 
The case z = 0 discussed in Remark 5.1 implies (5.19). When z 4 0 one has 
A(z — 1) + Bkz* + Bn(z*—1)=0, YneN. (5.20) 


As this holds of all n, the linear polynomial in n is null, whence 
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A(z — 1) + Bkzk = 0, 
Bz‘ — 1) =0. 


It follows readily that if z* — 1 = 0 we have B = 0, while z* — 1 ¥ 0 implies 
A = B = 0. The only nondegenerate case occurs, therefore, when b = az, with za 
kth root of unity (k > 2). This ends the proof. oO 


5.3. The Geometry of Periodic Horadam Orbits 


As discussed in [27], nontrivial periodic orbits of (x; )n>0 are obtained when the two 
roots z, and z2 of the quadratic (5.2) are distinct roots of unity, i.e., z} = e2tipi/ki 
and z. = e27!P2/ ka | where p1, p2, ki, k2 are positive integers. A classification of 
orbits based on the properties of the numbers pj, p2, ki, k2 was given by Bagdasar 
et al. in [33]. 

We also discuss the geometric patterns that can be recovered from the (finite) 
orbit of the periodic sequence (x,,)n>0 defined as 


W={zeEC:4dneN such that x, = z}. 


To avoid trivial cases, we consider distinct and nonzero generators Z1, Z2. 

The classification of periodic Horadam orbits is based on the orders of z; and z2. 
Taking z; and z2 as primitive roots (i.e., gcd(p1, k1) = gcd(p2, k2) = 1), while the 
period of the sequence (x,)n>0 can be shown to be given by 


kik2/gcd(k1, kz). (5.21) 


This orbit may exhibit a rich variety of patterns, as illustrated below. 

First, for kz = | the orbit is the regular star polygon {k;/p,}, while for ky = 2 the 
orbit is a bipartite graph. In general, for integers k,, kz satisfying d = gcd(k,, ko), 
one obtains a multipartite graph whose vertices can be divided into either kz regular 
k, /d-gons, or into k; regular k2/d-gons. 

In the end of this section we show that periodic Horadam orbits are located within 
an annulus, whose inner and outer boundaries we derive. 

The close relationship with the Fibonacci numbers/patterns suggests that 
Horadam sequences can be used to generate structures with optimal properties, 
by appropriate choices of the initial conditions a, b and generators z;, z2. A first 
application was the design of a pseudo-random number generator with geometric 
structure produced by aperiodic Horadam sequences, proposed in [26]. 
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Fig. 5.8 The first N = 100 orbit terms of sequence (Xn)n>0 obtained from (5.22), for z2 = 1 and 
(Qk =7, z= ris, (b)k=7, z= tit. when a=2andb =4 4 2i. Arrows indicate the 
orbit’s direction visiting xo, x; (star), x2,..., xy (circle). The dotted line represents the unit circle 


5.3.1 Regular Star Polygons 


Theorem 5.8 /fz; = e2tip/k js a primitive kth root (k > 2) and zz = 1, then the 
orbit of (Xn)n>0 is the regular star polygon {k/p}, as shown in Figure 5.8. 


Proof In this case, the general formula (5.4) gives 
Xn = Azi +B, (5.22) 


where A and B are constant expressions of zj. The sequence (x,)n>0 can be 
obtained from (z})n>0 by rotating with arg(A), scaling with |A| and translating 
with B, therefore the shape of the orbit is a regular k-gon, similar to the orbit of 
(77 )n>0 ([27, Lemma 2.2]). 

There is a close relation between these orbits and regular star polygons. As from 
Xn tO Xn+1 there is a jump of p adjacent vertices in the k-gon, the directed orbit of 
(Xn)n>o for gcd(p, k) = 1 generates the regular star polygon {k/p}. In Figure 5.8 
are depicted the star polygons (a) {7/2} and (b) {7/3}. oO 


5.3.2 Bipartite Graphs 


2mip/k 


Here we show bipartite periodic orbits obtained for z; = e and z2 = —1. 


Theorem 5.9 (k odd) Let k > 2 be an odd number, z, a primitive kth root and 
zZ2 = —I. The orbit of sequence (Xn)n>0 is a 2k-gon, whose nodes can be divided 
into two regular k-gons representing a bipartite graph, as illustrated in Figure 5.9a. 
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Fig. 5.9 First N = 100 orbit terms of (xn)n>0 obtained from (5.23), for z2 = —1 and (a) k = 5 
(odd), z: = e275 anda = 2 —4i, b = —1 — 3i; (b) k = 14 (even), z) = e274 anda = 1 —2i, 
b = —1 — 3i. Arrows indicate the direction of the orbit visiting xo, x1 (star), x2,..., xy. The sets 
Wo and W defined in (5.24) and (5.26) are represented by circles and diamonds respectively. The 
dotted line represents the unit circle 


Proof In this case, the general formula (5.4) gives 
Xn = Azi + (-1)"B, (5.23) 


where A, B are constants. As z is a primitive kth root and gcd(k, 2) = 1, the period 
of sequence (x, )n>0 computed by (5.21) is 2k and the orbit is 


W = {X0, X1,---, XoK-1}- 
The set W can be partitioned into the disjoint ordered sets xo and x1 


Wo ={A+B, Az? +B,..., Ace 1 +B, Akt! + B,..., Az? + By, 
Wi = (Aes — B, Add B,..., Ack? B, Ak — By... AP! — Bi 
(5.24) 


containing the terms of even and odd index, respectively. As z = 1, we have 


Wo = {A+ B, A+ B,...,Aze14 B, Azl+ B,..., Act? + B}, 
Wi = {Az — B, Az} — B,..., Ack”? — B, Az? — B,..., Act”! — B}. 
(5.25) 


Finally, the sets Wo and W, contain the points 


{Aci +B, j=0,...,k-1}, {Az} -B,j7=0,...,k-, 
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so Wo and W;, represent vertices of two regular k-gons, visited alternatively by the 
terms of (Xn )n>0. Moreover, by (5.25), x, jumps over 2 p adjacent vertices with each 
consecutive visit in any of the k-gons Wo or Wj. oO 


By a similar idea, one can prove the result for k even. 


Theorem 5.10 (k even) Let k > 2 be an even number, z, a primitive kth root and 
Z2 = —1. The orbit of the sequence (Xn)n>0 is a k-gon, whose nodes can be divided 
into two regular k/2-gons representing a bipartite graph. The property is shown in 
Figure 5.9b. 


Proof When k is even, z2 is a kth root and the period of (%,)n>o0 from (5.21) is k. 
As in Theorem 5.5, W can be partitioned into the disjoint ordered sets Wo and Wj 


Wo = {A+ B, Aci +B,..., Aci? + B}, 


W, = {Az — B, Az? — B,..., Azi | — B}, (5.26) 
containing the terms of even and odd index, respectively. The number Z = ra isa 
primitive k/2th root, therefore the set {1, Z,..., Z‘/2—!} represents the vertices of 


ak/2-gon. The sets Wo and W, can be written using Z as 


Wo = {AZ/ + B, j =0,...,k/2— 1}, 
W, = {Az Z/ — B, j =0,...,k/2— 1}, 


so Wo and W; are the vertices of two regular k/2-gons visited alternatively by the 
terms of (Xn)n>o0. Also, (5.26) shows that x, jumps over p adjacent vertices each 


: ee ;2P 2ni 2 
time it visits Wo or W; (as z?** = ce? E = he ™ EP), g 


5.3.3 Multipartite Graphs 


Here we present some multipartite periodic orbits of (x,),>0 obtained for generic 
distinct roots of unity z; = e27iPt/k and z = e27iP2/k2, 


Theorem 5.11 Let ki, k2,d > 2 be natural numbers such that gcd(k,, ky) = d 
and z,, 22 be k,th and kath primitive roots, respectively. The orbit of the sequence 
(Xn)n>o is then a k\k2/d-gon, whose nodes can be divided into k, regular k2/d- 
gons representing a multipartite graph. By duality, the nodes of the orbit can also be 
divided into ky regular k, /d-gons. The property is shown in Figures 5.10 and 5.11. 


Proof As gcd(k1, kz) = d the period of (x, )n>0 from (5.21) is kyk2/d, and the orbit 
consists of the first kjk2/d terms 


W = {x0, X1,.--5 Xkyko/d—-1}- (5.27) 
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Fig. 5.10 First VN = 100 terms of (xn)n>0 given by (5.4), for kj = 3, ko = 4. We compute 
XO sdveds xy for zy = e27! z, 2= erik and initial conditions a = 1+ 27, b = —3 — 2i. The orbits 
are partitioned into (a) three squares; (b) four equilateral triangles; arrows indicate the direction of 
the orbit from one term to the next. The dotted line represents the unit circle 


Fig. 5.11 First VN = 100 terms of (xn)n>0 given by (5.4), for kj = 4, ko = 5. We compute 
xX0,...,Xy for z] = ris 2= orig and initial conditions a = (1 + i)/2, b = —(1 + i)/3. 
Orbits are partitioned into (a) four regular pentagons; (b) five squares; arrows indicate orbit’s 
direction from one term to the next. The dotted line is the unit circle 


Clearly, W can be partitioned into kz disjoint sets Wo, ..., Wx,—1 defined by 


Wo ={A+B, Act? + Bzt?,..., AgM/A DR 4 Bald Day 


ky /d—1)k2+1 ky /d—\)ko+1 
inca )ka+ Bef! )ko+ 1, 


Wi = {Az + Bz, Aze?*! + Bzet + 


= : 2 - ky /d)ky—1 ki /d)ky—I 
Wit ihe? Bee Ag Bee, Ae Be 


As ae = | the above sets can be simplified to 
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Wo = {A+ B, Az? + B,..., AcM/4-0% 4 By, (5.28) 


W = {Az + Bzz, Azy?*! + Bzo,..., Aze/e PRT 4 Bz}, 


ky-1 ky-1 2ko-1 ky-1 k,/d)kz—-1 ky-1 
Want = {Az | + Bae, Ag?) + Bee... AMOR 4 Bey, 
It can be checked that no two terms in any of the sets Wo,..., Wx,—1 are equal. 


Should this be the case, we would have the coefficients j, r and g such that 


APE Be = Atty Bd je {0,...,-1, nq €(0,..., ki /d)—1). 


For A ¥ 0 this is only possible when zr Oke = |, which only happens for r = q, 


as gcd(k2, k,) = d and Zz is a primitive k;th root. This shows that 
Wj = {Aci + Behr =0,...,4/d—-V, fF =0,...,42-1, (5.29) 


so Wo, ..., Wx,-1 represent the vertices of kz regular k, /d-gons, which are visited 
alternatively by the sequence (x,)n>0. Moreover, (5.28) and (5.29) show that x, 
jumps over a number of kp, adjacent vertices with each consecutive visit in any of 
the k,/d-gons Wo, ..., Wx,-1- 

By duality, the vertices (5.27) can also be divided as 


Wi = {A+ B, Az + Bett... Ag@2/4 De 4 paid — Diy (5.30) 


W; = {Az + Bzz, Age + Be nets Age ee + Be 


ky-1 kj-1 2ki-1 2ki—-1 ky /d)k\—1 ky/d)k\—-1 
Wy -1 = {Az + Bz,! , AZ; 1 + Bz," awa, 2/d)ky a Beton }, 
and using the same argument as above Wo,..., Wit represent the vertices of 


k, regular k2/d-gons, which are visited alternatively by the sequence (Xn)n>0. 
Moreover, (5.30) shows that x, jumps over a number of k; p2 adjacent vertices with 
each consecutive visit in any of the kz/d-gons Wo,..., Wz, _- Oo 


Some direct consequences of Theorem 5.11 present particular interest. 


Corollary 5.1 Let k,, kz > 2 be such that gcd(k,, kx) = 1 and z, Z2 be kth and 
kath primitive roots, respectively. The orbit of the sequence (Xn)n>0 is then a kik2- 
gon, whose nodes can be divided into k, regular k2-gons representing a multipartite 
graph. By duality, the orbit can also be divided into kz regular k\-gons. The property 
is illustrated in Figure 5.11, where the twenty points of the orbit can be decomposed 
in either four regular pentagons, or five squares. 
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Fig. 5.12 First V = 100 orbit terms of sequence (X,)n>0 obtained from (5.4), for initial conditions 


area = 1 + 2i and b = —2 — 27. We compute xo,..., xy for (a) ky = ko = 12,7) = eins, 


7 -1 - il e 5 é ‘ 
zo = et; (b) ky = 2ky = 12, 2) = C778, zy = e27'12. Arrows indicate the direction of the 
orbit from one term to the next. The dotted line is the unit circle 


Corollary 5.2 If k2|k, the orbit is a k\-gon whose nodes can be divided into 
ko regular k,/k2-gons. The asymmetry in Figure 5.12 illustrates this, as the only 
regular polygons in the periodic orbit of (Xn)n>0 are 1- and 2-gons. 


5.3.4 Geometric Bounds of Periodic Orbits 


Periodic Horadam orbit are confined to an annulus, whose boundaries are easily 
obtained. This feature is displayed in the orbit diagrams thereafter. 


Theorem 5.12 When the Horadam sequence (Xn)n>0 is periodic, the orbit is 
subject to the following geometric boundaries 


(i) For z, 4 Z2 the orbit is located inside the annulus 
{z¢€C:||A|—|Bl| < lxnl < |AI+1BI}, Yn eN, 


where the constants A and B are given by (5.5); 
(ii) For z; = 22 = Z the orbit is either a subset (regular k-gon) of the circle 


S(O, jal) = {z €C: |z| = lal}, 


for a 4 0, or else the zero set {0} fora = 0. 
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Fig. 5.13 Orbit of a periodic Horadam sequence (x,,),>09 computed for (a) z} = en iS 2= 


OMS g=445i,b =2—3i3(b) zy = OMS, = M8, a =142i,b= 3 — 2i. Also plotted 
are the initial values a, b (stars), the generators z), z2 (squares), the unit circle S(O, 1) (solid line) 
and boundaries of the annulus U (0, | |A| — |B] |, |A| + |B]) (dashed lines) 
Proof The complex numbers u and v satisfy the triangle inequalities 
| |u| — |v] |< lu + vl S |u| + Jv}. (5.31) 
(i) For z; 4 z2 the general term of (5.4), combined with (5.31), gives 


[|Aztl — |Bz31| < lan] = |Az} + Bz5| < |Az}| + |Bz5], 


which as |z;| = |z2| = 1 is equivalent to 
||A] — |B] | < lan] = |Az} + Bz5| < |Al + |Bl. 


[We illustrate this result in Figure 5.13 for sequences obtained when z, and z2 
are (a) 5th roots and (b) 6th roots of unity. One should note that in the proof we 
have only used the fact that z; and z2 lie on the unit circle.] 

(ii) When z; = z2 = z then, from Theorem 5.7, the sequence can be periodic only 
when B = 0 and z is a kth primitive root, when x, = az” (n > 0) and the orbit 


is a regular k-gon with |x,| = |a|; when a is also zero we have x, = 0. 
| 


5.3.5 “Masked” Periodicity 


As shown in [27, Theorem 3.1], a sufficient condition for periodicity is that 
generators are distinct roots of unity. Here we discuss the possible periods yielded 
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by self-repeating Horadam sequences obtained from a fixed generator pair, and for 
different initial conditions a, b, based on [29]. 

We denote by Icm(k 1, k2) the least common multiple of k; and k. In general, 
two primitive roots of orders kj, k2 are expected to produce an orbit of length 
Icm(k1, k2). However, this is not always true, as the following theorem shows. 


Theorem 5.13 Consider the distinct primitive roots of unity z} = e27'P'/" and 
oe e271p2/k2 where P1, P2,k1, k2 are positive integers and let the polynomial 
P(x) be defined by 


PQ) =(*-z2)@—-22), xe. (5.32) 


The recurrence sequence (Xn)n>0 generated by the characteristic polynomial (5.32) 
and the arbitrary initial values x9 = a, x1 = b is periodic. The following periods 
are possible 


(a) AB 4 0: the period is Icm(k,, kz); 

(b) A=0, B £0: the period is k; 

(c) A#0, B =0: the period is k; 

(d) A= B =0: the period is | (constant sequence). 


Proof 


(a) For AB ¥ 0, the general term of the sequence given by formula (5.1) is a 
nondegenerated linear combination of zt and 25, hence the period is lcem(k,, kz). 

(b) Here Az} does not feature in (5.1), hence the orbit is the regular star polygon 
{ko/p2}. 

(c) Similar to point (b), here the orbit is the regular star polygon {k,/p1}. 

(d) When A = B = 0, one has b = az, = azz, hence a(z2 — z1) = 0. Since z; and 
z2 are distinct, this implies a = b = 0 and the sequence is constant. 

oO 


The only possible masked periods for k} = kz = k have lengths & and 1. 
The following example illustrates the result of Theorem 5.13. 


Example 5.1 Consider the primitive roots of unity zy = e77!7/3, z = e?7!"/4, By 
Theorem 5.13, the periodic Horadam orbit produced by formula (5.1) may have 
the lengths 1, 3, 4, or 12. The distinct periodic orbits produced in this example are 
sketched in Figure 5.14a—d. 


Theorem 5.13 also has the following consequence. 


Proposition 5.2 Let k,k,,k2 > 2 be natural numbers such that Icm(k,, kz) = k. 
There is a periodic Horadam recurrent sequence (Xn)n>o of length k, which for 
different initial conditions x9 = a, x1 = b masks orbits of period ky and ko, 
respectively. 
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Fig. 5.14 Terms x0,..., xy (circles) from (5.1) for the generators z} = eris and z2 = ris 


(squares) and seeds (stars) (a) a = 2, b = 3+ 3i (AB ¥ 0); (b) a = 2, b = 2e7!4 (A = 0); (©) 
a =2,b = 2713 (B = 0); (d)a = b = 0(A = B =O); then, z) = €7'3, z = 2"! and (e) 
a=1—i,b=1+i (AB <0); (f)a =1—i, b = az (A = 0); finally, 2) = e272, 2 = 7115 
and (g)a = 1—-i,b=1+i(AB £0); (hha 1 —i, b = az2 (A = 0). Arrows indicate the 
direction of the orbit. Boundaries of annulus U (0, ||A| — |B] |, |A] + |B|) (solid line) with A, B 
from ((5.5)) and the unit circle (dotted line) are also plotted 
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Fig. 5.14 (continued) 


Proof One may select the distinct roots z} = e27Pi/ki and zy = e27!P2/k2, where 
Pi, P2, k1, kz are integers. Following Theorem 5.13, the sequence generated by (5.1) 
will have length k for AB ¥ 0, with A, B given by (5.5). oO 
The property in Proposition 5.2 is illustrated by the following example. 
Example 5.2 For k = 30, the primitive generator pair z} = e?”! 3 and Zz =e" ito 
can mask periods of length 3 and 10, while the pair z; = e?” i> and zy = erm! 15 can 
mask periods of length 2 or 15, respectively. These are sketched in Figure 5.14e—h. 


5.4 The Enumeration of Periodic Horadam Patterns 


Here we present the number of distinct Horadam sequences which (for arbitrary 
initial conditions) have a fixed period, giving enumeration formulae in both 
degenerate and nondegenerate cases. These were given in [28] and involve Euler’s 
totient function g and the number of divisors function w. 

Recall that for equal roots z] = z2 = z of (5.2), the general term of the Horadam 
sequence (X»)n>0 is given by x, = (A + Bz)z” (5.7). This can only be periodic 
when b = az and z is a root of unity. 

For distinct roots z} # z2 of (5.2), the general term of Horadam’s sequence 
(Xn)n>0 i8 X» = Az +Bz5 (5.4), where A and B are given by (5.5). When AB = 0, 
at least one of the generators z; and z2 does not appear explicitly in x,, and the 
sequence orbit degenerates to either a regular polygon centered in 0, or to a point. 
For AB + 0, the sequence is periodic when the distinct generators z; and z2 are 
roots of unity. 


158 5 More on Second-Order Linear Recurrent Sequences 
5.4.1 The Number of Horadam Patterns of Fixed Length 


Let k > 2 be a positive integer. The function enumerating the Horadam sequences 
(Xn)n>0 Of period k is denoted by Hp(k), and depends on the generators z), z2 and 
the initial conditions a, b. For k; and k2 positive integers, let gcd(k;, k2) denote the 
greatest common divisor, and lcm(k 1, kz) the least common multiple. There are two 
types of (degenerate and nondegenerate) periodic orbits to consider. 


5.4.1.1 Degenerate Orbits 


A degenerated orbit is a regular polygon centered in 0 or a singleton. As detailed 
in [27], this happens when the Horadam sequences (x;)n>0 given by (5.7) or (5.4) 
depend on only one of the generators and this is a root of unity, say z) = e27/71/", 
The number of distinct sequences having period k is given by 


Ap(k) = l{(p1,k1): ged(pi, ki) = 1, ki = kK} = GA), 


where ¢ is Euler’s well-known totient function [125]. 

If no generator appears explicitly in (5.7) or (5.4) (ie., z1 A z2, A =0,B=0 
or Z] = Z2 = z,a = 0, b = 0), then the periodic sequence is constant and there are 
no generator configurations leading to periodicity k > 2. 


5.4.1.2 Nondegenerate Orbits 


Nondegenerated periodic orbits are obtained when the generators are distinct roots 
of unity z} = e2™Pi/Ki and zy = e27!P2/*2, and the arbitrary initial conditions a, b 
are such that AB # 0 for A, B defined in (5.5). 

As established in [27], the period of the Horadam sequence delivered by a 
generator pair z,,Z2 is Icm(ord(z1), ord(z2)), where ord(z) is the order of z. 
Representing the pair (z1, z2) by the quadruple (pj, k1, p2, k2), we want to select 
those producing a sequence having period k. To ensure that the enumeration formula 
generates all the distinct periodic sequences, we shall assume without loss of 
generality that z;, z2 are primitive roots of unity and ky < ko. 

The distinct sequences of period k are enumerated from the quadruples 


Ap(k) = |{(p1, ki, po, k2) + gcd(py, ky) = ged(p2, k2) = 1, Iem(ky, kg) =k, ky < kp} I. 
(5.33) 


Some formulae for this expression are identified, based on the properties of pairs 


(k,, k2) satisfying lcm(k,, k2), and corresponding generators z; = e2™Pi/ki and 
2= 2 ipa/ ky. 
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5.4.2 A First Formula 


To derive this formula we first generate the pairs (k1, kz) satisfying lem(k,, kz) =k 
and then count the pairs (p1, p2) such that (p1, ki, p2, k2) satisfies (5.33). 
We first count the quadruples (p1, k1, p2, k2) in (5.33) for which ky = kp. 


Lemma 5.3 [fk, = kz and Icm(k1, ko) =k, then ky = ko =k. 


The result is not difficult to prove and shows that the only pair (ki, k2) such that 
ky = kz is (k, k). The number of quadruples produced in this case is 


1 
Ap(k)=l{(p1, p2) : gcd(p1, k)=gced(p2, k) = 1, pi < po} => otk) (gv(k) -— 1), 


as the number of choices for each of p; and p2 is y(k) and p; < p2. We then count 
the quadruples (pi, k1, p2, k2) when ky € kz and Icm(ky, ko) = k. 


Lemma 5.4 [ficm(k,, kz) = k and ki 4 ko, then we have 
Hpk) = (pi. ki, po. k2) + ged(p1, ki) = ged(po, kz) = 1, lem(ky, ko) = kK} = glk) p(k), 


quadruples (pi, ki, p2, k2) satisfying (5.33). 


Proof As ki 4 kz the primitive roots z; and z2 are distinct for all combinations p; 
and p2. This means that any combination pairs satisfying the relation gcd(p1, ki) = 
gcd(p2, k2) = 1 may be considered. There are y(k1) pairs (p1, ki) and g(k2) pairs 
(p2, k2), which confirms the result. oO 


Theorem 5.14 The number of distinct Horadam sequences of period k > 2 is 


1 
Ap(k) = = plkidplk2) + 5 gk) (p(k) — 1). (5.34) 
[ky ko J=k, ki <ko 


To evaluate this formula one needs to generate all ordered pairs (k;, k2), whose 
Icm is k. Some special formulae are obtained for periods with particular prime 
decompositions. 

The first few terms of the number sequence Hp (k) 


1,1, 3,5, 10, 11, 21, 22, 33, 34, 55, 46, 78, 69, 92, 92, 136, 105,..., 


recover the OEIS sequence A102309, providing its first enumerative context. 
The values of the function for prime numbers, powers of primes, or products of 
two prime numbers are given below. 


Example 5.3 (prime numbers) When k is a prime, we have g(k) = k—1. In this case 
we have two divisor pairs (k1, k2) € {(1, k), (k, k)}, with multiplicities g(1)g(k) = 
k — 1 and g(k)(g(k) — 1)/2 = (k — 1)(k — 2)/2, giving 
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Hp(k) =k(k — 1)/2. (5.35) 


When k = 23 there is a total of 23 - 22/2 = 253 distinct solutions, while for 
k = 11 there is a total of 11 - 10/2 = 55 distinct solutions. Explicitly, for k = 5 
there are 10 solutions given by the fraction pairs 


(i) <{is): Ges): Ges) G5): Gs) 
(5-5): (3): (5:3): (5)- (53) 


Example 5.4 (powers of a prime) If p is prime and k = p™ with m > 2, 
then g(k) = p”(1 — 1/p) = p™ — p™—!. The pairs of divisors (k,, kz) in 
the set {,k), (p,k),..., Gr! k), (k, k)}, have multiplicities o(p!)g(k), oa 
0,...,m — 1, and g(k)(g(k) — 1)/2 = (k — k/p)(k — k/p — 1)/2. We obtain a 
telescopic sum in which the consecutive terms (up to the last two) cancel out 


Hp(k) = (1 +(p—Ute + (p™ | = p™?) + (p™ = p™ 1 — n/2)0() 


_ R= /p-k+k/p _ gW)2k— ek) — 1 


5 5 (5.36) 


For example, when k = 9 = 3* one obtains Hp(k) = oLIs—6- = 33 while for 
k = 4one obtains Hp(k) = 8-3-1) = 5 and the distinct solutions are 


(2.2) {3 (-2)-63)G 5) Gal 


Example 5.5 (product of two primes) When k = pq (p < q) is the product of two 
prime numbers, g(k) = g(p)¢(q), we have five divisor pairs 


(ki, kz) € {C1 k), (p, 9), (p, k), 9, &), (k, KD}, 


with multiplicities 


g(etk), e(p)eo@, o(Pelk), e(qetk), ek) (e(k) — 1/2. 


This gives the following formula 


Ap(k) = (p— D(q- I(pq+ p+ q)/2. 


For example, when k = 6 = 2 - 3 the solutions are 
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(ite) Us): Gs): 3) G3) Gs) 
(36)-(56)- (56) (55) (55) (68) 


for a total of 11 distinct solutions. Some of the orbits realized for k = 6 are plotted in 
Figure 5.15. One can notice the geometric variety of shapes produced even for small 
values of k, which range from regular polygons in Figure 5.15a to more complex 
orbits in Figure 5.15b, c, or d. 


N N 
0 a 0 
5 = 
-1 -1 
-2 -2 
-3 -3 é 
3 -2 -1 0 1 2 3 3 -2 A 0 1 2 3 
Re z Re z 


Pl P2 


Fig. 5.15 Sequence terms (x»)n>0 obtained from (5.4) for the pairs ( ky? ) (a) (t, 4); (b) 


G, 3)3 (c) G. 2); (d) G, é) when a = 2 and b = 3i (stars). Arrows indicate the orbit’s direction 
X0,X1,--.,X6 = Xo (circles). We also plot generators z1, z2 (squares), unit circle (solid line), and 
boundaries of U(0, | |A| — |B| |, |A] + |B|) (dotted line) with A, B from (5.5) 
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Example 5.6 (composite integers) For k = 12, we have the divisor pairs 
(k1, k2) € {(1, 12), (2, 12), 3, 4), G, 12), G, 6), (4, 12), (6, 12), (12, 12)}, 


with multiplicities g(p)g(q) for each pair (p, q) in the list satisfying p < q, and 
finally, ¢(12)(@(12) — 1)/2 for the pair (12, 12). This gives the formula 


Hp(12) =44+444484+4484844-3/2 = 46. 


An equivalent (but more direct) formula for Hp(k), which does not require the 
generation of all quadruples (pj, k2, p2, k2), is described below. 


5.4.3 A Second Formula 


By the formula g(gced(ky, k2)) - pdem(k, k2)) = v(k1) - p(k2), we can produce an 
algorithmic version of (5.34), consisting of the following steps: 


¢ Choose a divisor d of k, such that 1 < d < k; 
e Estimate how many pairs k,, k2 satisfy d = gcd(k,, kz) and k = Icm(ky, k); 
e Sum all the terms g(d)g(k) over d, with the corresponding multiplicity. 


Formula (5.34) becomes 


1 
Ap(k) = » g(d)GL(d, bow + 5 p(k) (p(k) — 1), (5.37) 
d|k,d<k 


where the arithmetic function GL(d, k) is computed in the following lemma. 


Lemma 5.5 [fd,k are natural numbers such that d|k, whose factorizations are 


my m2. My 


dd: dn a 
d= py py +: pe", K=Pp) Py ***Py", OSG Smj). 


The number of pairs of natural numbers ki, ky with d = gcd(ki,k2) and k = 
Icm(k1, kz) is 


GL(d, k) = |{(ki, ko) : d = ged(k1, ko) and k = lem(ky, kz)}| = 2°8/9-1, 
(5.38) 


where w(x) represents the number of distinct prime divisors for the integer x. 


Proof Let the numbers k; and kz be written as 


ph, ka = py ph? s+ pb. 


OD An 


ki = pi! P5 
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When d = gcd(kj, k2) and k = Iem(k, k2), for each index i € {1,...,}, we have 
min{a;, Bj} = d;, — max{a;, Bj} = mj. 


Number k, and kp are either distinct, or d = k. There are two possibilities. 

If dj = mj, one has a; = Bj = dj = mj. Eachi € J = {i € {1,...,n}: dj < mj} 
generates two possible pairs (a;, Bj) € {(d;, mi), (mi, dj)}, giving a total of Ql 
distinct pairs of powers, hence we have 2!/|—! pairs with ky < kp. As the prime 
decomposition of k/d is 


k/d _ pe po a pin—dn - I] oo, 
iel 
one obtains that |7| = w(k/d). This ends the proof. oO 
Theorem 5.15 Using formula (5.37), Hp(k) can be written more compactly as 


(5.39) 


rit) =| d, 9@2°4 + oh) —1)=, 


d|k,d<k 


[ee 


Example 5.7 (Example 5.6 using (5.39)) The divisors of 12 smaller than 12 are 


1,953) 33" 47° 6S 2:3. 


Writing the terms in formula (5.39) explicitly one obtains 
| ecn2! + 9(2)2' + 9(3)2° + p(4)2? + (692° Jocr2 


46. 


4 g(2) wo ae 


Example 5.8 (square-free integers) When k = pip2...Pm, m > 2, and 
P1,°**, Pm prime numbers, a compact formula for Hp(k) can be given. Each 
divisor d of k can be written as pj;, p;, + * Dis where 1 < i) <--- < ij < m for 
j =0,...,m. The corresponding term in (5.39) can be written as 


9(d)2°8/ = opi) (Pin) ++ G(pi; 2". 
Summing over all possible divisors d of k one obtains the formula 


m-—1 


Ap(k) = » ( dein) (pi) 2"? + 9(p1)++- (Pm) — 1 


j=0 *1Si)S+-Sij<m 


eo 
2; 
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k 
~ | wro + 2)-+-(G(Pm) + 2) — |e 


(pi— 1)-+-(m - D 
5 ' 


= jin +1)++- (Pn + 1) i (5.40) 


by the identities p(k) = g(p1)---¢(pm) and g(p) = p — | for any prime p. 
For example, when k = 30 = 2-3 - 5 the number of periodic orbits is 


= 284. 


i204 
pit) =|3-4.6-1] : 


Remark 5.2 An alternative formula for Hp (k) is obtained using the generator pairs 
zy = e27!PI/K and zy = e27!P2/* with 1 < Pi < p2 < k, when these are not prim- 
itive roots of unity. Clearly, ord(z1) = k/gcd(p1, k) and ord(z2) = k/gcd(p2, k). 
The sequence generated by z; and z2 has period k if lcm(ord(z1), ord(z2)) = k. 
Using the well-known property Icm(x, y)gcd(x, y) = xy (for x, y € IN) for the 
positive integers ord(z;) and ord(z2), one obtains the condition 


k k k 
keca( ; ) = 
(p1,k) (p2,k) gcd(p;, k) gcd(po, k) 


k k 
<=> gcd(p, k)gced(p2, k) cal : )=« 
BECP LA DEEOPIALESN ged pi,” Bcd(p2, k) 


Using xgced(y, z) = gcd(xy, xz) (for x, y, z € IN), the above relations give 


god( gear, k)k, gcd(pi, bk) =k => gcd((p1, k), gcd(p2, k)) = 1. 
All periodic orbits can be generated from the pairs (~1, p2) satisfying 


Hp(k) = |{(p1, p2) : ged(ged(pi, k), gcd(p2,k)) = 1, 1 < pi < po < k}I. 
(5.41) 


When written explicitly, this formula yields a result similar to (5.34). 


5.4.4 Computational Complexity 


To evaluate Hp(k) by (5.34), we enumerate the ordered pairs of positive integers 
(ky, kz) such that lem(k,, k2) = k, that is max{a;, 6;} = m; for alli € {1,..., n}. 
As 0 < aj, Bj < m;, there are (m; + 1)? pairs (a@;, B;), of which m? satisfy 0 < 
ai, Bj < mj; — 1. The number of pairs (a@;, 6;) satisfying the identity max{a;, 6; } = 
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mj; 1s (mj + 1)? _ m? = 2m; + 1. Fori € {1,...,}, the number of divisor pairs 
(ki, k2) is (2m, + 1)(m2 4+ 1)--- (2my + 1). Apart from (k, k) each pair appeared 
twice, so the number of ordered pairs in (5.34) is 


[(2m, + 1I)\Qm2 4+ 1)--- (my, + 1) + 14/2. 
In formula (5.37) one must find all distinct divisors d of k, whose number is 
(m, + 1)(m2 + 1)--- (mm, + 1), 
and multiply them by the appropriate weights GL(d, k) defined in (5.38). 


This suggests that for numbers with many different prime divisors the second 
formula provides the value Hp (k) in fewer steps. 


5.4.5 Asymptotic Bounds 


The first few terms of the sequence Hp(k) are plotted in Figure 5.16a, along with 
some lower and upper boundaries given by the expressions 


k)k k—1)k 
PO < Hp(ky < 


which can be derived from formulae (5.39) and (5.41) as detailed below. 
Formula k(k—1)/2 is the number of pairs (p1, p2) satisfying 1 < py < p2 <kin 
(5.41), so this is an upper bound for Hp (k), which only holds when k is prime (5.35). 


@) a) ; 


Fig. 5.16 First 40 terms of the sequences (a) Hp(k) (circles), (k — 1)k/2 (dashed) and uOe 
(dotted); (b) f(k)/Hp(k), where f (k) is Hp(k) (circles), (k — 1)k/2 (dashed), v@k (dotted) and 
2@)Pk-9@)—1) (dash-dotted) 
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Whenever Hp(k) = k(k — 1)/2, all the pairs (p1, p2) such that 1 < p; < po <k 
have to satisfy the relation gcd(gcd(p1, k), gcd(p2, k)) = 1 (as shown in (5.41)). If 
k has a proper divisor | < d < k, then the pair (p1, p2) = (d, k) has the property 
gcd(gcd(d, k), gcd(k, k)) = d, which is a contradiction. 

The lower bound can be obtained from (5.39) by writing 


anit) =| > ca)(20 —1) + > vd) + 9th) — 1] 


2 
d|k, 1<d<k d|k,d<k 


> [i+ > cay (20 1) +0 jp OE PO 


2 2 
d|k, 1<d<k 


We have used the relation yodlk, t<a<p G(d) = k and that 2° > 2. From (5.35), 
the lower bound is attained when k is a prime number. 

As illustrated in Figure 5.16b, a better lower bound for Hp(k) seems to be given 
by formula PO Dk -e) (5.36), which attains equality when k is a prime power. 
Here we prove that this is a lower bound for Hp(k) whenever k = p,p2--- Pm 18 


square-free, by using the inequality 


(pi + D(p2 + D+ (Pm + D + C1 — D(p2 — D+ ++ Pm — Y= 2P1p2-++ Pm, 


(5.42) 
which holds as the terms with minus sign cancel out. One can write 
(pi + 1)(p2 + 1) +++ (om + 1) 2 2k — G(&), (5.43) 
which by (5.40) gives the following inequality, valid when is k square-free 
(pi 1) Ga 
Hp(k) = cn + D+ (Pm + D 1 a an (5.44) 
k)[2k — p(k) — 1 
5 P(k)I2K = elk) = ae 


a 2 


The inequalities for g(k) detailed in [125] could perhaps be used to improve the 
lower bound for Hp(k). 


5.5 Non-periodic Horadam Orbits 


In this section we investigate orbits produced by non-periodic Horadam sequences. 
We first study the degenerate case (equal generators), where the orbits are either 
trivial or simple spirals. Then, we present an atlas of nondegenerate Horadam pat- 
terns, including convergent, divergent, quasi-convergent, discrete, or dense orbits. 
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Some patterns inspired the design a Horadam-based random-number generator are 
also presented [25]. 


5.5.1 Degenerate Orbits 


We first examine the geometric patterns produced by some degenerate orbits. Denote 

by S = S(O; 1), U = U(O; 1), S(zo, 7), and U(0; r;, r2) the unit circle, unit disc, 

circle of center zq and radius r, and annulus of radii r; and rz centered in the origin. 
Let (%,)n>0 be a Horadam sequence satisfying the recurrence relation 


Xnt+2 = PXn41 + 9Xn, XO =a, xX, = b, 


with a, b, p,q are complex numbers. 
For equal roots z; = Z2 of (5.2), the general term is 


Xn = E + (° - a)n |e" = E + (b- az] (5.46) 


For distinct roots z} 4 z2 of (5.2), the general term of (x,)n>0 is 
n= Azi + Bz, (5.47) 


where the constants A and B are obtained from initial conditions x9 = a and x; = b. 
To avoid trivial orbits, it will be assumed from now on that AB F 0. 


5.5.1.1 Behavior of Sequence (z")n>0 

As linear combinations of (z7)n>0 and (25 )n>05 Horadam patterns depend on the 
behavior of (z”)n>0, where z € C [27, Lemma 2.1]. 

Lemma 5.6 Let z = re?” € C (r => 0,6 € R). The orbit of (z")n>0 is 


(a) a regular k-gon if z is a primitive kth root of unity; 

(b) a dense subset of the unit circle ifr = 1 and0 € R\Q; 
(c) an inward spiral forr < 1; 

(d) an outward spiral for r > 1. 


When 6 = j/k € Q is irreducible, the spirals in (c) and (d) align along k rays. 


5.5.1.2 Patterns Produced by Identical Generators 


We first examine the orbits produced by repeated roots of the quadratic (5.2). 
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Theorem 5.16 Let (xn)n>0 be the sequence defined by (5.47) for x9 = a, x; = b 
and assume that the polynomial (5.2) has a repeated root z = z| = 72 = re?7!®, 
The orbit of (Xn)n>0 has a single point if |a|+|b| = 0. Otherwise, this represents 


(a) the vertices of a k-gon when b = az and z is a primitive kth root of unity; 
(b) a dense subset of S when b = az and |z| = 1 and@ € R\ Q; 

(c) aconvergent spiral collapsing onto the origin for |z| < 1; 

(d) a divergent spiral for |z| > 1 and |a| + |b| > 0, or for |z| = 1 and b F az. 


Proof From (5.46), the general sequence term is x, = a(1 — n)z"” + bz"—!, so for 
a = b = 0 one obtains x, = 0 forn € IN. When b = az one has x, = az”, 
therefore the orbit of (x, )n>o0 represents a scaled (with |a|) and rotated (with angle 
arg(a)) version of the orbit of sequence (z”),>09 described in Lemma 5.6, which 
proves (a) and (b). 

When b # az, the general term is the product of z” and the linear polynomial 
a+(b/z—a)n. For |z| < 1, the power z” dominates the polynomial and the sequence 
converges to 0, which proves (c). Because of a, b and n, the convergence may be 
non-monotonic in absolute value. Finally, for |z| > 1 both the power and polynomial 
diverge, while for |z| = 1 and b ¥ az one has |x,| = |az + (b — az)n|, which 
diverges. This ends the proof of (d). Oo 


5.6 An Atlas of Horadam Patterns 


In this section we characterize the orbits of Horadam sequences obtained for 
arbitrary generators and initial conditions. The distinct generators are denoted by 


217i 04 


z=rie Zz = rer (5.48) 


where 1, 72, 91, 82 are real numbers. We may assume that 0 < 71 < 12. 
Horadam patterns produced by formula (5.47) can be summarized below: 


1. Stable for 7) = r2 = 1; 

2. Quasi-convergent for 0 <7) <1r2 = 1; 
3. Convergent forO <r] <1r2 <1; 

4. Divergent for rz > 1. 


The geometric patterns obtained in each case are presented below. 


5.6.1 Stable Orbits: ry =1r2=1 


We first examine orbits produced by generators on the unit circle. These are either 
finite sets (periodic), or sets dense within certain 1D curves, or 2D annuli. Moreover, 
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as shown before, all sequence terms x, = Azi + Bz of stable orbits are located 
inside the annulus 


{z€eC:||Al —|Bl| < |z| < |Al + |B}. (5.49) 


The following theorem characterizes the stable orbits. 


Theorem 5.17 Let (xXn)n>0 be the sequence defined by (5.47). If the distinct roots 
(5.48) satisfy r) = r2 = 1, the following orbit patterns emerge. 


(a) If O,, 62 € Q, then the orbit is periodic (finite). (see Figures 5.11, 5.12 or 5.15); 

(b) If@, = p/k € Q (irreducible), and 62 € IR \ Q, then the orbit is a dense subset 
of the union of k distinct circles (Figure 5.17); 

(c) If 01, 02 € R\ Q, then we have three distinct types of behavior 


(cl) If @2 — 0; = q € Q, then the orbit’s closure is a finite set of concentric 
circles (Figure 5.18); 

(c2) If 62 = 0g and q € Q, then the orbit’s closure is a stable closed curve 
(flower) (Figure 5.19); 

(c3) If 1, 61, @2 are linearly independent over Q, then the orbit is dense within 
the annulus U(0, | |A| — |B| |, |A| + | Bl) (Figure 5.20). 


Proof The proof uses the dimension of the orbits’ closure. This is zero for finite 
orbits, one for orbits dense in closed curves, and two for orbits dense in an annulus. 
Oo 


5.6.1.1 (a) Stable Periodic (Finite) Orbits 


When 61, 42 € Q the orbit is finite. Indeed, when 6; = p,/k, and 62 = p2/k2 are 
irreducible, one has zi — ro = 1. From (5.47) and since AB ¥ 0, the sequence 
terms (X7)n>0 repeat with period Icm(k1, k2). 

The properties of periodic orbits have been shown previously, including nec- 
essary and sufficient conditions for the periodicity of complex Horadam [27], 
enumeration formulae for periodic sequences of fixed length [28], or the geometric 
structure of periodic Horadam orbits [25]. 


5.6.1.2 (b) Stable Orbits Dense Within 1D Curves 


Some Horadam orbits are dense in 1D curves. When 6; = p/k is irreducible, z, 
is a kth primitive root of unity, therefore (z),>0 only takes the distinct values 


WZ jcacey a? representing the vertices of a regular k-gon. 
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The subsequences (Xnk+j)n>0, j = 0,...,k — 1, have the general terms 
k+j k+j j k+j 
Xn = ACU + Bt! = Aci + BTN, (5.50) 


The points Azi are situated at distance |A| from the origin and are vertices of a 
regular k-gon. For each value of j = 0,...,k — 1, one can write 


ag = Beh hy" = Be2™(i92)i ol2m (k62)i ae n>0. 
As 6) is irrational, k@2 is also irrational. From Lemma 5.6(b), the orbit of 
ean )n>o0 is a dense subset of a circle of radius |B|, hence the subsequence 
(Xnk+j)n>0 given in (5.50) is a dense subset of the circle S(Azi, |B|). 

This property is illustrated for 6; = 1/3 in Figure 5.17, where k = 3. The k 
circles are disjoint whenever |A| > |B| as seen in Figure 5.17a, and intersect for 
|A| < |B| as illustrated in Figure 5.17b, respectively. As expected, the sequence 
terms are located within the annulus U (0, | |A| — |B||, |A] + |B]). 


5.6.1.3 (cl) Orbits Dense Within Concentric Circles 


Assume that 6;,02 € R \ Q and 62 — 6; = q € Q (irreducible). By (5.47), xy is 
given by 


Im z 


Rez 


Fig. 5.17 First 500 terms of the sequence (x,),>09 obtained from (5.47) for r; = rz = | and 
(a) 9) = 1/3, 02 = J2/5, when a = 0.6 and b = 0.6 exp(2mi(/2/5 +0.1)); (b) 6) = 2/15, 
62 = 1/3, when a = 2 4+ 2/37 and b = 3 +i. Stars represent the initial terms a, b, squares the 
generators z1, z2, and the dotted line the unit circle. Inner and outer circles represent the boundaries 
of the annulus U(0, | |A| — |B||, |A| + |B) defined in (5.49) 
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n -1 =1\" 
in = Act [1+ AB (22z;') J. 


As e277! (2-1) is a kth primitive root of unity, the subsequences (Xn4+j)n>0 defined 
for j = 0,...,k — 1 have the general terms 


ipsa [1+ ArtBedriGreninet d] = Agttti [1+ arteries], 
(5.51) 


Denoting x; = 1+ Aa! Be?) for j = 0,...,k — 1, one may write 
k+j j n 
Xnk+j = Azi To aes = (Azix,) (ct) , n=O. 


Since 9; is irrational, k0, irrational, hence by Lemma, the orbit of (24) no is 
dense within the unit circle. For each value 7 = 0,1,...,4 — 1, the orbit of the 
subsequence (Xnx+j)n>0 defined by (5.51) represents a dense subset of the circle 
S(O, |Ax;|). This property is illustrated in Figure 5.18 for the case when 6 and 62 
are irrational and 6 — 6; = 1/2 in (a) and 62 — 6; = 1/3 in (b), respectively. 

In particular, when 62 — 6, is an integer, one has 


Xp Age [! - Alaa = zi[A + B], 


therefore the orbit is a dense subset of the circle S(O; |A + B|). 


Rez Rez 


Fig. 5.18 First 1000 terms of the sequence (X»)n>o0 obtained from (5.47) for r) = r2 = 1 and (a) 
0, = e/3, 0) = e/3+ 1/2; (b) 0; = 1/2, 62 = /2+1/3, whena = 24 2/3i and b = 3 +i. Stars 
represent the initial terms a, b, squares the generators z1, z2, and the dotted line the unit circle. 
Inner and outer circles represent the orbit boundaries of the annulus U (0, | |A| — |B] |, |A] + |B]) 
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5.6.1.4 (c2) Orbits Dense Within Closed 1D Curves 
Assume that 6), 62 € IR \ Q and 62 = 61g, q € Q. From (5.47), we can write x, as 
Xn = Azi + Bz = Az + B(zi)”. 


From Lemma 5.6, the orbit of (z7)n>0 is dense in the unit circle, so (x; )n>0 is dense 
in the graph of the complex function f : S > C defined as 


f() = Az+ Bz!. 


This property is illustrated in Figure 5.19. As shown in (a), g = 6 gives 5 self- 
intersections and winding number one, while for the case g = 3/2 illustrated in 
(d), winding number is three with two self-intersections. For an irreducible fraction 
q = m/k one can show that the curve g(x) = Ae?™*! + Bz?74', has m self- 
intersections and winding number k. 


5.6.1.5  (c3) Stable Orbits Dense Within 2D Annuli 


Whenever 1, 6), 92 are linearly independent over Q (or Z), the resulting Horadam 
orbit is dense within an annulus. 

Let us denote A = Rye!?! and B = Rye'*2. For any point x* = re!’ € D, one 
can find complex arguments 1, 2 satisfying the identity 


x*are = Rel Hr 90 + Rye! G2t27 92) 


The nth term x, of the Horadam sequence in polar form can be written as 
Xn = Az™ + Balt = Ryel(O427061) 4. Rygildat2nnbr), 


By continuity, for any ¢ > 0 one has |x — x*| < e provided that |n0; — g,| < 6 and 
|n62 — $2| < 46, for sufficiently small 6 > 0. 

As (1, 61, 92) are linearly independent over Q, Proposition A.3 ensures that the 
sequence ({n6)}, {n2}),> is dense within [0, 1] x [0, 1]. Hence we can find terms 
Xn arbitrarily close to x*. This indicates that (xn )n>0 is a dense subset in the annulus 
U(O,||Al| — |B |, [Al + |B). 

The property is illustrated in Figure 5.20a for |A| ¢ |B], obtained for ry = 


ry = 1,0, = 2,6 = ¥ anda = 24 3i,b = 343. When |A| = |B\, 
the orbit is dense within the circle U(0, 2|A|), as depicted in Figure 5.20b for the 
parameter values r} = r2 = 1, 0; = exp(1)/2, 62 = exp(2)/4 anda = 1+ 1/3i, 
b = 1.5a exp( (61 + 62)). These types of dense orbits are used to design a random 


number generator in Section 3.3. 
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Fig. 5.19 First 1000 terms of (x,),>9 obtained from (5.47) for ry) = r2 = 1, 0 = gq 
with (a) g = 2,0 = 2/4; (b) q = 3, = V2/4, (0 q = 6, 2 = 2/4; and 
@=15,.b-= 1.5 exp(2mi (2/4 + 1/10)) and for (d) gq = 2/3, 2 = V2/3, anda = 1.5, 
b= 1.5exp(27i (2\/2/3+1/10)). Starting values a, b shown by stars, generators z), 2 by squares, 
unit circle by dotted line. Inner and outer circles show U(0,||A| — |B| |, |A| + |B) 


5.6.2. Quasi-Convergent Orbits for 0 < ry < rz =1 


Here orbits collapse to the vertices of a polygon, or onto circles. 


Theorem 5.18 Let (Xn)n>0 be the sequence defined by (5.47) for initial conditions 
Xo = a, x1 = b and let us assume that the polynomial (5.2) has distinct roots 
Z1 4 22 such that r) < rz = 1. The orbit of (Xn)n>0 has the following patterns 


(a) For 62 € Q the orbits are attracted onto discrete finite sets (vertices of regular 
polygons) along rays (6, € Q) or spirals (0, € IR \ Q) (Figure 5.21). 
(b) For 62 € R\ Q the orbits converge to a circle of radius | B| (Figure 5.22). 
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Fig. 5.20 First N terms of (x,)n>+0 obtained from (5.4). (a) N = 1000, |A| 4 |B]; (b) N = 500, 
|A| = |B|. Also plotted, initial conditions a, b (stars), generators z1, z2 (Squares), unit circle S 
(solid line), and circle U (0, |A| + |B]) (dotted line) 


Proof We have 


(a) When 62 = p2/k2 is an irreducible fraction, z2 is a kath primitive root of 
unity, therefore the sequence (z2”),>0 is periodic and has just kz distinct terms 
1, z2, oer aa representing the vertices of a regular k2-gon. We define the 
subsequences (Xnk,+j)n>0 for j = 0,...,k2 — 1, by 


Xnigtj = ATMO 4 BOTS = Aetd 4 Bel, (5.52) 


The points Bzi, are situated at distance |B| from the origin and represent the 
vertices of the regular k2-gon. As the sequence (Az 1”),>0 converges to zero, 
(Xnk+j)n>0 converges to Bz. This property is illustrated for 6; = 1/7 in 
Figure 5.21. 

When 6; = pi/k; € Q is irreducible, the subsequences (xpx+ jn>0 approach 
their limit along rays, as depicted in Figure 5.21a. The number of rays is the 
same for each attractor. For a fixed value of 7 one can write (5.52) as 


j nk Jj 
Xnky+j = AZZ, ° + Bzy, 


which indicates that the number of rays coming out of the jth vertex is equal 
to the number of distinct principal arguments of Care As the arguments 


are np,k2/k,, the number of rays is kj /gcd(k1, kz). When 0 is irrational the 
spirals collapse on the vertices of the k2-gon, as illustrated in Figure 5.2 1b. 
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Fig. 5.21 First 1000 terms of sequence (x,)n>0 obtained from (5.47) for r; = 0.995, r2 = 1 and 
(a) 6; = 1/5, 02 = 1/7; (b) O) = 5/7, 62 = 1/7, when a = 2 exp(27i /30) and 2.5 exp(27i /7). 
Stars depict initial conditions a, b, squares the generators z1, z2, and the solid line the unit circle. 
Inner and outer circles represent the boundaries of the annulus U (0, | |A| — |B||, |A| + |B) 


(b) When 62 is irrational, Lemma 5.6 indicates that the sequence (Bz5)n>0 is a 
dense subset of the circle of radius |B| centered in the origin. As the sequence 
(Azi”")n>0 converges to zero, the orbit of sequence (x,)n>0 collapses onto 
the circle of radius |B| centered in the origin, as illustrated in Figure 5.22. 
There is a distinction between the regular five petal pattern obtained when 
6 = 1/5 € Q (Figure 5.22a) and the erratic orbit obtained for irrational 
6, = /2/2 (Figure 5.22b). 

| 


Note that sequence terms are inside the circle U(O, |A| + |B|), but not inside 
annulus U(0, ||A|—|B| |, |A| + |B]), as seen in Figure 5.22a. With A and B solved 
from the initial conditions and generators, we can tell when sequence terms might 
be located outside the annulus. If |A| > |B| we have 


lim |xn| = |B] < |A] — |B] = ||Al — |BIl, 
n—-oo 
therefore such a condition is |A| > 2|B|, which requires |az2 — b| > 2|b — azj|. In 
the example shown in Figure 5.22a we have |A| = 3.4669 and | B| = 1.5254. 


5.6.3 Convergent Orbits for 0 < ry < rz <1 


When both generators are located inside the unit circle, the sequence (X7)n>0 
defined by (5.47) converges to the origin. However, a surprising variety of patterns 
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Fig. 5.22 First 1000 sequence terms (xn )n>0 given by (5.47) for r; = 0.995, r2 = 1 and (a) 
4, = 1/5, 0 = V3/5; (b) O) = V2/2, 02 = V3/5, when a = 2 exp(27i /30) and 2.5 exp(27i/7). 
Stars represent initial conditions a, b, squares generators z;, z2, and the solid line the unit circle. 
Inner and outer circles represent the orbit boundaries U (0, | |A| — |B] |, |A| +|B]) 


is still generated, as detailed below. The cases when r) and rz are equal, or distinct 
have to be analyzed separately. 


Theorem 5.19 (7) < r2) Let (%n)n>0 be the sequence defined by (5.47) for initial 
conditions x9 = a, x, = b and assume that the polynomial (5.2) has distinct roots 
Z1 # Z2 such that 0 < rj < rz < 1. The following orbit patterns emerge. 


(a) For 0; = pi/ky, 02 = po/k2 € Q the orbit has Ilcm(k2, k) branches merging 
onto kz rays, which converge to the origin (Figure 5.23). 

(b) For 0; € R\ Q, 62 = p/k € Q the orbit has k spirally perturbed arms. 
(Figure 5.24). 

(c) For 0; = p/k € Q, & € R\Q the orbit converges concentrically to the origin, 
as a Set of k petals or branches (Figure 5.25). 

(d) For 0, 62 € R\ Q the orbit is an erratic or ordered spiral (Figure 5.26). 


Proof From Lemma 5.6, (Az7)n>0 and (Bz5),>0 converge to the origin, therefore 
(Xn)n>0 converges to the origin as well. As r1 < 12, (%n)n>0 behaves as (Bz5)n>0 
for larger values of n. This observation allows us to treat the orbits of (X7)n>0 
as perturbations of (Bz5)n>0 by elements of sequence (Azj),>0. The nature and 
intensity of the perturbation are determined by the relations between 6, 62 and rj 
and rz, respectively. 


(a) For 6; = pi /k, and 62 = p2/k2 the general term of sequence (xy )n>0 given in 
(5.47) can be written as 


Xn = Azi + Bz; = Ar} exp (2ni721) + Bry exp (2niM2), (5.53) 
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Fig. 5.23 First 2000 terms of sequence (x7 )n>0 obtained from (5.47) for r; = 0.99, r2 = 0.999, 
and (a) 0; = 1/3, 62 = 1/4; (b) 6; = 1/6, 62 = 1/8; when a = 1.5exp(2mi/30) and b = 
1.2 exp(27i/7). Also plotted, initial conditions xo, x; (stars), generators z1, z2 (squares), unit 
circle S (solid line), and circle U(0, |A| + |B|) (dotted line) 


Denoting the least common multiple of numbers k; and ky by K = Iem(k1, k2), 
one can define the subsequences (Xnx«+j)n>0 Of (5.53) for 7 =0,..., K —1as 


a K K 
AnK+j = Ark® J exp (oni SR EDP) + jae exp (oni Re DP) 


= A exp (2ni‘2+) + Be exp (201 P), 
1 2 


For a fixed value of j we denote by / = j mod k2. The K/kz sequences 
(XnK-+mk+U)n>0 defined form = 0,..., K/k2 — 1 are all converging asymp- 
totically to the ray (%)«+1)n>0-. The property is illustrated in Figure 5.23. 

(b) For 6; € R\ Q and 6) = po gi ky one can use (5.47) to define the subsequences 
(Xnko+j)n>0; for j = 0,. ky — Las 


bot k j 
tine? = Arte J exp ot + ie) + el exp Cerd| 
2 


_ Arti exp (2nicns + er) + Brgeti exp (27:22). 
2 


As rj < r2, for each value of j = O,...,k2 the orbit of (ing 4/)n>0 is a 


perturbation of the convergent ray piteth by the convergent spiral Ager 


The amplitude of the perturbation for r2 = 0.999 is depicted for r; = 0. 99 and 
r; = 0.997 in Figure 5.24. 
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Fig. 5.24 First 2000 terms of sequence (x,),>0 obtained from (5.47) for 6; = J5, /3, 9% = 1/4 
and r2 = 0.999 for (a) 71 = 0.99, (b) 71 = 0.997, when a = 1.5exp(2m7i/30) and b = 
1.2 exp(27i/7). Also plotted, initial conditions xo, x; (stars), generators zj, z2 (squares), unit 
circle S (solid line), and circle U(0, |A| + |B|) (dotted line) 


(c) For 6; = pi /k, and 6 € R\ Q, Gnkg4j)nz0, j = 9,...,k1 — 1 satisfy 


tie = anes exp (2024) + Bote exp (2nient + ifn), 
1 


As r, < ro, for each value of j = 0,...,k; the orbit of (%ng,+j)n>0 can be 
viewed as a perturbation of the convergent spiral i gis by the convergent ray 


Aged . For large values of n we have rj’ < rj, therefore the orbit of (xn )n>0 
asymptotically converges towards the spiral Bz5, as in Figure 5.25. 

(d) For irrational 6; and 6, the initial part of the orbit is erratic, and then converges 
asymptotically towards the spiral Bz‘, as in Figure 5.26. Oo 


Theorem 5.20 (7) = ro = r) Let (Xn)n>0 be the sequence defined by (5.47) for 
initial conditions x9 = a, 0, = b and assume that the polynomial (5.2) has distinct 
roots Zz; # Z2 such thatO < ry = 12 = r < 1. The following orbit patterns 
emerge. 


(a) When §, = pi/k1,02 = p2/k2 € Q the orbit consists of \em(k,, kz) rays 
converging to origin (Figure 5.27a). 

(b) When 6; € Q and 62 € R \ Q the orbit consists of kz perturbed spirals 
(Figure 5.27b—d). 

(c) When 61, 62 € IR \ Q, the following patterns are possible 


(cl) If 02 — 0, = q € Q, then the orbit is a multiple spiral (Figure 5.28a). 
(c2) If 01 = 62q, q € Q, then the orbit consists of multi-chamber contours 
(Figure 5.28b and c). 
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Fig. 5.25 First 2000 terms of (xn )n>0 obtained from (5.47) for ry = 0.99, r2 = 0.999 and (a) 6) = 
1/3, 02 = V5 /3; (b) 6; = 1/4, 0 = V5/3; when a = 1.5 exp(27i/30) and b = 1.2 exp(27i/7). 
Also plotted, initial conditions x9, x; (stars), generators z1, Z2 (squares), unit circle S (solid line), 
and circle U(0, |A| + |B) (dotted line) 


2.5 
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Fig. 5.26 First 2000 terms of (x,),>0 from (5.47) for r} = 0.99, rz = 0.997 and (a) 6; = J2/2, 
6) = J5/3; (b) 6, = 32/10, 62 = 2/10, when a = 1.5 exp(27i/30) and b = 1.2 exp(27i/7). 
Also plotted, initial conditions xo, x; (stars), generators z1, Z2 (squares), unit circle S (solid line), 
and circle U(0, |A| + |B|) (dotted line) 


(c3) If 1, 1, 62 are linearly independent over Q, then the orbit is a convergent 
spiral (Figure 5.28d). 


Proof From Lemma 5.6, (Azi)n>0 and (Bz5)n>0 converge to the origin, therefore 
(Xn)n>0 converges to the origin as well. 


(a) For 6) = pi/k, and 62 = p2/kz the general term of sequence (x,)n>0 iS 


180 


(b 


(c 
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Xn = At + Beh =r” E exp (27i%?*) + Bexp (2ni7Z2)]. (5.54) 
1 2, 


For K = Icm(1, kz) define the subsequences (xn x+j)n>0 of (5.54) as 


npg =e E =e (oni SEED) + Bexp (2h er) 
! 2 


= r"K+i! A exp anit?! + Bexp ones hi. 
ky ka 


For each j = 0,..., K — 1 the orbit of (4, x +;)n>0 represents a ray converging 
to the origin. The property is illustrated in Figure 5.27a. 

When 6, is irrational and 62 = p/k is an irreducible fraction (the other case is 
symmetric for r; = r2 = r) one can define the subsequences (Xn4+j)n>0 aS 


Xnk+j =r" E exp (2niene + ie) + Bexp (2niens + ne) 
n .JP 
=r E exp (2niene + ie) + Bexp (2m rail 


which suggests that the orbit of (x, )n>0 is made of k convergent branches. For 
smaller values of r these branches rapidly converge to the origin as depicted in 
Figure 5.27b. For larger values of r the branches converge towards the origin 
as self-intersecting spirals, as plotted in Figure 5.27c. When 6, is small, the 
branches appear almost solid, as shown in Figure 5.27d. 

Here orbit geometry only depends on the relation between 6; and 62. 


(cl) When 6; — 62 = q = p/k € Q wecan write 


Ke = 2) E + Bexp (2i2)], 


hence (X,)n>o0 is composed of k spirals, similar in appearance to zi. The 
orbit is a double spiral as in Figure 5.28a, obtained for 0. = 5/2/2 and 
q= 1/2. 

(c2) When 6; = 62g for g = p/k € Q, the general term of (x)n>0 is 


Xn = Az + Bz = A(z5)4 + Bz. 


In this case, one can identify a number of interesting orbit patterns. In 
Figure 5.28b one can see a collapsible contour with four petals obtained 
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Fig. 5.27 First 2000 terms of (xn)n>0 given by (5.47) for (a) 0) = 1/3, 62 = 1/2, r = 0.99; 
(b) ) = V5/3, 62 = 1/4, r = 0.995; (c) = V5/3, 6 = 1/4, r = 0.999; (d) = V5/5, 
6) = 1/5, r = 0.999 when a = 1.5 exp(27i/30) and b = 1.2 exp(27i/7) (stars). Also plotted, 
generators Zz), Z2 (squares), unit circle S (solid line), and circle U (0, |A| + | B|) (dotted line) 


for gq = 5 and @) = 2/10, while in Figure 5.28c the orbit is a double- 

hole contour containing the origin, obtained for gq = 2 and @) = J/3/4. 
(c3) In this case sequences (n6))y>0 and (762)n>0 are linearly independent 
and dense subsets of the unit interval. Using Lemma 5.1, the arguments 
of sequence (x,)n>0 are uniformly distributed, and the orbit is an erratic 
spiral converging to the origin. This situation is illustrated in Figure 5.28d. 
Oo 
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Fig. 5.28 First 1000 terms of sequence (Xn )n>0 obtained from (5.47) for r = 0.999 and (a) 6; = 
5/2/2 + 1/2, 0 = 5/2/2, (b) 0 = 5/2/10, 62 = V2/10; (c) 0 = V3/2, 0 = V3/4; 
(d) 0) = V2/2, 0 = J3/7; when a = 1.5exp(27i/30) and 1.2 exp(27i/7). Also plotted, 
initial conditions xo, x; (stars), generators z1, z2 (squares), unit circle S$ (solid line), and circle 
U(0, |A| + |B) (dotted line) 


5.6.4 Divergent Orbits for 1 < r2 


When one or both generators are located outside the unit circle, the sequence 
(Xn)n>o defined by (5.47) diverges to infinity. However, a surprising variety of 
patterns emerges, including different types of spirals, patterns converging to a finite 
number of rays coming from the origin, or orbits resembling water ripples. The cases 
when r; and rz are equal or distinct have to be analyzed separately. The problem is 
dual to the convergent case presented in the previous section. 
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Fig. 5.29 First N terms of sequence (Xn )n>0 obtained from (5.47) for r2 = 1.002, 6; = 5/6, 
62 = 3/8 and (a) N = 500 and r2 = 0.999; (b) N = 1000 and r2 = 1, whena = 1.5 exp(27i/30) 
and b = 1.2 exp(2zi/7). Also plotted, initial conditions x9, x; (stars), generators z1, z2 (squares), 
and unit circle S (solid line) 


Theorem 5.21 (1 < 12,71 < 12) Let (%n)n>0 be the sequence defined by (5.47) for 
initial conditions x9 = a, 0, = b and assume that the polynomial (5.2) has distinct 
roots z1 # z2 such that 0 < ry < rz and 1 < rp. The following patterns emerge. 


(a) For 6, = pi/ky, 62 = p2/k2 € Q, the orbit has lcm(k2, k,) branches merging 
onto kz rays which diverge away from the origin to infinity (Figure 5.29). 

(b) For) € R\Q, 0% = p/k € Q, the orbit has k divergent spiral arms 
(Figure 5.30). 

(c) For & = p/k € Q (irreducible) and 62 € JR \ Q, then the diverges 
concentrically to infinity, as a set of k petals or branches (Figure 5.31). 

(d) When 6, 02 € R\ Q, the orbit is an erratic or ordered spiral (Figure 5.32). 


Remark 5.3 The perturbations are stable for 7} = 1, and increase for r; > 1. 


Proof From Lemma 5.6, (Bz5)n>0 diverges to infinity, therefore (x,)n>o diverges 
as well. As r1 < 12, (Xn)n>o behaves as (Bz5)n>0 for larger n. This observation 
allows us to treat the orbits of (x, ),>o as perturbations of (Bz5)n>0 by elements of 
sequence (Azj)n>0. The nature and intensity of the perturbation are determined by 
the relations between 61, 02 andr; and r2, respectively. 


(a) As seen previously, the orbits resemble those obtained for r} < rz < 1, with 
the notable difference that here the branches diverge to infinity along rays. As 
one can see in Figure 5.29a, the convergence is evident after a relatively small 
number of terms for r; < 1, as in this case the contribution due to ri vanishes. 
For rj > | it takes a larger amount of terms for the branches to approach the 
rays, as shown in Figure 5.29b. 
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Fig. 5.30 First 500 terms of sequence (x;)n>0 obtained from (5.47) for r2 = 1.002, 6) = 
J5/12, 6, = 1/12 and (a) 7) = 0.99; (b) ry = 0.997, when a = 1.5 exp(27i/30) and 
b = 1.2exp(27i/7). Also plotted, initial conditions xo, x; (stars), generators z}, z2 (squares) 
and unit circle S§ (solid line), and circle U(0, |A| + |B|) (dotted line) 
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Fig. 5.31 First 1500 terms of sequence (x,),>09 obtained from (5.47) for r2 = 1.001, and (a) 
& = 1/3, 62 = 2/5, r; = 0.997; (b) 6; = 1/8, 62 = 7/10, ry = 1, when a = 1.5 exp(27i/30) 
and b = 1.2 exp(27i/7). Also plotted, initial conditions xo, x (stars), generators z1, z2 (squares), 
and unit circle S (solid line) 


(b) The number of terms stays the same while we modify r;. The convergence along 
rays is clearly faster for smaller values of 71, as in Figure 5.30. 

(c) The orbit converges to a spiral in the long term. The contribution of rj fades 
with the increase of n for r; < 1, as shown in Figure 5.3la. On the other 


hand, this contribution stays the same or increases for r; > 1 as illustrated in 
Figure 5.3 1b. 
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Fig. 5.32 First 1000 terms of sequence (x,),>+0 obtained from (5.47) for r2 = 1, r2 = 1.002, and 
(a) 0, = 4V/2/6, 62 = /2/6; (b) 0, = 5V2/7, 0) = V2/7 when a = 1.5exp(27i/30) and 
b = 1.2 exp(2zi/7). Also plotted, initial conditions xo, x; (stars), generators z1, z2 (squares), and 
unit circle S (solid line) 


(d) In the case depicted in Figure 5.32, all arguments are irrational. However, one 
may note that 6; = 62q forg = p/k € Q, so the result is dual to that in 
Theorem 5.21(c2). As r; = 1, the perturbation does not vanish, therefore the 
spirals may initially exhibit patterns related to the ratio 0; /6>. Oo 


Theorem 5.22 (r) = ro = r) Let (Xn)n>0 be the sequence defined by (5.47) for 
initial conditions x9 = a, x; = b and assume that the polynomial (5.2) has distinct 
roots z1 # z2 such that 1 <r) = r2 = r. The following patterns emerge. 


(a) If 6, = pi /ky, 02 = p2/k2 € Q, then the orbit consists of \cm(k,, kz) divergent 
rays (Figure 5.33a). 

(b) If 0, € Q = pi/k and 62 € R \ Q, then the orbit has k, divergent spirals 
(Figure 5.33b). 

(c) If 01, 02 € R\ Q, then we identify the following distinct cases. 


(cl) If 02 — 6, = q € Q, then the orbit consists of multiple divergent spirals 
(Figure 5.33c). 

(c2) If 0; = 62q, q € Q, then the orbit has multi-chamber divergent contours 
(Figure 5.33d). 

(c3) If 1,01, 02 are linearly independent over Q, then the orbit consists of 
erratic divergent spirals (Figure 5.34). 


Proof As both (Az7)n>0 and (Bz5)n>0 diverge, (xn )n>0 diverges as well. 


(a) The graph is made of Icm(k,, kz) rays, which diverge to infinity. 
(b) The situation is dual to that for convergent spirals (Figure 5.33b). 
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Fig. 5.33 First 500 terms of the sequence (x; ),>0 obtained from (5.47) for r = 1.002 and (a) 
6; = 1/3, 6% = 1/2; (b) 6) = V5/3, 6 = 1/4; (c) 0) = 5V2/2 + 1/2, 62 = 5V2/2; (a) 
= J2/2, a = 2/10, when a = 1.5 exp(27i/30) and 1.2 exp(27i/7). Also plotted, initial 
conditions xo, x (stars), generators z;, z2 (squares), and unit circle S (solid line) 


(cl) As in Figure 5.33c, the orbits have two distinct spirals for 6; — 62 = 1/2. 


(c2) The graph may have multiple chamber domains when 6 


ure 5.33d we have g = 5 and the domain made of four petals. 
(c3) When 6; and 62 are not linearly independent over Q we have Figure 5.34, for 
0; = exp(1)/1000, 62 = 2/1000, r = 1.001. The orbit looks like a regular 
spiral up to N = 1500 terms Figure 5.34a. However, the pattern becomes 
irregular if N = 2400 terms are plotted, as shown in Figure 5.34b. 


q02. In Fig- 
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Fig. 5.34 First NV terms of the sequence (X»)n>0 obtained from (5.47) for (a) 6; = exp(1)/1000, 
62 = 2/1000, r = 1.001, N = 1500; (b) ; = exp(1)/1000, 62 = 2/1000, r = 1.001, 
N = 2400; when a = 1.5 exp(27i/30) and 1.2 exp(27i/7). Also plotted, initial conditions xo, x1 
(stars), generators z1, Z2 (squares), and unit circle S (solid line) 


5.7 A Horadam-Based Pseudo-Random Number Generator 


Uniformly distributed pseudo-random number generators are a common feature in 
many numerical simulations. We here present some a random number generation 
algorithm based on the geometric properties of complex Horadam sequences. 
For certain parameters, the sequence exhibits uniformity in the distribution of 
arguments. This feature is exploited to design a pseudo-random number generator 
which is evaluated using Monte Carlo z estimations, and is found to perform com- 
paratively with commonly used generators like Multiplicative Lagged Fibonacci and 
the “twister” Mersenne. 


5.7.1 Pseudo-Random Generators and Horadam Sequences 


A random number generator is a core component of statistical sampling algorithms 
involving and simulations. For example, Monte Carlo methods are widely used for 
numerically solving integrals, when it is desirable to have a random sequence that 
closely resembles the underlying differential equations. Current implementations of 
pseudo-random number generator are based on classical methods including Linear 
Congruences and Lagged Fibonacci Sequences [132]. Linear recurrent sequences 
are commonly used in the generation of pseudo random numbers [136] 

We will discuss and evaluate the properties of a random generator based on 
Horadam sequences. Our examination focused on the following requirements [76]: 
period, uniformity, and correlation. 
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The Horadam sequence (x; )n>0 extends Fibonacci numbers [79] to the complex 
plane, being defined by the recurrence relation 


Xn42 = PXnt41+9Xn, X09 =a, x, =b, 


where the parameters a, b, p, and g are complex numbers. 

Aperiodic Horadam sequences which densely cover 2D regions in the complex 
plane are shown to have uniformly distributed arguments in the interval [—z,, zr]. 
We use this to evaluate zr, along with classical pseudo-random number generators. 

Recall that for z = re2"'? and r = 1, the orbit (z”)n>o0 is a regular k-gon if 
6 = j/k € Q, gcd(j, k) = 1, or a dense (and uniformly distributed) subset of S, if 
6 € R\Q. Forr < 1 orr > 1, one obtains inward, or outward spirals, respectively. 
The orbits of Horadam sequences (5.4) are linear combinations of the sequences 
(z1)n>0 and (25)n>0 for certain generators 21, z2 and coefficients A and B [27]. 

It is known that for an irrational number 6, the sequence (70),>0 is equidis- 
tributed mod | (Weyl’s criterion). This property represents the basis for a novel 
random number generator, which is used to evaluate the value of z. 


5.7.2 Complex Arguments of 2D Dense Horadam Orbits 


Some orbits are dense within a circle or an annulus centered in the origin. 
Specifically, if r} = r2 = 1 with the generators z; = e2rift 4%2= e277 such 
that 1, 1, 62 are linearly independent over Q, then the orbit of the sequence (Xn )n>0 
is dense in U(O,||A| — |B||, |A] + |B]), as in Figure 5.35a, for the parameters 
ryp=m=1,0= 2 Oy — - anda =2+ 3, b = 3+ i. These dense orbits are 
used to design a random number generator. 

In the case |A| = |B| shown in Figure 5.35b, for the parameters r; = ro = 1, 
0, = exp(1)/2, 62 = exp(2)/4, anda = 1+ 1/37, b = 1.5a exp((6) + 02)), we 
examine the periodicity, uniformity, and autocorrelation for the arguments of terms 
of sequence (xX, ),>0 defined by (5.4). 


5.7.2.1 Argument of Horadam Sequence Terms 
If A = Rye’?!, B = Roe!®, 21 = 7791, zy = e77'%2, the term x, in polar form is 
re? = Azh Aly Bu = Rye 1p he Rye! G2t2anb) | 


Denoting g; = ¢; + 277061, G2 = $2 + 27762, one can write 


reo = Rie?! + Roe!” 91,92 EIR, Ri, Ro > 0. (5.55) 
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Fig. 5.35 First N sequence terms of (x;),>0 given by (5.4). (a) N = 1000, |A| ¢ |BI; (b) 
N = 500, |A| = |B|. Also plotted, initial conditions a, b (stars), generators z1, z2 (Squares), unit 
circle § (solid line), and circle U(0, |A| + |B|) (dotted line) 


For R = R; = Ro, we obtain 6 = 5(91 + (2). 


5.7.2.2 Periodicity of Arguments 


Using the formula for 0, one obtains arg(x,) = ite +27n(0,+62). When 1, 01, 62 
are linearly independent over Q, the sequence arg(x,) is aperiodic. This property is 
also valid for the sequence of normalized arguments (arg(x,) + 7)/(27). 


5.7.2.3 Uniform Distribution of Arguments 


The sequence of arguments produced by certain Horadam sequences is uniformly 
distributed in the interval [—z, zr]. 

When both 6; and 6) are irrational, the arguments g; = ¢; + 2762, and g2 = 
$2 + 27n62 € [—z, 7] are uniformly distributed modulo 27, hence @ is uniformly 
distributed on [—z, 2]. The normalized argument (6 + 7)/(27r) is then uniformly 
distributed in [0, 1], as seen in Figure 5.36a. 


5.7.2.4 Autocorrelation of Arguments 


A test for the quality of pseudo-random number generators is the autocorrelation 
test [76]. For a good quality generator, the 2D diagrams of normalized arguments 
((arg(%,) + 2)/(27), (arg(Q%n41) + 2)/(27)) should uniformly cover the unit 
square. The plot depicted in Figure 5.36b suggests that consecutive arguments are 
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Frequency 


Normalised argument of w, 


Fig. 5.36 (a) Histogram of pad vs uniform density on [0, 1]. (b) Normalized angle correla- 


arg(xn)+7  arg(Xp41)+7 | 
2 


tions: [ ca oe 


very correlated. This issue can be addressed in several ways. One is to combine 
arguments produced by two distinct Horadam sequences, while the other approach 
is to use generalized Horadam orbits. 


5.7.3. Monte Carlo Simulations for Mixed Arguments 


Here we test the performance of the uniform distribution of normalized Horadam 
angles as a pseudo-random number generator, evaluating the results against those 
produced by Multiplicative Lagged Fibonacci and Mersenne Twister (the latter 
being the default random number generator implemented in Matlab). 

A Monte Carlo simulation approximating the value of z could involve randomly 
selecting points (X,, a ll in the unit square and determining the ratio p = m/N, 
where m is number of points that satisfy x + ss < 1. Here we use two sequences 


(w}) and (w2) computed from formula (5.4). 


2 
The parameters are 6; = 5,02 = $ for (w}), and 6; = 703 62 = jy for (w?), 


with initial conditions a = 1 + si, b = 1.5a exp(r (0; + 62)). The 2D coordinates 
plotted in Figure 5.37 represent normalized arguments of Horadam sequence terms, 
given by the formula 


(5.56) 


arg(w}) +2 arg(w2) +a 
(Xn, Yn) = , : 
20 20 
In the simulation shown in Figure 5.37a, the sample size is N = 1000 and there 
are 792 points satisfying X 2 + ¥? < 1. Using this data, one obtains 


n— 
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Fig. 5.37 First (a) 1000; (b) 10000 points having coordinates (Xn, Yn) given by (5.56). Also 
represented, points inside (circles) and outside (crosses) the unit circle (solid line) 


Table 5.1 10 is the sample size used in each simulation 


10% H1 H2 Fl F2 MT1 MT2 

1 0.0584 0.0584 —0.3297 —0.3297 —0.7258 0.8584 
2 0.2584 —0.0216 0.0985 —0.0615 —0.0215 0.0985 
3 0.0784 —0.0016 —0.0136 0.0304 —0.0456 0.0264 
4 0.0104 0.0004 0.0092 —0.0200 0.0036 0.0096 
5 0.0012 —0.0006 —0.0016 —0.0018 0.0004 —0.0034 
6 0.0003 0.0000 —0.0001 —0.0010 —0.0026 —0.0015 
7 0.0000 0.0000 0.0003 —0.0006 —0.0002 0.0004 

792 


p= = 0.792 and z ~ 4p = 3.1680. 


1000 

The value improves with the increase in the number of sequence terms, to 3.1420 
for N = 10* (depicted in Figure 5.37b) and to 3.141888 for N = 10°. 

A more detailed illustration of this convergence is shown in Table 5.1. Sequences 
H1 and H2 represent simulations for z obtained from pairs of Horadam sequences. 
In particular, H1 was obtained from sequences a and a, while H2 from sequences 
x} and x? given below by (61, 62, a, b) 


ae a 


x2: @ 5 ,il+ Z 1.5ae™ +62) 
- 10° 15” 3° 


2 
1 
ao : 6. : ,14+ =i, Lae") ) 
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3. (v2 
Sie 


2) 
xv: (| — , 1+ 3h Lae" +), 


The 2D coordinates in Table 5.1 are obtained for the sequences 


arg(w,) +2 arg(w,) +7 
Qn , Qn , 


HI ; (Xn, Yn) = ( 


arg(w,) +2 arg(w;) +7 
Qn , Qn , 


H2: (mtn) = ( 


The sequences F1 and F2 are produced using two coordinates (Xy,, Y,) simulated 
by the “multFibonacci” Multiplicative Lagged Fibonacci pseudo-random generator. 
The generators for Fl and F2 had periodicities 23! and 2!°, respectively. The 
difference in the convergence rate is noticeable. 

The sequences MT1, MT2 are produced using two coordinates (X;,, Y;,) simu- 
lated by the “twister” Mersenne Twister pseudo-random generator. Both MT1 and 
MT2 used the default seed value as implemented in Matlab. 

The convergence is non-monotonic for all methods, although it appears more 
rapid for our Horadam based generator. This is dependent on the choice of initial 
parameters. Further examination is needed to fully describe the relationship between 
seeds and the convergence rate. 


5.8 Nonhomogeneous Horadam Sequences 


Here we study perturbed versions of the Horadam sequence (5.1), given by 
Xn42 = PXn41 + GXn tun, XxX =a, x1 =H, (5.57) 


where a,b, p, and q are complex numbers, while the sequence (uy),>0 will 
represent a constant or periodic perturbation, based on [31]. When (uy,)n>0 is self- 
repeating, we show that (x, )n>0 is periodic, and discuss the value of the period. For 
simplicity, we assume that generators z1, z2 are distinct. 


5.8.1 Constant Perturbation 


Here the perturbation sequence (u,)n>0 is constant. 


Theorem 5.23 Let a,b,c, p, and q be complex numbers, and consider the recur- 
rence relation 


5.8 Nonhomogeneous Horadam Sequences 


Xn42 = PXn41 + GXn +c, xXo=a,x, =b. 


Tf 1, z1, and z2 are distinct, the general term of the recurrence sequence is 
xn = Azi + Bz +C, 
where the constants A, B, C can be computed explicitly from 


az2 —b 


b-— az _ Cc 
~ (zp — D(z2 — 1)’ 


z2—- 21° z2- 21° 


while @ =a —C andb=b—C. 
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(5.58) 


(5.59) 


(5.60) 


Theorem 5.24 When 1, z1, 22 are distinct, the sequence given by (5.58) is periodic 
if and only if z1 and z2 are distinct roots of unity. The periodic orbit is contained 
within the annulus U(C,||A| —|B||, |A| +|B|) with A, B, C given by (5.60). This 


property is illustrated in Figure 5.38. 


5.8.2 Periodic Perturbations 


When the sequence (u,,),>0 has period k, there is a finite set 
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Fig. 5.38 Terms xo, x1,.- 


., xy obtained from recurrence equation (5.58) (circles) and direct 


formula (5.59) (crosses) for initial conditions a = 2 — 2i, b = 1+ 33, (stars), when c = 1+ 2i and 


generator pairs (squares) (a) z} = eis and 2= erit, (b) z] = eis and Q= 2715 Arrows 
indicate the direction of the orbit. Boundaries of U(C, | |A| — |B||, |A| + |B) (dotted line) with 


A, B,C from (5.60) and unit circle (solid line) are also shown 
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Im z 
Oo 


Fig. 5.39 First N terms of sequence (Xn )n>o0 (circles) from (5.57) for the initial conditions a = 


2 — 2i, b = 3 +i (stars) and the generator pair (squares) z} = emia and z2 = ris, while the 
sequence U given by (5.61) is (a) U = {1, 2,3,4,5} and (b) U = {1,2,3,4, 5,6, 7}. Arrows 
indicate the direction of the orbit 


U = {u,..., U—1}, (5.61) 


such that uyj4% = Up, for alln > 0. 

A closed formula for the general sequence term can be obtained, based on the 
argument used for the constant perturbations. The orbit (x,)n>09 can be partitioned 
into k distinct subsequences (x j+nk)n>0, Whose general term can be found explicitly. 
The techniques are similar to those used in the derivation of formula (5.59). 

The periodicity conditions in this case can be derived from those for the 
homogeneous problem. 


Theorem 5.25 When 1, z1, z2 are distinct and z1 = e27!'P'/"\ and zy = e27'P2/*2 
are primitive roots of unity, the recurrence relation given by (5.57) is periodic and 
its period is equal to Icm(k,, kz, k). This property is illustrated in Figure 5.39, in 
the particular case when k, = 2, kz = 3, and k = 5 are relatively prime. 


Chapter 6 Mm) 
Higher Order Linear Recurrent en 
Sequences 


This chapter presents key properties of the complex linear recurrent sequences 
of arbitrary order, including general term formulae, periodicity, or the asymptotic 
behavior in some particular cases. We also give results for systems of linear 
recurrent sequences. Following the work of Horadam who investigated second- 
order general recurrent sequences of complex numbers in general [79], the sequence 
arising from (6.1) has also been called a generalized Horadam sequence. Many 
well-known sequences are obtained for particular choices of the initial conditions 
and recurrence relation coefficients. A history of Horadam sequences is given by 
Larcombe et al. [107]. 

In Section 6.1 we provide some general context and exact formulae for the 
general term of a linear recurrent sequence, and we show that the order of a linear 
recurrent relation can be reduced at the cost of linearity, following Andrica and 
Buzeteanu in [17, 18]. 

In Section 6.2 we present results concerning systems of linear recurrent 
sequences, based on the works of Andrica and Toader [21], or Cobzag [53, 
Chapter 6, Theorem 2.8]. We first deduce the general solution, then we examine 
applications involving systems of two and three linear recurrent sequences. Some 
of these are related to Diophantine Equations [7]. 

In Section 6.3 we discuss necessary and sufficient periodicity conditions for 
generalized complex Horadam sequences. The results use formulae for the general 
term of linear recurrent sequences with arbitrary coefficients, involving the initial 
conditions a1, ..., @m and the generators z1, ..., Zm, representing the nonzero roots 
(distinct or equal) of the characteristic equation (6.1). 

In Section 6.4 we present the geometric structure of periodic orbits, and 
enumerate the self-repeating orbits of complex linear recurrent sequences of fixed 
length. Finally, in Section 6.5 we discuss some asymptotic properties of orbits 
whose generators are roots of unity. 

Numerical implementations of the general term of complex linear recurrent 
sequences are detailed in Appendix A.3. 
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6.1 Linear Recurrent Sequences (LRS) 


Here we present basic results in the theory of linear recurrent sequences. We first 
discuss the general term for recurrent sequences of higher order defined for arbitrary 
initial values and coefficients, based on [21] and the monograph of Everest et al. 
[62]. Some recent progress concerning key problems are presented based on [133], 
then we show how to reduce the order of a linear recurrence relation as in [17, 18]. 


6.1.1 Definition and General Term 


Let m > 2 be a natural number. A linear recurrence sequence (LRS) is an infinite 
sequence (x,)n>o0 satisfying the recurrence relation 


Xn = AXn—1 + AQXn-2 +++ + amXn-m, m<sneN. (6.1) 
If aj, i = 1,...,m (recurrence coefficients), and aj, i = 1,...,m (initial 
conditions) are fixed complex numbers satisfying a, ~¢ 0 and xj-1 = aj,i = 
1,...,m, then the recurrence relation has order m and is uniquely defined. 


The polynomial defined by 
f@) =x — ayn! — --- — dni — Om, (6.2) 


is called the characteristic polynomial of the LRS (6.1). The general term of the 
recursion is given by 


Xn = Py(n)zi HP Pee Pin (1) Zins 


where Z1,..., Zm are roots of (6.2), and Pj, i = 1,...,m are polynomials in n. If 
Z1,-+-+, Zm are distinct, then the LRS is simple and P),..., Pm are constant. 

The theory of LRS is a vast subject with extensive applications in mathematics 
and other sciences. Many properties and results are presented in the monograph 
of Everest et al. [62]. Decision problems involving LRS with rational terms are 
discussed by Ouaknine in [133] and other of his papers. 


Problem 1 (Skolem) Does x, = 0 for some n? 
Problem 2 Is x, = 0 for infinitely many n? 
Problem 3 (Positivity) Does x, > 0 for all n? 


Problem 4 (Ultimate Positivity) Does x, > 0 for all but finitely many n? 
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Berstel and Mignotte showed that Problem 2 is decidable [37]. Ouaknine made 
progress on Problem 3 for simple LRS of order m < 9 [134], or arbitrary LRS of 
order m < 5 [135], respectively. Problem 4 holds for simple LRS [133]. 


6.1.2 The Solution of a Linear Recurrence Equation 


Let the sequence (x,)n>0 be defined by the linear recurrence relation (6.1), where 
Q1,---,4m € C, am 4 O, and xo,...,X%m—-1 € C are given. We want to find the 
general term x, for n > m. For this we consider the generating function of the 
sequence (Xn )n>0 


F(z) =xo+x1Z++++ 4+ xnz" +0-+. (6.3) 


The following result presents the relationship between homogeneous linear 
recurrent sequences and their generating function (see, e.g., [114]). 


Theorem 6.1 Assume that the sequence (Xn)n>0 Satisfies the homogeneous linear 
recurrence relation (6.1). The associated generating function F can be written as a 
rational fraction F(z) = 5a , Where Q is a polynomial of degree m with nonzero 
constant term and P is a San naiial of degree strictly less than m. 

Conversely, for any such polynomials P and Q, there exists a unique sequence 
(Xn)n>0 Satisfying the linear homogeneous recurrence relation (6.1), having the 


generating function given by the rational function P/Q. 


Proof From (6.1) and (6.3), the generating function F' for the sequence (xn )n>0 can 
be written as 


m—1 lee) m—1 lee) m 
FO = Dx + Duet = Dd + D (Paps | 
j=0 n=m j=0 n=m \ j=1 
m—-1 m—-1 m le) 
Leet Dodat= Lott Le Dat 
j=0 j=l n=m—j 
m—1 m-1 m—j—1 
= Done Hane Sone + Yea! (Soe — a 
n=0 i=0 
m—-1 m—1 m—j-1 
= = Desi! +FtO Yea! > ajz! rd dX xiz! 
j=) 
m—1 m—1 Ss 


=F ae + Lael DDE: BN apes. 
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It follows that 


m 


F(z) 1— So ajz! = Vay — Vt Vays; 


jal j=0 s=l 


j=) 
m—1 Ss 

=x+)> > Xs — ) ajxs—j z 
s=1 j=l 


m—1| Ss 
P@)=x+ >> x a Zz 
eel Fi—si 
m 
Q(z) =1-} ajz/ 
j=l 


Conversely, if (Xn)n>o 1s the sequence having the generating function F(z) = 
P(z)/Q(z), we can write 


oe) k m 
EQS) Mes PQS bt, OG Slag. 
n=0 j=0 


j=l 


Clearly, from F(z) = 5S we obtain the formula 


m CO m 
ae (> nc Je! 
jel n=0 f=O 


Writing polynomial Q as an infinite series with a; = 0 for 7 > m, we have 


[o,e) [o,e) n m 
doxnz”—D | Dajan yj] = Diz’. 
n=0 n=O jel j=0 


Identifying the coefficients of z”, one obtains the recurrence relation 


m 
Xn = ) ajxXn-j, N=2m. 
j=l 


6.1 Linear Recurrent Sequences (LRS) 199 


Remark 6.1 We can write F as a sum of simple fractions. If the polynomial 
f*() =1—-aiz—-+- — ayz*, 


has the distinct roots ie ...,Z4,, with multiplicities qj, ..., qm, then 
P(z m qi -, 
F(2)= i) ge ae (6.4) 


Lemma 6.1 The coefficients fj; in formula (6.4) is 


| *4i G-) ; 
ict — 7*®)\4i TJ _ : — 
i= Gop [(z — z*) FQ) . PSs tL 
(6.5) 
Proof By (6.4) we have fori = 1,...,m 
F(Z = UE Ae aid Sig + hi(z), 
u {z= ze 
or 
i j=l i 
(2 — 23)" F@) = fa (z—2f)" ++ + Sig, + (2 — 7)" hi), 
which gives (6.5) by successive differentiation. Oo 


Lemma 6.2 [fu ¢ 0 and |=| < 1, then for all integers j => 1 we have 


aa — = (-1/u som ') (6.6) 


n>0 a 


Proof The result follows from operations with formal series given in [48], by 
differentiating the identity below j — 1 times with respect to z 


1 1 z\n 
=" eG i 


>0 
oO 
Theorem 6.2 The sequence (Xn)n>0 defined by (6.1) is given by 
Xn = Pj (n)z} aa Pr (N)Zn> n>=k, (6.7) 


where the z1,...,Zm are the distinct roots of the polynomial 
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f@O=e-az!—...- a, 
with the orders of multiplicity q\,...,Q@m, and 
Gi j Ha G— 1 
a ood. i=1,...,m. (6.8) 


Proof As z = ma from (6.4) and (6.6) we get 


FQ) = ae ee G=LLde v! tual ("*! j=i e) 


i=l j= ( i=1 j=1n>0 U 


ee 1)! ae ae re =O (Sawer) 


n>0 i=1 j=1 n>0 


which is exactly (6.7). oO 


Example 6.1 The sequence (x,)n>1 is defined as x; = 20, x2 = 12, and 
Xnt+2 = Xn + Xn+1 + 2¥ XnXn41 +121, n>=I. 


1° Compute x10; 
2° Determine with justification if every term in the sequence is an integer. 


Solution It is clear that x3 = 20+ 12 +2-19 = 70. Notice that 


Xn4+3 = Xnt1 + Xn42 + 2¥ Xn41%Xn42 + 121 
= Xnt1 + Xn4+2 + 2 fn (xn + Xn41 + 2y XnXn+1 + 121) + 121 


= X41 tXn42+ Deore +2/XnXnei +121 + Xp_Xn41 + 121 
= Xn41 + Xn42 +2 (Sn + V%Xn%Xn+1 + 121) 


= 3Xn41 + Xn42 + Xn42 — Xn — Xn41 


= 2xXn42 + 2Xn41 — Xn- 


Therefore, it follows that (x,),>1 is an integer sequence and we can compute x4 = 
144, x5 = 416, x6 = 1010, x7 = 2788, xg = 7260, x9 = 19046, x19 = 49824. 


The characteristic equation of (X»)n>1 1S t? — 27 — 2t + 1 = 0, with the roots 
t= 1, = 248, = 4°. It follows that 
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n n 
3 5 3-5 
meant te/ ) +a ~) , n=l,2,.... 


Solving the system x; = 20, x2 = 12, x3 = 70, we obtain the coefficients 


54 12 2/5 12 2/5 
a => SS OS SS 


a= 2 
5 5 5 5 


Furthermore, one can write 


n 
ee ee 6 + 2/5 
n= (1) += (6+6+2V5) sy 


n 
1 6 — 2/5 —, ere ee: 4 
+ § (+6205) ( ; = SC + elon +e Lanta, 


where L,, is the mth Lucas number. 


6.1.3 The Space of Solutions for Linear Recurrence Equations 


A solution of the recurrence equation (6.1) is any function x : INN > C satisfying 
x(n) = ayx(n — 1) +anx(n —2)+---+ayx(n-—m), n>m. (6.9) 


(The notation x(1) is only used in this section, while for the rest of the paper the 
more compact subscript notation x, is preferred.) As each solution is completely 
determined by m initial conditions x(0), x(1),..., x(m — 1), the set containing the 
solutions of (6.9) forms a vector space V of dimension m over C. The general term 
of the sequence satisfying the recurrence relation (6.9) is then a linear combination 
of m functions which form a basis for V. 

For A ¥ 0, the characteristic equation (6.10) is equivalent to 


qm =a"! digg OD ar PO abi, 


It may be assumed without loss of generality that the order of the recurrence relation 
cannot be reduced, therefore c;, ~ 0. For finding a base of the vector space V, one 
may first check that the functions w(n) = A” (A # O) are a solution of (6.9), 
whenever A is a zero of the characteristic polynomial 


f@) =x" - Gi = eae a Se Se (6.10) 
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As a complex polynomial, f(x) has exactly m roots. Examples of bases for V for 
the cases when the roots of (6.10) are all distinct, all equal, or distinct with arbitrary 
multiplicities are presented below. 


Proposition 6.1 [f the polynomial f (6.10) has m distinct roots z1,..., Zm, then 


A@ =z, pm) =z, ---5 fal) = Za» 


form a basis of the vector space V of solutions for the recurrence relation (6.9). 


The proof is based on two facts. First, each function f;(”) is a solution of (6.9). 
Second, the Vandermonde determinant involving the first m values 1, z;,..., oe 
of each function f;(”) is nonzero for distinct values z;,..., Zm-. A detailed proof is 


presented in [86, Theorem 1]. 


Proposition 6.2 If the polynomial f (6.10) has m roots equal to z, then the m 
sequences 


fin) = 2", fon) =nz", ..., fn(n) =n™ 12", 


form a basis of the vector space V of solutions for the recurrence relation (6.9). 


The idea of the argument is that a multiple root of polynomial (6.10) is also a root 
of its derivative. A detailed proof is given in [86, Corollary 1]. 


Proposition 6.3 [f a characteristic polynomial of a linear recurrence relation of 
order d has m distinct roots Z1, ...,Zm having multiplicities d\,..., dm such that 
di +---+dm =d, then the d sequences 

for, lsigm, layed, (6.11) 


1? 
form a basis of the vector space V of solutions for the recurrence relation (6.9). 


A proof of this results is given in [86, Theorem 2]. 


6.1.4 Reduction of Order for LRS 


It was shown in Chapter 2 that as suggested by Andrica and Buzeteanu in 1982 [17], 
a second-order linear recurrence equation can be reduced to a nonlinear recurrence 
equation of the first order (see Theorem 2.4). In particular, such first-order formulae 
obtained for Fibonacci, Lucas, Pell, and Pell-—Lucas numbers were presented in 
Theorem 2.9. 

Here we present a more general result, concerning the reduction of order for 
higher order linear recurrence relation, based on results proved by Andrica and 
Buzeteanu in 1985 [18]. Specifically, we show that if a sequence (x,)n>0 satisfies a 
linear recurrence of order m > 2, then there exists a polynomial relation between 
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any m consecutive terms. This shows that the linear recurrence relation of order m 
is in fact reduced to a nonlinear recurrence relation of order m — 1. 
Let m > 2 be an integer and let the sequence (x,,),>1 satisfying 


m 


eo ) arXn-r, N>M, (6.12) 
r=l 
where the starting values x; = a;, and recurrence coefficients a;,i = 1,...,m, are 


given real (or complex) numbers such that a, 4 0. 
For n > m, let us consider the determinant 


Xn+m—-1 Xn 2 Xn+1 Xn 
Xn+m—2 Xn+m-3 ++. Xn Xn-1 
Dig) yeasts te a tnceeetanditgracech ; (6.13) 
Xn+1 Xn Xn—m+3 Xn—m+2 
Xn Xn-1 Xn—m4+2 Xn—m+1 


for which we can obtain a recursive formula. 


Theorem 6.3 Let (%n)n>1 be a sequence given by (6.12) and let Dy, be defined by 
formula (6.13). For any n > m, the following relation holds: 


Dy = (yg Dis (6.14) 


Proof Following the steps outlined in [98, 117, 152] (for m = 2), we introduce the 
matrix 


Xn+m—1 Xn+m—2 Xn+1 Xn 
Xn+m—2 Xn+m—3 Xn Xn-1 
Aye |) ° -. dade bsacasivanegee F (6.15) 
Xn+1 Xn Xn—m+3 Xn—m+2 
Xn Xn-1 Xn—m4+2 Xn—m+1 


It is easy to see that 


0100 0 0 0 
0010 0 0 0 

ee ie ae 

‘ai 0000... 0 1 of" c10) 
0000 0 0 1 
a| a2 a3 a4 +++ GAm—2 Gm—-1 Gm 


hence 
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0100 0 0 o\"” 
0010 0 0 O 
Ae ie : Soaeaaiete ae es Aw. (6.17) 

000 0 0 0 1 

a a2 a3 a4 +++ GAm—2 Gm—-1 4m 
By taking determinants in (6.17), we obtain 

n—-m 
((-)""'am) Dm = Dn, 

for n > m, which ends the proof. oO 


Theorem 6.4 Let (Xn)n>1 be a sequence given by (6.12). There exists a polynomial 
function of degree m defined by Fy, : C'” — C, so that the following relation holds: 


=i = 
Fin (Xn, Xn—-1, ++ »Xn—m+1) = en” Mn me at ” Fin (Om, Qm—1, +++, 0). 


(6.18) 


Notice that from the recurrence relation (6.12) one can compute D,, as a function of 
the known values a1, a2, ..., @m. For the same reason, one can also express Dy, as 
a function of the terms x), Xn—1,..., Xn—m+1- Thus, there exists a polynomial func- 
tion of degree m, such that the relation (6.18) is true. If we suppose that the equation 
(6.18) can be solved with respect to x, this results in an expression involving only 
the terms X71, Xn—2,.--,Xn—m+1- However, the resulting expression is in general 
very complicated, as shown below. 


Example 6.2 Form = 2 we obtain 
F(x, y) = x* —ajxy—ay’, (6.19) 
and the sequence (x,)n>1 is given by 
Xn = 4Xn-1 ta2xXn-2, n> 3, x1 =Q1, X12 =A, (6.20) 


where the relation Fo(x), X,-1) = (—1)"ay 2 Fy (a2, a1) holds. This relation was 
proved by induction in [35]. Writing the relation explicitly we have 


(2xn — a1Xn—1) = @ + 4ay)x?_, + a(—1)" ah? (aaj + ayaja2 — 3) : 


(6.21) 


Under some special conditions on (x,)n>1, We Can express x, as an explicit formula 
of x,—1. Moreover, if the sequence satisfies the second-order recurrence equation 
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(6.20) with a1, az and a1, @ integers, by (6.21) then 
g y 
(az + 4ar)x?_| + 4(—1)" 1a"? (aa? + ayaa — 03) : 


is a perfect square. This result extends [90]. 


Example 6.3 Simple computations show that for m = 3 we have 
F3(x, y, 2) =—x° — (a3 + ayan)y?* — az + 2ayx7y + ax?z — (a5 + aya3)y°z 
_ (a; _ an)xy” _ aya3xz- _ 2aa3yz" + (a3 — aja2)xyz. 


By (6.18) we obtain that for the linear recurrence relation 


Xn = A Xy—1 + 2Xp—2 + 3X3, N= 4, xy = A], XQ = A2, x3 = 03, 


(6.22) 
one has the relation F3(Xn,Xn—1, Xn—2) = ae F3(a3, a2, a1). 
Example 6.4 The Tribonacci numbers are defined by the recurrence relation 
Ty = Th-1 + Th-2 + Th-3, 1 = 4, (6.23) 


where 7; = 1, I) = 1 and 73 = 2. In our notation, we have aj = 1, a2 = 1, 
a3 = 2, and a; = a2 = a3 = 1. Substituting in Example 6.3, we obtain 


F(x, y, 2) = —x? — 2y? — 23 + Ix? y 4 x22 — Dy*z — xz7 — 2yz? + Axyz. 
The nonlinear relation satisfied by Tribonacci numbers is 
F3(Tn, Tn—1, Tn-2) = F3(@3, 02, 21), 


whers-Fi(e3, 09,01) =8 =2 = 14 84422=2=7445 =1, 


6.2 Systems of Recurrent Sequences 


Here we present some results by Andrica and Toader [21], which explore the 
convergence of solutions of a system of linear recurrent equations. The paper 
starts with the case of weighted means, and then deals with a more general case, 
giving solutions of linear recurrence relations and for the powers of matrices. Some 
applications concerning systems or three recurrence relations, obtained by Andrica 
and Marinescu in [20] are also given, where the authors use the dynamics of an 
iterative process to obtain refinements of geometric inequalities. 
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6.2.1 Weighed Arithmetic Mean 


The p-mean is a continuous function M : Re — KR, with the properties 
min{x1,...,Xp}< M (eiadis ty) < max{x1,..., Xp}, 
and 
M (Zisss+s%p) = min{x1,...,Xp} => x1. =--+ = Xp. 


Starting with the p-means M),..., Mp and the initial values xh ents a. we can 


construct p sequences (x! )n>0> fori =1,..., p, by 
: i : 
Xpad = M; (acdsata ds ae eee 08 
As seen in [158], the sequences GC asd: i= 1,..., p converge to a common limit 
1 = 1(M,,..., Mp; cre are x4 ), calculated for two weighted arithmetic means. 
Here we find the common limit of p arithmetic means, defined by 
Aj (x1, agg ‘ty = 4jjX1 + +++ + GipXp, 


where aj; > Ofori, j =1,..., pandaj, +---+ dip = 1fori =1,..., p. Given 


the initial values ae ae x, we define the sequences (x! )a>o fori =1,..., p,as 
; 1 ; 
Met = Gix, to tdpxt, Polya p. (6.24) 

By the result mentioned above these sequences are all convergent to a common limit 
L=I(Aj,..., Ap; a seas #5) which we want to determine. For this, we look for 
the numbers 41, ..., 4, with the property 

ie, ea! Sos Soe ak n>0O (6.25) 

In pin ~ A144] P*nt+1? ai : 

that is 


P P Pp Po/?P ; 
Soak = Son Soapal = Do (Soars) ah 
i=l i=1 j=l j=! \i=1 
This happens for every n, if and only if 
hi = Aydt t+-+++apidAp, T=1,..., p, (6.26) 


i.e., this homogeneous system of linear equations has nontrivial solutions, because, 
considering the matrix A = (4jj)1<j,i<p, we have det(A — I,) = 0. By a theorem 
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of Perron [36], the matrix A has | as a simple eigenvalue (which is also greatest 
in module), and to it corresponds a positive eigenvector. Hence, every solution of 
(6.26) has the form A; = cA, i=1,..., p, where 


i 
ap2=0, G=1,...,p, Ato +aQaL (6.27) 

By (6.25) we have, step by step 

MXper be HARE = Pel pple? = SAN § pe FAO AD, 
and passing to the limit, we get 

At FAQ = xg Ho FAVS, 

thus 

U(Ag, 02, Api Xqe eee Mh) SAG $+ FAOL = Alig t---+A3x5, (6.28) 
where ve Aeay A is the unique solution of (6.26) which satisfies (6.27). 


Remark 6.2 It is obvious that a necessary condition for the convergence of the 
sequences given by (6.24) to a common limit is 


aij +++: +dip = 1, b= Vyas. Pe 


6.2.2 The Solution of a System of Linear Recurrence Relations 


In what follows we shall consider the system of linear recurrence relations 


xh gy = ax, te taipxh, nap, i=l,...,p, (6.29) 
where ajj_ € C, fori, j = 1,..., p and aa oh ae are given. Introducing the 
matrices A = (djj)1<i,j<p and X;) = ie ..., x2), then (6.29) can be written as 

Xn4, =A-Xn, n=O,~z (6.30) 


and so we have 
X, = A"-Xo, n=O, (6.31) 
This relation shows that the solution of the system (6.29) is equivalent to determin- 


ing the powers A” of the matrix A. We shall denote A” = (Gj) 1<i,ji<p> forn > 1. 
Considering the characteristic polynomial of the matrix A 
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f(t) = det(t- I, — A) = t? —ayt?! —.-- ay, 


with distinct roots t],...,%m and multiplicities g1,..., qm, by the theorem of 
Cayley—Hamilton—Frobenius (see [36]), we have 


AP = a, AP! +++ +apIp, 
that is 
APS aA?! ptdayAP?, 
It follows that the elements ah) verify the linear recurrence relations 
at =ay-at li 4-.-+ay-ay?, hylal,...,p, n> p. 


By (6.7) we get 


at, = Ph(n)(t)" +--+ + PH) (tm), n> P, 
with 
i — Pee ae aad : 
Pu) = DCW Fa GY (eb Lee 
j=l 
where 


1 = 
i Gi (qi-J) eA ‘ pe 
hl a ear [(¢ t;) Frit) » J=l,...,g, i=l,...,m, 


Fy; being the generating function of the sequence (a},)n>0. 
Theorem 6.5 The solution of the system (6.29) is given by 


m 


4 = Or GV. B= Lica dp: (6.32) 


1. \7sl 
Proof Using the relation (6.31) we get 
m 
: Pi,(n)xd | 4)". 
i=1 


l 


P Pp 
t-Said-f (Samus) 
j=l j=l 
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From the relation (6.32) we deduce the following result. 


Theorem 6.6 If 


P ; 
j ce, ff th = 1 

Aho = [eft 

=a »f |I~l=lLnFl, 


then 


lim x 
n—->Cco 


k _ | Ck ifth = 1 for some h 
"10, ifth #1 for every h. 


Corollary 6.1 [f A is a Markov matrix [36], i.e., aij => 0 fori,j = 1,...,p 
and aj, + +++ + dip = 1 fori = 1,..., p, then for every k = 1,..., p, the 
sequence nse is convergent to the limit cy = ini fice where fxj = 


(1 — t) Fr Oe and Fx; is the generating function of the sequence (ay n=0- 


Proof From the theorem of Perron cited above (see [36]), it results that A has t, = 1 
as a simple eigenvalue, which is the greatest in module. So 


Pp 

h J 

Ck = > Py (n) aie 
j=l 


with 
Puy(n) = — fy = — (1 - DF), 1 - 


We remark that the result is another form of (6.28). oO 


Remark 6.3 In some cases, we can also resolve the nonhomogeneous system 


Kha =AiXy +++ taipxh +b', n=p, i=l,...,p, 
or, denoting B = (b}, ..., b?)', we can write 
Xn4t =A+Xn +B, n=O. (6.33) 


For example, it has a constant solution T, that is T = AT + B, if A does not have 1 
as an eigenvalue and in this case T = (Ip — A)~!B. The general solution of (6.33) 
is X, = T + Y,, where Y, is the general solution of (6.30). 


Remark 6.4 For the determination of A”, a formula was given by Perron 
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3 1 (t — t;)4 (qi-1) 
A” = . I A n ; 
a 4 — 1! fO a i \., 


where X* denotes the adjoint of matrix X. For some proofs, one can consult [58, 
59, 71, 145]. Another formula is given in [49] (which also contains an extensive 
bibliography). Here the ideas from [50] have been exploited. 


Example 6.5 Let p be a prime. At any vertex of a regular polygon with p sides 
it is written an integer. For any vertex of the polygon we compute the difference 
between the sum of the integers written at his neighbors and his number. After that 
we delete all the initial integers and replace them by the newly obtained integers. 
Prove that the integers obtained after p such steps are the same modulo p with the 
initial integers. 


Solution The transformation is described by the following matrix relation: 


() 11 0.:-:- 0 
AQ 1-1 1.--- 0 40 a0 
: =] 0 1 -l1--- 0 0 =A , 
a®, soc 54 ex) 
1 0 0 - 
where A is a p X p matrix. After p steps we obtain 
a dao 
: = AP : : (6.34) 
(P) 
ayy Ap-| 
We can write A= —I, + X + XP ~! where X is the permutation matrix 


00 0-.-:.0 1 
1 0 -- 0 0 
0 1 0--. 0 0 


j=) 


In M,(Zp) we have 


A? = (Ip +X4+X?P 1p = (—Ip)? + X? 4 xPe-h 


since X? = J. From (6.34) it follows that in My 1(Z)) we have 
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ay ao 
> f= (6.35) 
a”, ap-1 


which ends the proof. 


6.2.3 Systems of Two Linear Recurrent Sequences 


Let A € M2(C), A= 6 s We denote by Tr(A) = a+ d the trace of A, and by 
c 


det A = ad — bc the determinant of A. 
The quadratic equation det(A — Az) = 0 called the characteristic equation of 
matrix A can be written in the explicit form 


27 —Tr(A)A + det A = 0, (6.36) 


whose roots are called the eigenvalues of matrix A. 
The following result is fundamental for the algebra of square matrices. It holds 
for matrices of order two, but it can also be generalized. 


Theorem 6.7 (Hamilton—Cayley for 2 x 2 matrices) Any square matrix of order 
two satisfies its characteristic equation, i.e., the following relation holds: 


A? —Tr(A)- A+ (det A) - lb = Oo. 


Denoting the eigenvalues of matrix A by 41, A2, one can obtain exact formulae 
for the powers of the matrix. 


Theorem 6.8 The following relations hold for all nonnegative integers: 


ana [MB+ASC if Ade 
MM B+nMi'C ifdy =A, 


for some matrices B,C € M2(C). 


6.2.3.1 Linear Systems of Two Sequences 


Let (Xn)n>0 and (yn)n>o be sequences of complex numbers defined by 


| Xnt1 = AX, + byn (6.37) 


Ynt1 = C€Xn +dyn, n=O, 
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where a, b, c, d, co, yo are fixed complex numbers. In matrix form we have 

Xx, a b\ (x ’ Xn+ x 

Yn+1 cd Yn Yn+1 Yn 


where A = (: ’) is the matrix of coefficients. 
Cc 


(*) = A" (**) , n>O, (6.38) 
Yn YO 


i.e., the computation of the general terms x, and y, is reduces to the calculation of 
the powers of matrix A (see Theorem 6.8). 


It follows that 


Example 6.6 Find the limits of sequences (x,)n>0 and (yn)n>0, where 


esa = (1 —@)xn + Ayn 
Yat = Bxn + — B)yn, 


and @ and 6 are complex numbers with |1 — a — B| < 1. 


Solution The matrix of coefficients is 


a= (' —-a a ) ; 
Bp 1-6 
and its characteristic equation is A7 — (2-—a — B)A+1—a—£ =0, witha, =1 
and A7 = 1—a—f. wehave A; # A2 and |A2| < 1. By Theorem 6.8, it follows that 


A” =’ B+A5C = B+ (1—-a-— B)"C, 
hence 

lm A= B+ lim (1—a-—B)"C=B, 

n—> oo noo 


since 
lim (1 —a — B)” =0. 
n—->oo 


From (6.38) it follows that sequences (X7)n>0 and (yn)n>0 are convergent. Let 
x = lim x, and y= lim yy,. Also, from (2) we get 
n—->oo noo 
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where 


We conclude that 


Bxo + ayo 
a+f6 : 


lim x, = lim y, = 
n— oo n—- Oo 
Example 6.7 Define the sequences (Xn)n>0 and (yn)n>o by 


ase _ J13Xn + Yn 
2Yn41 = —Xn + V3yn, n= 0, 


where xg and yo are fixed real numbers. Show that (x,)n>o0 and (yn )n>0 are periodic 
of the same period. 


Solution Clearly, the matrix of coefficients is 


J3 1 cos— sin— 
A-| 2 2 ]H= 
1 V3 s 
ai — sin — cos — 
2 2 6 


A simple inductive argument shows that for all positive integers n 


wT . nn 
cos -e sin — 
n_ 
A= | nn nw 
— sin — cos — 
6 6 


It is clear that A!? = Jy and 12 is the smallest nonnegative integer with this 
property. Then A” = A”J, = A” A!? = A”+!? and from (6.38) we obtain Xn4+12 = 
Xp, and yj412 = y, and the desired conclusion follows. 


Remark 6.5 If the sequences (X,)n>0 and (yn)n>o are defined by 


Xn+1 = (COSt)Xy + (Sint) Yn 
Ynt1 = —(sint)xXn + (COSt)yn, n = 0, 


where f is a fixed real number, then the matrix of coefficients satisfies for all positive 
integers n 
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Aan ={ °° nt sinnt 
—sinnt cosnt)’ 
hence from (6.38) we get 


Xn = (cosnt)xo + (sinnt)yg and y, = —(sinnt)xo + (cosnt) yo. 


The sequences (Xn)n>0 and (yn)n>0 are periodic if and only if ¢ is rational. If 


t = — € Qisan irreducible fraction, then the common period is 2p. 
q 


Example 6.8 Let k be a positive integer. Prove that there exist integers x, y, neither 
of which is divisible by 7, such that x* + 6y* = 7*. 


Solution Take x; = y; = —1, and consider the following relations 
Xkt1 =X — Oye, Mert =xXe+ ye, &k=1,2,3,.... 
One can check that 
Xeni + Ye = TOE + Oyp), 
and 
Xk = Ye = (—1)* (mod 7). 


Hence, the integers x = xx, y = yx Satisfy the given condition. 
Example 6.9 Prove that 


(a) For each positive integer n there is a unique positive integer a, such that 


+75)" = Jan + Jan +4". 


(b) For n even, dp is divisible by 5 - 4”~—! and find the quotient. 
y q 


Solution Let (1 + /5)"” = x, + Van 5, where x, and y,, 1,2,..., are positive 
integers, and x; = 1, yj = 1. We clearly have 


Xnti t+ Yn V5 = (14+ V5)"4! = (14+ V5) + V5)” 
= (1+ V5) (in + ynV'5) = Xn + 590 + Cin + Yn)V5, 


hence (Xn)n>1 and (yn)n>1 Satisfy the system 


as =Xn+ Syn 
Ynt+1 = Xn + Yn- 
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(a) Clearly, dl > J5)" = Xn — yn, n= 1, 2 ane es hence 
a= SSO, MST ees 
If n is even, consider a, = a — 4” and we have 


Jan + Van + 4" = fx? — 4" 4/22 = /sy2 + x2 
= ynv5 + Xn = (1 + 5)", 


If n is odd, consider a, = 5 y? — 4” and we have 


Jan + Van + 4" = ,/5y2 — 4" + ,/5y2 = [x2 + [592 
= Xn + ynv5 = a + 5)". 


(b) Ifn is even, then we have a, = Ld —4"=5 vee where 


Yn WE [a 4/5)" = (1 — V5)"| 


_ 2” 14+ J5 é 1— J5 " _ 4n-1 
Lalt)-())-- 


where F;, is the nth Fibonacci number. In this case we get a, = 5 - Ae 
hence 5-4”! | a, and the quotient is F?. 


6.2.3.2. Second-Order Linear Recurrent Sequences 


Second-order linear recurrent sequences can be written conveniently as systems. Let 
(Xn)n>o be a sequence of complex numbers defined by 


Xn+1 = AXy + bxn-1, n=l, (6.39) 
where a, b, xo, x; are fixed complex numbers. Relation (6.39) is equivalent to 


eae = aXn + byn n>0 
Ynt+1 = Xn , a 


1 
where yo = Pac — axo) if b £ 0. The matrix of coefficients is 
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Au-(4 b 
“AL OF? 
with the characteristic equation A? — ad — b = 0 having the roots A, and A. 


If A; 4 Az, from Theorem 6.8.1) we get 


A” =A" B+MC, 


where 
1 1 _ 
R= A=ishi= a meee 
Ay —A2 Ay — ho 1 —h2 
and 
1 1 a-—r, b 
C= A-—A,h) = ———— : 
yr 1) A2—- AY ( 1 >) 


In this case after an elementary computation we obtain 


X1 — xoA X1 — Xo0r 
aie 1 ae, 1 Oy, ‘0, 
Ay — AQ Ay — AQ 


i.€., Xp is a linear combination of Ai and 44. It follows that 
Xn = QA} +0205, n=O, (6.40) 
where coefficients a1, @2 are obtained from the system 
a, +a2=xXx9, Ala) +A2Qa2 = x}. 
If A, = Az, in similar way from Theorem 6.8.2 we get 
A" =i B+ni'c. 
In this case it follows 
Xn» =(an+ By, n=O, 


where 6 = xo and (a + B)A, = x1. 
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6.2.3.3 Matrices and Pell’s Type Equations 


Let D > 2 be a positive integer, which is not a perfect square. Pell’s equation is 
defined by the following Diophantine equation [7] 


x? — Dy* =1, (6.41) 


It is well known that the equation (6.41) has nontrivial solutions in positive integers, 
i.e., solutions (x, y) ~ (1,0). For the pair (x, y) of positive integers we consider 


the matrix 
x Dy 
ee 
y x 


Denote by Sp the set of all positive integer solutions of (6.41). Then (x, y) € Sp 
if and only if det A(,,y) = 1. Also, (x, y) # C1, 0) if and only if Ay, y) A Jo. In what 
follows we want to describe the set Sp of all solutions to (6.41) by using matrices. 
The following relation holds: 


Awx.,y) : A (u,v) = A(xut+Dyv, xv-+tyu): (6.42) 


Taking determinants in (6.42) we get the following multiplication principle: If 
(x, y), u,v) € Sp, then (xu + Dyv, xv + yu) € Sp, ie., if (x, y), (u,v) € Sp, 
the product A(x,y) - Aqw,v) generates the solution (xu + Dyv, xv + yu). 

Let (x1, yi) € Sp be the fundamental solution of (6.41), i.e., (41, y1) # C1, 0) 
and x; is minimal. For any positive integer n, we have 


det A? (det A(x,,y,))” = 1. 


(x1.91) — 


By the multiplication principle, Ate, y) Senerates a sequence (Xn, Yn) Of solu- 


tions, where 
Xn Dyn 
Al l= ( n ) n> 1. 
(x1,y1) i Be 


n 


‘aan it follows the recursive system 


From relation Aes) = Acry,y)A 


as = X1Xn + Dy yn (6.43) 


Yat] =YiXn +X1yn, n=l. 


The system (6.43) can be written in the following equivalent matrix form 


() = -) (*) . eek 
Yn+1 yl 1 Yn 
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Xn\ _ gn-1 xX] 
(":) = an GS) 


The characteristic equation of matrix A(,,,y,) 18 


hence 


—2xjA+1=0, 
with Ay.9 = xy + ren —1= x, + y,/D. From Theorem 6.8.1) we get 


Ant =a B+ at lc, 


(x1,91) 


where 
1 1 x1—A2 Dy 
B= (Ac,.y - ah) = = ( 
Ay dg HY 2y1/D yi x1 —A2 
1 1 xj—A, Dy, 
Cz gsi —-uMh)=— ( ; 
Ay — A2 one 2y,/D Yo x1 A 
It follows 
1 
Xn = 2 [ox + yiv DY" + (x1 — vivD)"] 


(6.44) 


1 
Yn = JD [oe + yiVD)" — (1 — yi VD)" ] », nel. 


It is clear that formula (6.44) can be extended for n = 0 and in this case we find 
the trivial solution (xo, yo) = (1, 0). 

Now, let us prove that in this way we generated all solutions in positive integers. 
Let (x, y) € Sp be a solution in positive integers. Without loss of generality we can 
assume that (x, y) is minimal (i.e., x is minimal) solution which has no form (6.44). 
Then, from the multiplication principle, it follows that A, Ae y1) Senerates the 


solution (x’, y’), where 


(ee = xjx — Dyyy 
yl =—yix +x1y 


with x’ < x and y’ < y. We get that (x’, y’) must be of the form (6.44), oe 
Aw, An. i= Ak, v0 for some integer k > 0. Hence, Aq») = Ae yt)? 
i.e., (x, y) is of the fom (6.44) with n = k. 
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6.2.3.4 Solutions of the Equation ax? — by? =1 
Here we discuss the positive integers solutions of the equation 
ax? —by* =1. (6.45) 


Clearly, if ab is a perfect square, then this equation has no integral solutions. 
If ab is not a perfect square, then we define the Pell’s resolvent of (6.45) by 


u> — abv = 1. (6.46) 


For a pair (x, y) of positive integers we consider the matrix 


x by 


Let Sz,» be the set of all solutions in positive integers to the equation (6.45). Then 
(x, y) € Sa,» if and only if det Bq, yy = 1. The following relation holds: 


Bix, y) A u,v) = Bocutbyv, axv+yu)> 


where A(y,y) denotes the matrix for the solution (u, v) of Pell’s resolvent (6.46). 
Taking determinants in the above relation, from (6.45) we deduce that if (x, y) € 
Sa,p and (u,v) € Sap, then (xu + byv, axv + yu) € Sqa.p, ie., the product 
Bo,y)Aq,v) gives the solution (xu + byv, axv + yu) of (6.45). 

Assume that (6.45) has an integer solution, and let (xo, yo) be the minimal 
solution (i.e., x9 is minimal) in positive integers. Then all solutions (xy, y,) in 
positive integers are generated by 


Bexn Yn) _ Boxo,y) AG n= 0. (6.47) 


(u,v)? 


Indeed, from multiplication principle all pairs (x,, y,) generated by (6.47) are 
solutions of (6.45). Conversely, if (x, y) € Sg.p is a solution of (6.45), then 


B. oBo! . = (* 2Y) (40 —4y0) _ ( 4x0 — byyo b(xyYo — yxo) 
9)" (xo,y0) = _ = —pb : 
y ax yo xo a(yx9 — Xyo) axxo — byyo 
Passing to determinants, we get 


(axxo — byyo)” — ab(xyo — yxo)* = 1, 


—1 


i.e., Bix.y) Boro, yo) 


generates a solution to Pell’s resolvent (6.46), i.e., we have 


1 k 
Bix,y)B Aa ays 


(x0,Y0) 
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for some positive integer k. It follows that if equation (6.45) is solvable, then all its 
solutions in positive integers are given (xy, y,) in (6.47), Le. 


{= = x0Un + byovn (6.48) 
Yn = Youn + axon, n=O, 
where (Un, Un)n>o is the general solution to Pell’s resolvent. 
The special case b = | gives the negative Pell’s equation 
ax = = 1, (6.49) 


If this equation is solvable, then all its solutions in positive integers are generated by 
Box. yo) AG n = 0, where (xo, yo) is the minimal solution of (6.49) and Bio, yo) 


(u,01)? 
XO yO 
B = : 
(x0.Y0) & -) 


is the matrix 
Here (uj, v;) is the fundamental solution to Pell’s resolvent u2 — av* = 1. The 
recurrence system describing these solutions is 


Xn = XQUn + YOUn 
Yn = Youn +axoun, n=O. 


Example 6.10 Find all solutions in positive integers to the Pell’s equation 
i= Dy? —a i 


Solution The fundamental solution of this equation is (x;, yj) = (3, 2), while the 
matrix generating all solutions is 
34 
A = : 
(3,2) € ) 


The solutions (x,, yn)n>0 are given by AG 2)» i.e., we have 


Xn 


: [G+ 2v2)" + G -2v2)"| 


1 n n 
Yn agg [G+ 2¥2 — (3 — 24/2) |.n20. 
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6.2.4 Sequences Interpolating Geometric Inequalities 


Here we present applications given in [20], where interpolating sequences are con- 
structed to generalize many classical triangle inequalities due to Euler, Mitrinovic¢, 
Weitzenboéck, Pélya-Szegé, or Chen. 

For the real numbers a < b, a sequence (un) n>0 is called increasing interpolating 
sequence for a < b, if it is increasing anda = up < uy <...< Uy, <... < band 
un — b. Similarly, a sequence (vy )n>0 1s a decreasing interpolating sequence for 
a<b,ifa<...<u, <...<vj < v9 =bDandyy, > a. 

Let ABC be atriangle having angles A, B, C (measured in radians), length-sides 
a,b,c, circumradius R, inradius r, semiperimeter s, and area K. 

For the fixed nonnegative real numbers x, y, z with x + y+ z = 1, we define 
recursively the sequences (An) n>0, (Bn)n>0, (Cn) n>0 by 


Any) =XAn + yBn+ zZCn 


Bayi = 2ZAn +xXBn + yCn 
Cn4i = YAn + ZBy +xXCh, 


where Ag = A, Bo = B, Co = C,n = 0,1,.... For convenience, we denote 
the triangle ABC by 7p, and by T,, the triangle A, B,C,, having the length-sides, 
circumradius, inradius, semiperimeter, and area denoted by ay, bn, Cn, Rn, Wns Sn> 
Kn, respectively. Note that A,, Bn, Cy > 0 and Ay, + By + Cy = 2, while the 
triangles 7,, = 0, 1,..., can be shown to have the same circumcenter. 

The first result is contained in the following theorem. 


Theorem 6.9 With the above notations, if at most one of x, y, z is equal to 0, then 
the sequences (An) n>0, (Bn)n>0; (Cn)n>0 are convergent and 


lim A, = lim B, = 
n—>oo n—->oo 


. TA 
lim C,=—. (6.50) 
N—> OO 3 


I 


Proof It is easy to see that the following matrix relation holds: 


An A 
B,) =U"{)B), (6.51) 
Ch GC 


U= zx yl. (6.52) 
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A simple induction argument shows that 


Xn Yn Zn 
= Zn Xn Yn] > (6.53) 


Yn Zn Xn 


where the sequences (Xn )n>1, (YWn)n>1, (Zn)n>1 Verify the recursive relations x,+1 = 
XXn + YYn + 2Zn; Vnt = ZXn +XVn + Zn; Zn+1 = VXn + Zn + XZ, XL =X, VL = 
y,Zj =7z,n =1,2.... By summation xy+41 + Yn41 + Zn41 = Xn + Yn + Zn, hence 
the sequence (X, + Yn + Zn)n>1 iS equal to 1. 

On the other hand, the characteristic polynomial of the matrix U is 


fu) = (t—x-y- DP + t72—-2xt tx +y?+22—xy—yz—zx). (6.54) 
The hypothesis x + y + z = | implies that the roots of the polynomial fy are 
ti =1,h =a, =a, wherea € C \ Rand |a| < 1. It follows that we have 

100 
BSP (gO PR; (6.55) 
00a 
for some nonsingular matrix P. Therefore, we obtain 


n o| pol, (6.56) 
n 


and we get 
Xn = atba"+ ca”, yy = al +d'o" +O", ty =a" +b"a" +c"a",n =1,2,.... 


for some real values a, b, c, a’, b’, c’, a”, b", c’ determined by the initial conditions 


for (Xn)n>1, On)n>1, En)n>1- Because lim a” = lim a” = 0, from the above 
noo n—->oo 


formulae it follows that the sequences (x,)n>1, (Wn)n>1, (Zn)n>1 are convergent and 


lim x, =a, lim yy =a’, lim z, =a". 
n—>oo n—>oo n—>oo 


From x7) + Yn + Zn = 1,n = 1,2,..., we obtain a +a’ +a” = 1. On the other 


hand, the relation (2.7) shows that the eigenvalues of the matrix U” are 1, a”, a”, 
that is the characteristic polynomial fy» of the matrix U” is 


fun (t) =(@¢ — Xn — Yn — Zn): 


[? ae On + Xp — 2Xp)t + ie a y2 an ze — Xn Yn — Ynfn — Zntn | , 
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and by Vieta’s relations we have ee + y2 + Zz —XnYn — YnZn — ZnXn = |a|*". When 
n — 00, we obtain the relation a? + (a’)? + (a”)* — aa! — a'a" — aa = 0, ie., 
(a—a')*+(a' —a")*+(a" —a)* = 0. Therefore a = a! =a" = i. and the desired 
result follows from the relation (2). oO 


We illustrate the above general iterative process by a special geometric case. 
Recall that if P is a point in the plane of the triangle ABC, the circumcevian 
triangle of P with respect to ABC is the triangle defined by the intersections of 
the cevians AP, BP, CP with the circumcircle of ABC. We consider A; B,C, to 
be the circumcevian triangle of the incenter J of ABC, i.e., the circumcircle mid-arc 
triangle of ABC. In this case we have 


1 1 1 
A,=7(B+C), B= =(C+A), Cr= (A+B), 
2 2 2 
that is in the general iterative process we have x = 0, y = 5. — 5. On the other 
hand, because A + B + C = 7, we have 


Ai =5(r-A), By = 5( —B), OL a eG). 
Define recursively the sequence of triangles 7;, as follows: 7,41 is the circumcircle 
mid-arc triangle with respect to the incenter of 7,, and 7o is the triangle ABC. 
The angles of triangles 7,, are given by the relations Aji) = 5 (x — An), Bna4i = 
(0 — Bn), Cnt1 = 5( — Cn), where Ap = A, Bo = B, Co = C. Solving these 
recurrence equations we get 


and the conclusion in Theorem 6.9 is verified. 
As direct consequences, we provide the following results. 


Proposition 6.4 (Theorem 3.2 in [20]) With the above notations the sequence of 
inradii (Tn)n>0 is increasing and we have 


: R 
lim r, = ~. (6.57) 
noo 2 
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Proof Using the known formula % = 4sin 4 sin 8B sin $ we have to prove the 
following inequality: 
A n B n C, n A B C, 
i ip gi > sin — sin — sin —. (6.58) 
2 2 2 2 2 2 


Denote An =u, Bn =v, & = ¢ and the inequality (6.57) is equivalent to 


sin(xu+ yu+ zt) sin(zu+xu+ yt) sin(yu+zvu+xt) > sinusinvsint. (6.59) 


To prove the inequality (6.59), let us consider the function f : (0, 7) > R, defined 
by f(s) = Insins, which is concave on the interval (0, 2). Applying the Jensen’s 
inequality we get the inequalities 


f(xu+ yu+ zt) = xftu) t+ yf(v) + zf@), 
f(ut+xut+ yt) = zfu)+xf(v) + yf), 
f(yu+zv+xt) = yf) + zf(v) + xf). 


Summing these inequalities and since x + y + z = 1, the inequality (6.59) follows. 


From = 4sin 42 sin 2« sin © we obtain the limit (6.57). oO 
R 2 2 y} 


Corollary 6.2. With the above notations, the sequence of inradii (7n)n>0 is an 
increasing interpolating sequence for Euler’s inequality, i.e., we have 


NI] > 


r=ror<...<mn<...< 


(6.60) 


Another interesting application is an interpolating sequence for the classical 


inequality s < 33 R of Mitrinovi¢c. This is involved in the following refinement 
to Euler’s famous R > 2r inequality 


3V3r <5 < er 


The general Theorem 6.9 is here used to construct an increasing interpolating 
sequence for the Mitrinovic’s inequality, and a decreasing interpolating sequence 
for its counterpart. 


Proposition 6.5 (Theorem 4.3 in [20]) 


1° The sequence of semiperimeters (Sn)n>0 is increasing and we have 


3/3 


im 4 =— Rk. (6.61) 
n—>0o 2 
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2° The sequence (*)n>0 is decreasing and 
n = 


lim ©" = 34/3, (6.62) 
N>OO Fp 

Proof 

1° The function g : (0,7) — R, g(u) = sinu is concave on (0,7) and 


Sp = R(sin A, + sin B, + sin C,). By Jensen’s inequality we obtain sin An41 = 
sin(xA, + yB, + zCn) > xsin Ay, + ysin By, + zsinC,. Similarly, we get 
the following two inequalities: sinB,+; > zsinA, + xsin By, + ysinCy, 
sinCn4+1 > ysinA, + zsin B, + x sinC,. Summing up these inequalities, it 
follows that s, < 5,41. The relation (im Sy = wR follows by Theorem 6.9. 


2° From the relation cot a = == and the other two, we obtain 


A B C, 35, — 2 
Bi n chopet n Bue no Sn Sn _ Sn : 
2 2 2 ln Tn 


Because the function )(u) = cot u is convex on the interval (0, a) with a similar 
argument as in the proof of part 1°, it follows 


A B C, A B 
cot om + cot - + cot > < cot % + cot . + cot a 


that is Stl < “. The limit lim * = 3/3 follows from Theorem 6.9. 
n+l Tn noo /n 


Corollary 6.3 


1° The sequence of semiperimeters (Sn)n>0 is an increasing interpolating sequence 
for the Mitrinovié’s inequality, i.e., we have 


~< Sy <... < ——R. (6.63) 


2° The sequence () n>o ls a decreasing interpolating sequence for the counterpart 
n bord 
of Mitrinovié’s inequality, i.e., we have 


ag eo 2S. Bee eee (6.64) 
r 
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6.3 The Periodicity of Complex LRS 


This section is dedicated to the study of geometric patterns produced by complex 
linear recurrent sequences of arbitrary order. The context is general, allowing 
for arbitrary initial conditions and recurrence coefficients. Throughout, orbits are 
visualized in the complex plane to illustrate the theoretical results. 

Under certain conditions, linear recurrent sequences can be periodic. Sufficient 
conditions for periodicity are formulated in [141] for generalized Lucas sequences 
over an associative ring with identity, or in [162] for arbitrary sequences over 
algebraic number fields. An extensive list of periodic recurrent sequences is detailed 
in [62, Chapter 3], with an emphasis on sequences defined over finite fields. 

In this section necessary and sufficient conditions for the periodicity of the 
sequence (Xx;,)n>0 are established, when the roots of the characteristic polynomial 
(6.10) are all distinct, all equal, or when the distinct roots have arbitrary multi- 
plicities. Without loss of generality, it is assumed that recurrence order cannot be 
reduced, therefore a, 4 0. 


6.3.1 Distinct Roots 


Here we give sufficient and necessary conditions for the periodicity of (Xn)n>0, 
when the characteristic polynomial (6.10) has distinct roots. 


Theorem 6.10 (sufficient condition for periodicity) Let z,,..., Zm be distinct kth 
roots of unity (m < k) and let the polynomial P. be defined as 


P(x) = (x — z1)(% — z2)-+*(X¥-—Zm), =x EC. (6.65) 


The recurrent sequence (Xn)n>0 generated by the characteristic polynomial (6.65) 
and arbitrary initial conditions 


Xj =a;EC, i=l,...,m, (6.66) 


is periodic. 


Proof The sequence (x,)n>o0 having the characteristic polynomial (6.65) satisfies 
the linear recurrence equation 


Xn = A\Xpn—1 + 2Xn-2 + +++ +AmXn-m, msneN, (6.67) 
with the coefficients aj,...,da, given by aj = (—1)'-!5;(z1,..-,Zm), where 
Si(Z1,---;Zm) represents the symmetric sum of products having i (unordered) 


factors chosen from zj,..., Zm- 
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From Proposition 6.1, the sequences 


film) S zi, f2(n) = 25, ser ay fin) = Zins 


form a basis in the vector space V of solutions of the recurrence relation (6.67), 
therefore the nth term of the sequence can be written as the linear combination 


he = Ai + Age pate Aye (6.68) 


The coefficients A;,..., Aj can be obtained from (6.68) and the initial conditions 
(6.66) by solving the system of linear equations 


a, =A, +A2+---+Am 
a2 = A,zy + A2z2+---+ AZm 


Om = Ayr | + Ags hfe. + Arm, 

AS Z1,.--, Zm are kth roots of unity, z? = an i=l,...,m, hence x, = Xn+k, 
n € N. This shows that the sequence (x7 )n>0 1s periodic and its period divides k. 
The period is given by the formula [ord(z1), ord(z2), ..., ord(Zm)], where ord(z;) 
denotes the order of the root z; and [b), ..., bm] denotes the least common multiple 
(Icm) for a given set of integers b1,..., bm. 

A procedure that allows the direct computation of sequence terms using elemen- 
tary matrices and operations is detailed below. The initial condition (6.66) can be 
written in matrix form as 


1 l1o-e. d 
Al Al Qa) 
Z Zz Zz 
S - “4 A2 A2 ata 
ca 2a tt Sm : = Vinsm(Z1, wes Zn) ‘ = 5 , (6.69) 
= a ‘ A A a 
cK 1 rs DD os 2. go m m m 
where Vnm(Z1,---; Zm) denotes the Vandermonde matrix defined as 
1 1 1 
Z1 Z2 +°' &m 
Vim (Z1, ear Zm) _ : P : 2 (6.70) 
‘A ai -1 
1 2 ‘i 
As the numbers z1,..., Zm are all distinct, the determinant of the square Vander- 


monde matrix given in (6.70) yields [86] 
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det (Vim (Els--szm)) = I] (zj — zi) #0. 


l<i<j<m 


By Cramer’s rule [127], the unique solution of (6.69) is given by 


det (Vin wees Zm, O11, )) 


Aj = , t=l1,...,m, (6.71) 
det (Vnm(ar teey cn) 
where matrix Ve m 1s obtained from Vj, m(Z1,.--, Zm) by replacing the ith column 
with (a1, ...,@m)_/. The first N terms of (Xn)n>0 are given by 
Al x0 
A2 xX] 
Vn (Z1,-++5 Zm) : = : : (6.72) 
Am XN-1 


Figure 6.1 illustrates the periodic orbits of sequence (X,),>0 obtained from the 
recurrence formula (6.67) (diamonds), or direct formula (6.72) (circles) when 
selecting (a) m = 3 and (b) m = 5 distinct roots respectively, from the seventh 
roots of unity. A numerical method for the direct computation of sequence terms 
with a given index set J = {i1,..., in} is given in the Appendix. oO 


Fig. 6.1 First 15 terms of (xn )n>0 computed from the recurrence relation (6.67) (diamonds) and 
direct formula (6.72) (circles), for (a) m = 3, zj = et Ci“), and aj = 5e 5 +3), J=1,2,3; 


(b)m=5,zj = eri for j = 1,2,5,6, 7anda; = 30°F +), j=1,...,5. Also shown, initial 
conditions (stars), generators (squares), unit circle S (solid line), orbit direction (arrows) 
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Theorem 6.11 (necessary condition for periodicity) Let us assume that the roots 
Z1,---,2Zm Of (6.65) are all distinct. The recurrent sequence (Xn)n>0 having the 
characteristic polynomial (6.65) and initial conditions a, ..., Q@m is periodic only 
if there exist k € IN positive such that 


Ait —1)=0, i=1,...,m, (6.73) 


where A,,..., Am are computed from formula (6.71). 


Proof Let us assume that the sequence (x,),>0 is periodic and let k € IN be the 
period. Under this assumption, the periodicity can be written as 


Xn =Xn+kr, Woe. (6.74) 


For distinct roots z1,..., Zm the formula (6.68) of the general term x, and (6.74) 
give 


Xn = Ayzi + Aozs +--+ + Amz, 
= Apt AaB th tt Amztt* = xnig, Wn eN, 
or equivalently 


Xn+k — Xn = Ai (zi _ zi + Aa(Z5 —_ 1)z3 a elie Amin = DZn =0, 
(6.75) 


valid for all n € IN. Writing (6.75) for n = 0,...,m — 1 one obtains the system 


Ay(zk — 1) 0 
Ao(z5 — 1) 0 
Vinym (Z1, ++ +5 Zm) . = . 
Am(z*, — 1) 0 
As det Vin.m(Z1,---, Zm) ¥ 0, the system has the unique solution 


Ack —1)=0, i=l,...,m, 


which confirms (6.73). For each i = 1,...,m there are two possibilities: either z; 
is a kth root of unity, or it doesn’t appear in the formula of the general term (6.68) 
(in this case A; is zero). The only nondegenerate solution of (6.75) (produced when 
each generator has a nonzero contribution) satisfies 


k k k 
qHyQe-=7, =1 


in which case z1,..., Zm are distinct kth roots of unity. oO 
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6.3.2 Equal Roots 


Here we present sufficient and necessary conditions for the periodicity of (xn)n>0, 
when the m roots of the characteristic polynomial (6.10) are equal. 


Theorem 6.12 (sufficient condition for periodicity) Let z be a kth root of unity, 
m a natural number, and let the polynomial P._ be defined as 


P(x) =(x-—z)”", x €C. (6.76) 


The recurrent sequence (Xn)n>0 generated by the characteristic polynomial (6.76) 
and initial conditions (6.66) is periodic when 


A2 = A3=---=Am =0, 


where Aj,..., Am are the coefficients of (Xn)n>o in the basis defined in Proposi- 
tion 6.2. The sequence (Xn)n>0 is divergent otherwise. 


Proof Similar to Theorem 6.10, the sequence (x,)n>0 satisfies the linear recurrence 
equation (6.67), for the coefficients a), ...,@m given by 


i-(™)\ i. 
a; = (-1) G2 i=1,...,m. (6.77) 
i 
From Proposition 6.2, the sequences 


fi(™) = Zz fon) = NZ, Mune fin(n) — ninlzn 


form a basis in the vector space V of solutions of the recurrence relation generated 
by the characteristic polynomial (6.76), hence the nth term of the sequence can be 
written as 


Xn = Ayz® + nAgz?t+---tn™!A,z". (6.78) 


For Aj; = 0,7 = 2,...,m, we have x, = A1z”, so the sequence (X,)n>0 is periodic. 
Whenever there is i > 2 such that A; 0, the behavior of x, is dictated by the 
divergent coefficient n' A; of z”, hence (Xn)n>0 diverges. 

This property is illustrated in Figure 6.2, where it is shown that the sequence 
can either be (a) periodic or (b) divergent. Some asymptotic properties of divergent 
sequences generated by roots of unity are presented in Section 4.1. 

Coefficients A1,..., Am are obtained by (6.78) and the initial conditions 
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5) (a) 


Rez 


Fig. 6.2 First 16 terms of sequence (X7)n>0 computed from the recurrence formula (6.67) 
(diamonds) and direct formula (6.82) (circles) for m = 3, z = e'> and initial conditions (a) 


a= es 4/3, Jj = 1,2,3; (b) aj = etd /3, j = 1,2,3. Also plotted are initial conditions 
(stars), generators (squares), and unit circle S (solid line). Orbit’s direction is indicated by arrows 


a; =A 
a2 =A,+A2+---+Am 


am = Ay! + (m — Az"! +++ + (m— yl Age. 


A procedure that allows the direct computation of sequence terms using elemen- 


tary matrices and operations is detailed below. The initial condition can be written 
in matrix form as 


1 0 ee 0 
Z 2 _ : Al Al ay 
_ A2 A2 a2 
2 27? Some gm 1,2 - Vin.in (2) _ 
n=l (m — 1yzn-! sat (am = jn gm Am Am Amn 
(6.79) 
where the matrix V, (z) is defined by 
1 0 tee 0 
x Zz eae Zz 
Vam(z) = | 2 22% vee DNR (6.80) 


zn-l (n— Iz"! xh tS 0 ler ail 


Collecting the powers of z, the determinant of (6.80) for n = m is 
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n(n—1) n(n—1 
det Vpn(2) =z"? det (Vin(0,....0— 1) = 2 I] G-a40 


O0<i<j<n-1 


where VO is the transpose of the Vandermonde matrix (6.70). Simple computations 


show that (6.80) can be computed numerically as 


1 O 0) 1 lose J 
a a | > gum = 

Vn,m(Z) = 1 2 ae wok Ze a a z 3 
1 n ] 1---™— jm al = ewe al 


where .« denotes the element-by-element product of matrices from Matlab®, and 
expressed in terms of Vandermonde matrices as follows: 


Vpm(Z) = Vnm(Z-+++2).* Ve, (0,1,...,2— 1). 


By Cramer’s rule and det Vin, 4 0, the unique solution of (6.79) is 


det (Van (Z, Q],..., un)) 


Aj = , t=l,...,m, (6.81) 
det Vinzm (z) 


where Vi, , is the matrix obtained by replacing the ith column of Vm» m(z) with a7. 


The first N terms of the sequence (x, )n>0 are given by 


Aj XO 
A2 xi 

Vn (z) . = . : (6.82) 
Am XN-1 


The terms of the sequence (x,,),>0 can therefore be obtained in two alternative ways: 
either from the recurrence relation (6.67) using the coefficients given by (6.77), or 
directly from formula (6.82). oO 


Theorem 6.13 (necessary condition for periodicity) The recurrent sequence 
(Xn)n>o0 having the characteristic polynomial (6.76) and initial conditions (6.66) is 
only periodic when 


Ay(zé—1)=0, Ap =A3=---=Am =O, (6.83) 


where A,,..., Am are computed from formula (6.81). 
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Proof Let us assume that the sequence (x, )n>0 is periodic and let k € IN be the 
period. The periodicity condition and formula (6.78) for the general term of (Xn )n>0 


give 
Xy = (Ay +n Ag +--+) +271 A,,)2" 
= (Ar + (ntk)Agtee + (n+) 1 Am)2"* = xnge, Va eN. 


Writing the periodicity condition as xn4% — Xn, = 0, one obtains 
[A (ct - 1) $e t Am (zn + Qt = nt) k =0, WEN. 


For a fixed value of z € C, this is a polynomial of degree m — 1 inn 
O(n) = Bo+ Bin+---+Bmn—in™ | =0, WneN. 


As Q(n) has infinitely many zeros, this has to be a null polynomial, therefore 


Bo = Ai (zk — 1) + Ankzk + Ask? 2 +--+ + Amk™ I zk = 0, 
By = Ap (zk — 1) + Aa (i)kz* + Ag({)R2ck +--+ + Am (|) 22k = 0, 
B; => Aj4+i ta = 1) + Aj+o(2* "kz! a Am raz = 0, 


Byn-1 = Am Ce = 1) = 0. 


The above linear system in Aj, A2,..., Am can be written in matrix form as 
aot kee Rg ae Eig 
k k m—2,k | | Al 0 
O z*—1 2kz* ---(m—1)k"-*z A 0 
—1 = 2 
OD ogra (% ere tl pal ls (6.84) 
: : : ; Fe 0 
0 0 O --  ge-1 id 


and two distinct situations emerge. 


1. If cz — 1 ¥ 0 the determinant of the homogeneous system (6.84) is not zero, 
hence the system has the unique solution Aj = --- = Ay, = 0. 
2. When z* = | the above system is reduced to 


k k2 3 ats Emi 
0 2k 3k2 --- (m — 1)k™-? ie : 
-1 = 3 
00 Ske" le it = 
Ay 0 


00 O-- (™)k 


234 6 Higher Order Linear Recurrent Sequences 


As the determinant of the matrix is (m — 1)!k” + 0, the above homogeneous 
system has the unique solution Az = --- = A,, = 0, while A, can be arbitrary. 
Both situations are captured in formula (6.83). 
oO 


6.3.3 Distinct Roots with Arbitrary Multiplicities 


Here sufficient and necessary conditions for the periodicity of the recurrence 
sequence (X,)n>0 are presented in the general case, when sequences have a 
characteristic polynomial with roots of different multiplicities. a 


Theorem 6.14 (sufficient condition for periodicity) Let 2 < m < k and 


d\,...,dm be positive integers, Z1,...,2Zm distinct kth roots of unity and the 
polynomial 
P(x) = (& = 21) (x — 29)? + — ms), x EC. (6.85) 
The LRS (Xn)n>0 having the characteristic polynomial (6.85) of degree d = d, + 
-++-+ dy and initial conditions xj~| = oj, i = 1,..., d is periodic when 
Aij=0, Ls<ism, 2<j<d, (6.86) 


where Ajj (1 < i < m,1 < j < dj) represent the coefficients of (Xn)n>0 in the 
basis defined in Theorem 6.3. The sequence (Xn)n>0 is divergent otherwise. 


Proof The sequence (x; )n>0 satisfies the linear recurrence relation of order d below 
Xn = A{Xn—1 + G2Xn-2 +++ t+ agxXn-a, d<neN, (6.87) 


whose coefficients are given by aj = (—1)'-!5;(Z), i = 1,...,d where S;(Z) is 
the symmetric sum of products having i factors chosen from the multiset 


Zi nt yh s Operas Riaens Smyeses Sale 
——$— S/S — | 
d, dy dm 
From Proposition 6.3, the sequences 
fig(n)=ni"z}, lsism, 1<j<di, (6.88) 


form a basis in the vector space V of solutions of the recurrence relation (6.87), 
therefore the nth term of the sequence can be written as 
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m 


Xn = > (40 + nAin tes -tntl Aig) 2. (6.89) 
i=1 


When the condition (6.86) is fulfilled, formula (6.89) of x, reduces to 
Xn = Ayizy + Aziz5 +--+ + AmiZm> 


which is similar to (6.68) discussed in Theorem 6.10, which is periodic for distinct 
Z1,---, Zm- AS illustrated in Figure 6.3a, the sequence may be periodic even when 
dj = 2,i =1,...,m. When any of the coefficients Ajj, 1 <i <m,2< j < dj 
does not vanish, the polynomial (6.89) in n is not constant, therefore the sequence 
(Xn)n>o diverges as depicted in Figure 6.3b. A detailed explanation of this behavior 
is presented in Theorem 6.15. 

A procedure allowing the computation of sequence terms using elementary 


matrices is detailed below. For m,n € WN, z,.--,Zm = (Z1,--->Zm), and d = 
(d,,..., dm) one can define the matrix 
10--- QO |.-- 1 QO: 0 
Z1 Z1 i he Z1 792m Zm Sa Zm 
25,2 d\—1,2 2 5,2 dn—-1,2 
Whrtl,d(Z1,+++5%m,d) = | %1 22] ane 27/0" " <n iby PT Ba 
ae (ae ae a cd ace (va a 
The above matrix can be constructed using the matrices V,,4,(zi),i = 1,...,m 


defined by formula (6.80), as 


Im z 


Rez 


Fig. 6.3 First 31 terms of sequence (xn)n>0 computed from the recurrence relation (6.87) 
(diamonds) and direct formula (6.92) (circles) for z1) = es, 2= ee, d, = dy = 2 and 
initial conditions (a) aj = 2eo J, P= Wnemca 4; (b) aj = 2e7 /, j=1,...,4. Also plotted are 
initial conditions (stars), generators (squares), and unit circle S (solid line). Arrows indicate the 
increase of sequence index 
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Wh, d(Z1,+++5Zm,d) = (Vad; (21) oa Vue (em) . 


The columns of the above matrix represent the first n + 1 terms of each member 
of basis (6.11) so they are linearly independent, therefore for d = n + | we have 
det Waa 4 0. 

The coefficients Ajj, 1 < i < m, 1 < j < dj; are computed from the initial 
condition xj_; = aj, i = 1,...,d, written with the help of formula (6.89) as the 
linear system 


T 
Wa, a(z1,--+,%msd) (Ai +++ Ata, |+++|Ami «++ Amd, ) = (1,---,04)". 
(6.90) 


Using Cramer’s rule and that det Wa,g 4 0, the above system has the unique 
solution 


det (1, g(ete rtm At -- 00m) 
Aij = g BS Vyscy 5 (6.91) 


det (Waste see Sms a) 


where Wi g(Z1, ..+5Zm,Q,Q1,...,@m) is the matrix obtained by replacing the 
ith column of Wg, a(z1,-..,Zm,d) by (@1,..., am)! , with 1 computed from the 
formula! = d, +---+dj-1+ j. 

The first NV terms of the sequence (x7 )n>0 can be obtained by 


T 
Wy, (21, +++ Zm,@) (Ar +++ Aig |--:|Ami-** Aman) = . (6.92) 
XN-1 


The terms of the sequence (x,)n>0 can be obtained in two alternative ways: from 


the recurrence relation (6.87), or directly from (6.92). oO 
Theorem 6.15 (necessary condition for periodicity) Let 2 < m < k and 
d\,...,dm be natural numbers. The recurrent sequence (Xn)n>0 having the char- 
acteristic polynomial (6.55), degree d = d, + ---+ dy and the initial conditions 
xXj-1 = aj, i =1,...,d, is periodic only if 

Anti -—1I)=0, i=1,...,m, (6.93) 


Ajj =0, j=2,...,di, 


where the coefficients Aj; are computed from (6.91), for! <i<m,1< j < dj. 
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Proof Assume that the sequence has periodicity k € IN. The formula (6.89) of 
the general term for the sequence (x,),>0 can be combined with the periodicity 
condition xn+4 — Xn = 0 to give 


m 


> [An (ci = 1) +--+ Aig, (kn + Ka! _ i) ke = 0, (6.94) 


i=l 


which holds for n € IN. By Proposition 6.3, the sequences (z})n>0, «- +5 (Zin )n=0 
are linearly independent, hence their coefficients in (6.94) are zero, i.e., 


An (zf 1) +--+ Aig (2h +947! — 41) = 0, (6.95) 
fori = 1,...,mandn € N. As it was already illustrated for the case of a single root 
with arbitrary multiplicity presented in Theorem 6.13, for each value i = 1,...,m 
the only solutions of (6.95) are 
1. zk #1 when Aj) = Ajo =--- = Aja, = 0, 

2; rai = | when Aj; is arbitrary and Ajz = --- = Ajg, = 0. 


This confirms that (6.93) holds. The only nondegenerate solution of (6.94) (each 
root appears explicitly) satisfies 


zk = ck... = ek = 1, 


in which case z1,..., Zm are distinct kth roots of unity. oO 


The periodicity conditions presented in this section can be used to analyze 
and classify the geometries of self-repeating orbits, as well as to enumerate the 
sequences having a finite orbit. 


6.4 The Geometry and Enumeration of Periodic Patterns 


In this section we examine the geometry and number of periodic orbits. First, we 
explore geometric bounds, then we examine the length of periodic orbits. Finally, 
we count the periodic orbits, extending the results in Chapter 5. 


6.4.1 Geometric Bounds of Periodic Orbits 


Here we derive outer bounds for periodic generalized Horadam sequences. 


Theorem 6.16 Let 2 < m < k and dj,...,dm € N. Let (Xn)n>0 (6.87) be a 
complex LRS. Assume that the roots z, ..., Zm of the polynomial P. defined in (6.85) 
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Fig. 6.4 Orbit of sequence (Xx,)n>0 computed from formula (6.89) (circles) for m = 3 simple 


2 3 ; 6 fod sus 2aig 
roots (a) zy = e277! 8, zy = e27'8, 23 = e7"'8 and initial conditions aj =2e 6/, j =2,3, 6; (b) 


2ni 6 127i 2ni Ani 6zi 
W=He7,2=e7 ,73=e7 anda; = 3/5e5 ,a = 3/4e 5 , a3 = 3/2e 5 . Also plotted, 
initial conditions a), ..., Gm (stars), generators z1,..., Zm (squares), unit circle S (solid line), and 


circle S(O, |Ayi| + |Azi1] +---+|Ami|) (dotted line) 


are distinct. If (Xn)n>0 is periodic, then all sequence terms are located inside the disk 
of radius |Ay1| + |A2i| +---+ |Amil, with Aji, j =1,...,m given by (6.90). 


Proof Any complex numbers u, v verify the triangle inequality [168, p.18] 


| |u| — |v] | < lw + ov] < |u| t+ lvl. (6.96) 
In general, for any complex numbers x1, ..., Xm we have 
|x1 +++++Xm| S lai] +--+ + [xml- (6.97) 


By Theorem 6.15, the periodic solutions can be represented as 


Xn = Ayizj + A2z5 + +++ + AmiZn- (6.98) 


Using (6.97), (6.98), and |zi| = |z2| = --- = |Zm| = 1 one obtains 
xn] < |Aiz{| + |Aoiz5] +--+ |AmiZm_l = Ail + [Aa] +--+ |Amil- 


We illustrate this result in Figure 6.4. oO 


Remark 6.6 For m = 2 one can use the left-hand side of (6.96) to obtain a lower 
bound for the orbit, as illustrated in [27, Theorem 4.1]. 
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Remark 6.7 For m > 3 the periodic orbit does not generally have an inner bound. 
Various inequalities for the left-hand side of (6.96) that only involve |x1|,--- , |%m| 
are presented in the monograph of Dragomir [61, Chapter 3], but under restrictive 
assumptions on |xj|,--- , |x|. The main reason for this can be identified even for 
m = 3, where the sum x; + x2 + x3 can vanish while the radii |x1|, |x2| and |x3| 
cannot be related by an identity. 


When x1, ..., Xm are real the following result holds. 


Remark 6.8 Let m > 2 and x1,...,2Xm be real numbers (or complex but aligned). 
Then the following inequality holds: 


min | [xq]  |xo| ++ |Xm| | < ley +--+ + Xml < [xi] +--+ + [xa 


6.4.2 The Geometric Structure of Periodic Orbits 


Here we investigate the geometric structure of generalized Horadam periodic 
sequences producing nondegenerated orbits. This is the case when the characteristic 
polynomial (6.2) has m simple roots (generators), which are roots of unity zj = 


e27'Pj/kj with j = 1,...,m. The formula of the general term is 

Xn = A1Zz} =p A2z5 aa AmZm> (6.99) 
and the arbitrary initial conditions a1, @2,...,@m are such that the coefficients 
A,..-, Am are all nonzero. 


Similar results to those presented in Section 2.3 can be formulated. The main 
result of that section, Theorem 5.11, can be generalized as follows. 


Theorem 6.17 Let m > 2 and ki, ko, ..., km be natural numbers and consider the 
distinct primitive roots of unity zj = et iPi/ki, j = 1,...,m. Denote the least 
common multiple of numbers ki, ..., Km by 


K =Icm(ki, ko, ..-, km): 


The orbit of the sequence (Xn)n>0 is then a K-gon, whose nodes can be divided into 
K/k; regular kj-gons representing a multipartite graph. 


Proof The proof follows the same lines as in Theorem 5.11. One may choose 
j =m and prove that the orbit is divided into K/k,, regular k,,-gons. The orbit 
is partitioned into k,, subsets of equal size, obtained from each other by a rotation. 
The property is illustrated in Figures 5.10 and 5.11 form = 2. Oo 
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6.4.3 “Masked” Periodicity 


As seen for Horadam sequences in Chapter 5, under certain conditions, the period 
of the sequence is not completely determined by the generators. 

In this section we present the phenomenon of masked periodicity for generalized 
Horadam sequences, based on the periodicity conditions formulated by Bagdasar 
and Larcombe in [30]. Findings are illustrated by an example involving third-order 
recurrent sequences, and have been obtained by Bagdasar and Larcombe [29]. 


Theorem 6.18 Let m > 2 and the distinct primitive roots of unity zj; = 27 ip j/k; 
j = 1,...,m. The recurrence sequence (Xn)n>0 generated by the characteristic 
polynomial (6.65), and the arbitrary initial values x; = aj+i, j = 1,...,m is 
periodic. If the sets I and J satisfy 


INnJ=9%, ITUSJ={l,...,m}, 
where the solution Aj, A2,..., Am of the system (6.3.1) has the property 


A; =0, for ieT, 
Aj #90, for jeJ, 


then the period of the sequence is the lcm of the numbers k; with j € J. 


Proof For alli € I, the terms corresponding to z; do not feature explicitly in the 
general formula (6.68). The general term is a linear combination of nonvanishing 
individual terms of periods k;, j € J, hence the conclusion. oO 


We illustrate this result by a third-order recurrent sequence (m = 3). 


Example 6.11 Consider the distinct primitive roots of unity zy = e?!P1/"1, 2 = 
27 p2/ka and z3 = e27'P3/k3 where pj, p2, P3, ki, kz, k3 are positive integers, and 
the polynomial P (x) 


P(x) =(* -—z)(* — z2)(x -— 23), xX EC. (6.100) 


The recurrence sequence (X,)n>9 generated by the characteristic polynomial 
(6.100), and the arbitrary initial values x9 = aj, x1 = a2, x2 = a3 is periodic. 
Moreover, if A;, A2, and A3 are the solutions of the system 


a, =A,+A2+A3, 
ay = Ajz, + Aoz2 + A3z3, (6.101) 
a3 = Ajzi + A2z5 + A323, 


the following periods are possible 
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1° A, A2A3 £ 0: the period is Ilem(k1, kz, k3); 

2° A; =0, Aj A; # 0: the period is lem(k;, ky) (i, j, 1 € {1, 2, 3} are distinct); 
3° A; #0, Aj = A; = 0: the period is k; (with i, j,1 € {1, 2, 3} distinct); 

4° A, = Az = A3 = 0: the period is | (constant sequence). 


In addition to the theoretical result, here we also formulate the specific relations 
between generators and initial conditions, required for the various outcomes. The 
formula for the general term of sequence (x,,),>0 in this case can be written as 


Xn = Aizy + A2z5 + A3z3, (6.102) 


where constants A;, A2, and A3 satisfy the system (6.101). In matrix form this is 


111 Al ay 
Z1 22 23 A2|}=|a}. (6.103) 
me ra A3 a3 


The determinant of the 3 x 3 Vandermonde matrix is 


A= det (Vater zas23)) = I] (Zj — Zi) = (22-21) (23 — 22) (23 — 21) £9, 


1<i<j<3 
hence the solutions of system (6.103) can be written as 


_ 3 — 22) [a1 2223 — a2(Z2 + 23) + a3] 


A 
1 A  } 
a (23 — 21) [a1 2123 — a2(21 + 23) + 43] 
2 — A ¥ 
ee Gass Ta sie + 22) +43] (6.104) 


1° If Ay, Az, A3 are nonzero, they all appear in formula (6.102), hence the period 
of the sequence is given by Icm(k1, kz, k3). For kj = 2, ky = 3, k3 = 5, and 
A,A2A3 4 0 the period is 30, as depicted in Figure 6.5a. For distinct z1, Z2, 23 
the masked periodicity conditions reduce to 


A, =0: ay 2223 — an(z2 +: 73) +a3 = 0,7 
Ar.=0: a1. 7123-42(z21 +23) +a =0, 
A3=0: ayzz2—-an(z1 +722) +a3 = 0. (6.105) 


2° If a3 = ao(z2 + 23) — 412223, then A; = 0 and the term involving zi does not 
feature explicitly in formula (6.102), hence the orbit period is lcem(k2, k3) = 15 
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Fig. 6.5 First 30 terms of sequence (xn)n>0 (circles) obtained from (6.102), for the generators 
Z2= erin, 2= ris and z3 = ris (squares) and initial conditions (stars) for (a) aj = 2 —i, 
aq = 1+2i, a3 = —14+2i (A A2A3 F 0); (b) ay = 2—i, ag = 142i, a3 = 2(Z2 +23) — 22223 
(A; =0, A2A3 F 0); (€) ay = 2—i, ag = 142i, a3 = an(Z1 +23) — 427123 (A2 = 0, Al A3 F 0); 
(d) a) = 2-1, ay = 473, a3 = A2(Z1 + 23) — 27123 (Al = A2 = 0, A3 4 0). Arrows indicate the 


direction of the orbit. Boundaries of circle U (0, |A;| + |A2| +|A3|) (dotted line) with A;, Az, A3 
from (6.104) and the unit circle (solid line) are also plotted 


as illustrated in Figure 6.5b. A similar example is shown in Figure 6.5c, where 
Az = 0 and the period of the sequence is 10. 

3° When two of the terms are zero (say for example Aj = Az = 0), then the 
period of the sequence is given by the term 23, hence it is equal to k3. This case 


is illustrated in Figure 6.5d. Subtracting the first equation from the second in 
(6.105), one obtains 


a123(Z2 — Z1) — a2(z2 — 21) = 0, 
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which is equivalent to az = a;z3. By substitution in the first line of (6.105) we 
obtain a3 = Alize. 

4° One may also notice that the only possibility for Ay = Az = A3 = Ois ay, = 
a2 = a3 = 0. 


6.4.4 The Enumeration of Periodic Orbits 


Here we cover generalized Horadam periodic sequences producing nondegenerated 
orbits. In this case the m distinct generators are all roots of unity z; = en 
with 7 = 1,...,m, and the arbitrary initial conditions a1, ..., @, are such that the 
coefficients A,,..., A, in formula (6.68) are all nonzero. 

Denote the order of a root of unity z by ord(z). The period of the complex gener- 
alized Horadam sequence delivered by a generator m-tuple (z1, ..., Zm) is (usually) 
given by Icm(ord(z),..., ord(z,,)). Representing the m-tuple (z1,...,2Zm) by 
the 2m-tuple (p1,k1,..-, Pm, Km), we want to select those producing a sequence 
having period k. To ensure that the enumeration formula generates all the distinct 
periodic sequences, we shall assume without loss of generality that z1, Z2,..., Zm 
are primitive roots of unity and ky < ky <--- <ky. 

The number of distinct sequences having period k can be enumerated from the 
tuples (P,K) = (pi, ki, po, ko,..-,Pmskm) A < pj < kj,j = 1,...,m) 
satisfying the conditions 


Hp (k) = |{(P, K): ged(pj.kj) =1, j=1,..., m, Iem(ky,..., km) =k, ky < +++ Sk}. 
(6.106) 
Some formulae for this expression are identified, based on the properties of tuples 
(ki,...,Km) satisfying Ilem(k1,...,km) = k, and their corresponding generators 
z= 2 ip j/k; with j = 1,...,m. 


6.4.5 A First Formula for Hp(m; k) 


We first generate the tuples (k,,..., k,,) with Iem(k,,..., kj») = k, then count the 
tuples (p1,..., Pm) such that (P, K) satisfies (6.106). 

The first lemma counts the 2m-tuples (P, K) in (6.106) with ky =--- = ky. 
Lemma 6.3 I[fk, =--- =k, and Icm(ki,..., km) =k, thenky =---=ky =k. 


Proof Clearly, the number of 2m-tuples (P, K) with (6.106) is given by 


ee vk) 
b(m; k) = |{(p1,.-- Pm): ged(pj,k) =1, jf =1,...,m, py <+++ < pm}| = ; 


m 
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as the distinct values p1,..., Pm can be chosen in p(k) ways. oO 
Second lemma counts the 2m-tuples (P, K) obtained for distinct ky, ..., km. 
Lemma 6.4 /f Icm(ki,...,km) = k and ki,...,km are distinct, the number of 

2m-tuples (P, K) satisfying (6.106) is p(k) -+-@(Km). 

Proof For distinct ki,...,km, any choice of pj,..., Pm Satisfying 1 < pj; < k; 
and gcd(p;,k;) = 1 j = 1,...,m generates distinct generators. For each fixed 
j = 1,...,m there are g(k;) choices for p;, giving a total of y(k1)---@(Km) 
configurations. Oo 


Finally, we can draw the main result of this section. 


Lemma 6.5 If the numbers ki,...,km satisfying Icm(ki,...,km) = k can be 
partitioned into s > 0 sets having d; elements equal to a value Ks for j = 1,...,8, 
then the 2m-tuples (P, K) satisfying (6.106) corresponding to this m-tuple is 


(vce) 7 (em) 
di ds : 


Proof If kj = --- = kag, = Kj, the distinct values pj,..., pa, ensuring that 
ged(pj,kj) = 1, j = 1,...,d can be chosen in iY) ways, as in Lemma 6.4. 
Repeating this argument for the other subsets one obtains the result. Oo 


Theorem 6.19 Let us consider the integers k,m > 2. The number of distinct 
generalized Horadam sequences order m and fixed period k is equal to 


rns) = S| > ew ee) 


gel ki <:+<ks 
d\+--+ds=k 

1<dj <k 
[k1,...,ks =k 


Proof The proof follows by Lemmas 6.3, 6.4, and 6.5. Oo 


6.4.5.1 An Example for m = 3 


Example: m = 3 Find all the tuples (p1, ky, p2, k2, p3, k3) satisfying the proper- 
ties ged(p1, ki) = ged(p2, kz) = ged(p3, k3) = 1 and Iem(k1, k2, k3) = k. 


Four distinct cases are possible, so Hp (3; k) = Hi + Hy + H3+ Ay. 


ky = ky = ky: Hy = POEW VOW) _ (°®), 
ky = ky < kg: Hy = SVG) 9k) = (PP) 9s); 
ky < ky = ka: Hs = o(ky) SPE) = pen (?}); 
ky < ko < kg: Hg = (ki) p(k2) 9k). 


BW NY Re 
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mi, m2 


To find all triplets (k1, ko, k3) fork = p; py°--- Pn” one may define 


2 
LCM (2, k) = |{(k1, ko) : lem(k1, ko) = k} = T]joy (mj + 1)" — m5); 
LCM (3, k) = |{(k1, ko, ka) : lem(ky, ko, k3) = AY = TTjai (mj + 1)? = m>]; 
LCM= (3, k) = |{(k1, ko, k3) : lom(k1, ko, k3) fa =k, 1 Sky Skog <k3 < Kh]. 
One can prove that (see the details in Section 5.2) 


[LCM(3, k) — 1] + 3 [LCM(2, k) — 1] 
6 


LCM§ (3, k) = +1. 


Example 6.12 (prime numbers) When k is a prime we have g(k) = k — 1. For this 
number we just have two divisor pairs 


(ki, kz, k3) € {Uk k), (k, k, ky}, 


with multiplicities (1) (7) and (fe) a a ee giving the formula 


ae (k= D&= 2), &=DE=HE=3) _ KE=DE=2) _ (:) 


2 6 6 3) 
(6.107) 


When &k = 11, formula (6.107) gives a total of 11 - 10 - 9/2 = 165 distinct 
solutions, while for k = 7 there is a total of 7 - 6-5/2 = 35 distinct solutions. 
Explicitly, for k = 5 there are 10 solutions given by the fraction pairs 


Pl p2 ?P3 1 12 1 1 3 114 1°23 12 4 
ki’ ko’ ke PS Ssy \1'S SPAS Sy 4S Sy VS oy 
13 4 1 2 3 124 13 4 234 
Say Ys So 5 NSS oy Aa 6 3) SS ay |S 
Example 6.13 (powers of a prime) When k = p* with p a prime number and s > 2 
we have v(k) = v(p*) = p*(1 — 1/p) = p* — p*7!. For this number we have the 
divisor pairs (k,, ko, k3) € {(p*!, p?,k) :0< 8; < 52 < s}. 


As discussed before, each of the triplets may fall into exactly one of the four 
categories below, with multiplicities 


1. 0< 51 < 52 <5: 9(p")o(p™)9(p'); 
2.0<sj =s2<s: (2 o(p’); 
3. 0 < S] adh S2 = 8: g(p")(?2”); 


4.s,;=s.=S: (oe ). 
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Since ) oy <jcjen*%iXj = [or xi)” = ae | /2, the sum of the terms in (1) 
and (2) give [p?°—)) — p’—!]/2, where we used that 1 (p"') = ¢(p’). By the 
same property, the term in (3) is y( pe Ors: 2). hence 


Haw = | 


lk)? + 3(k = Ik/p = 1) = 1]. 


For example, when k = 9 = 37 we have Hp(k) = £36 +3-8-2—- 1] = 83, 
while for k = 4 one obtains Hp(k) = 2[4 + 3-3 — 1] with the distinct solutions 


Pi P2 P3 111 1 1 3 1 1 3 1 1 3 
ky ko’ ke PQ 4p yl Vary yl VAapPra a 47° 


Example 6.14 (product of two primes) For p,q primes, the formula gives 


Hepa l! | 


k(ik+(ptqg)-4+(ptq-1?- 1]. 


So far, we have obtained the values 


k(k — 1)(k —2 k 
k=p: Hpi) = SDE _ (2), 


Examples : Hp (3; 2) = 0, Hp(3; 3) = 1, Hp(3; 7) = 35, Hp(3; 11) = 165 


k= p's He = 2 [¢ 


(k)? + 3k = Dk/p— 1) = 1 
Examples : Hp (3; 4) = 4, Hp(3; 8) = 52, Hp(3; 9) = 83; ... 


k= pq: Hp = 2 | 


kik +(p+q)—4)+(pt+q— 1-1], 
Examples : Hp (3; 6) = 19, Hp(3; 10) = 110,.... 
As anumber sequence Hp (3; k) ink > 1 starts with the values 
0,0, 1, 4,9, 19, 35,52, 83, 110, 165,.... 


To calculate Hp (m; k), one needs to count the m-tuples with the same lcm 


LCM=(m, k) = |{(k1,---5m) : lem(ki, --..&m) =k, ki S +++ Skim SAM. 
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6.5 Orbits Generated by Roots of Unity 


This section extends the result regarding periodic sequences presented in Theo- 
rem 6.14, for sequences generated by repeated roots of unity. 

When the nonzero solutions of (6.2) are kth roots of unity, the asymptotic 
behavior of subsequences (xyx+j)n>0, j = 0,...,k — 1 can be examined. The 
subsequences converge when the roots’ multiplicities are all less than one and 
diverge otherwise. When divergent, the terms of the subsequences can be collinear 
if the maximum root multiplicity is two, and approach an asymptote for higher 
multiplicities. 


Theorem 6.20 Let 2 <m <kandd,..., dm be natural numbers, z|,..., Zm dis- 
tinct kth roots of unity and the sequence (Xn)n>0 be generated by the characteristic 
polynomial (6.85). Defining the number 


d* = max{j: Ajj #0,i € {1,..., m}}, (6.108) 


for the coefficients Ajj (1 <i < m,1< j < d;) given in (6.89), one obtains the 
following properties of the sequence (Xp )n>o and its subsequences (xnx+j)N>0 


1° For d* <1 the sequence (Xn)n>0 is periodic. 

2° For d* > 2 the sequence (Xn)n>0 is divergent. 

3° For d™ <2 the terms of (xnk+j)Nz>0 are collinear (when periodic, d *— 1). 
4° For d* > 3 the terms of (xnk+j)N>0 Converge asymptotically to straight lines. 


Proof 

1° This follows from Theorem 6.10. 

2° Denote by Jg« C {1,..., m} the index set for which the maximum a* is attained 
in (6.108). By Theorem 6.3, the sequences (2/)n>0,--- + (Zin)n>0 are linearly 


independent, so (2! n>0; i € Ig are linearly independent. The term x, given by 
(6.89) contains a monomial of degree d* — 1 inn, written as 


d*—1 d*—-1 
Ss Ajgen Zz =n ma Aid*Z;- 


iel yx iel yx 


We show that the coefficients of n@’—! in X, cannot be all zero if d* > 2. 
AS Z1,..-, Zm are kth roots of unity, the following relation holds: 


> Aia*Z; = > Aiaetit*, 


ielyx iel yx 
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therefore the above expression can only have one of the values 


= Aia*, by Aid* Zi; ee ye Aiatth 


ielyx ielyx iel gx 


If these terms zero, then ae he Aid* zp = 0, and the linear independence of 
(z!n>0 (i € Ig) gives Aig» = 0 (i € Ig*), in contradiction with (6.108) of d*. 
Thus, there is an index j € {0,...,k — 1} for which > Aja! + 0, hence 
nt! y ei Aiaee tt — 7-1 ae Aia*z! , is divergent. Since this is the 
leading term of xyx+j 1, (Xn)n>0 diverges. 

3° For each j € {0,...,k — 1}, N € IN we have ge = a hence (6.89) gives 


ielgx 


XNK+j = (An + (NK + j)Ai2+-+>+ (NK + ia) zi Se 
(Ami + (NE + f)Am2 +++ (NK + A"—"Amdy) Zhe (6.109) 
For a fixed j, (6.109) is a polynomial of degree d* — 1 in N, written as 
Xvktj = By + By(Nk + j) +--+ (NK + jf)! Bar, (6.110) 
where d* was defined in (6.108). For d* = 2 we obtain 
XNk+j — Xj; = [Bi + Bo(Nk + j)) — [Bi + Boj] = NkBo, 
whose argument is independent of N. The terms of (xyx+j)N>o are then 


collinear for each j € {0,...,k — 1}. For d* = 1 the condition XNk+j —Xj =O 
confirms the periodicity. The property is shown in Figure 6.6a. 


Rez Rez 


Fig. 6.6 First (a) N = 18 terms; (b) N = 42 terms of (1 )n>0 computed from the direct formula 
(6.92) (circles) for generators z; = gat , j = 1,2, multiplicities d* = d| = dz = 2, and initial 


conditions a; = er J ,j =1,...,4. Also plotted, initial conditions (stars), generators (squares), 
and unit circle S (solid line). Arrows indicate the increase of n 


6.5 Orbits Generated by Roots of Unity 249 


Im z 
[o) 


-200} 
-400} 


600; 


-1000 —500 “0 500 1000 
Rez 


Fig. 6.7 First (a) N = 18 terms; (b) N = 120 tents of sequence (Xn )n>0 computed from the 
direct formula (6.92) (circles) for Bencentins que a od. j = 1,2, multiplicities d* = d, = 3, 


dy = 1, and initial conditions a; = te" yd ,j =1,...,4. Also plotted are initial conditions (stars), 
generators (squares), and unit circle S (solid line). Anvows indicate increase inn 


4° For (xyk+j)n>0 when d* > 3, the argument of the term (6.110) verifies 


arg(xwetj) = arg (2: + Bo(Nk + j) +++++(NE+ i” 'Be) 


1 + 
= arg | ————_—_.__ [|B vee Nk + j)?~| Bg: ) |. 
slergea(s+ teeta) 


In the limit N — oo, the argument of xyx+; satisfies 


(4: $+ Bas (Nk + n”)| 


; — 
gin artone) = gin | EH 


1 
= 1 —_——.—_ | B -+> + Box (Nk alla 
=e | in, aE ( Pe eee )| 


= arg (By*). (6.111) 


Hence, the terms of the subsequence (xyx+j;)n>o0 align asymptotically to the 
line of argument arg(By«), defined for every value of j € {0,...,k — 1}. The 
asymptotic behavior of subsequences is sketched in Figure 6.7. One can notice that 
in Figure 6.7a the subsequence terms are not collinear, but converge asymptotically 
to a constant value, as suggested by formula (6.111). Oo 


Example 6.15 Let (xn)n>1 be a sequence satisfying x,+1; = x, +2n+ 1 forn = 
0, 1,.... Show that 


Xn43 = 3Xn42 —3%n41 +4, n=O0,1,.... 
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Solution We have 


Xn43 — Xn42 = 2(n+2)+1=2n+5 
sae OA at Sons 


Xn4t1—Xn = 2n+1. 


The relation x,43 = 3X42 — 3Xn+41 + Xn is equivalent to 


(Xn43 _ Xn42) — (Xn+1 —Xn)= 2(Xn+2 _ Xn+41)- 


6.6 Orbits of Complex General Order LRS 


In this section we examine various non-periodic LRS patterns, not generally 
produced by roots of unity. Similar to the configurations identified for Horadam 
sequences in Chapter 5, we recover numerous types of stable, convergent or 
divergent patterns in the complex plane. This long-term behavior is interesting 
also from an application’s perspective, as they can be linked to random-number 
generation, as seen in Section 5.7. 

We shall focus on nondegenerate orbits produced by distinct generators, where 
the general term formula is given by x, = Aj zt + A2z5 +-+»+ Amz", and the 
arbitrary initial conditions aj, a2, ..., Gm are such that the coefficients A;,..., Am 
are all nonzero. 

The m > 2 distinct generators are here denoted by 


2mix2 


2mid 201i 
ss 2 = 12e s'tt 5 Sm =Tme aie (6.112) 


Zj~=rye 


where r},...,1%m,X1,---;Xm © IR. We may assume 0 < ry < r2 < +--+ < rm. The 
generalized Horadam patterns produced by formula (6.99) are 


1. Stable for7) = 712 =---=rm = 15 

2. Quasi-convergent forO <1] <7r2 <--+<rm =15 
3. Convergent for0 < rj <1r2 <---<rm <1; 

4. Divergent for rm, > 1. 


The geometric patterns obtained in each case are presented below. 


6.6.1 Stable Orbits: ry = 12 =+++=rm =1 


Here we present the orbits obtained for distinct generators located on the unit circle. 
We focus on the case m = 3, where for initial conditions x9 = a, xj = band x2 =c 
(a, b,c € ©), the general term formula is 
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Fig. 6.8 Orbit of (x,)n>0 obtained by (6.113) for ry = r2 = 7r3 = 1. (al) x) = 4,52 = 4,93 = 4 


(30 points); (a2) x; = 5 x= 7 x3= 5 (70 points). Seeds xo, x1, x2 (stars), generators z1, Z2, 


z3 (squares), U (0, 1) (solid line), U(O, |A1| + |A2| + |A3]) (dotted line) 


a Aizi + A2z5 + Aza, (6.113) 


where the constants A;, A2, A3 can be recovered from the initial conditions. 

The patterns recovered in this scenario are finite sets (periodic), or sets dense 
within certain 1D curves, or unions of 2D annuli and disks. 

As illustrated in Section 6.4, sequence orbits are in this case located inside the 
disk of radius |A;| + |A2| + |A3]|, which is represented in the diagrams. 

The patterns are linked to whether the terms of the set {1, «1, x2, x3} are linearly 
dependent (or independent) over Q, 1.e., there exist po, p1, p2, p3 € Q (not all zero) 
such that po + pix1 + p2x2 + p3x3 = 0. 


(a) Stable periodic finite orbits 


When x1, x2,x3 € Q the orbit is finite (Figure 6.8). Indeed, when x1 = p1/k1, 
x2 = po/k2, x3 = p3/kz are irreducible, one has oh — ze — a. = 1. For most 


Aj, Az, A3, the terms (x,)n>0 repeat with periodicity lcm(k1, k2, k3). 
(b) Orbits dense in unions of circles 


Horadam orbits may also be dense within unions of circles, as in Figure 6.9. 


(b1) If x1, x2 € Q and x3 € IR \ Q, then the orbit is dense in a union of Iem(k, kz) 
circles; 


(b2) If x; € R\Q, x2—x1, x3—x, € Q, then the orbit is dense in a set of concentric 
circles. 
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Fig. 6.9 Orbit of (%,)n>0, given by (6.113) forr) = r2 = 173 = 1. (61) x} = 1/3, x2 = V5 /20, 
x3 = 1/2; (b2) x1 = 7, x2 =a 41/3, x3 =a + 1/3. Seeds x0, x1, x2 (Stars), generators z1, Z2, 
z3 (squares), U(0, 1) (solid line), U(O, |Ay| +|Az2| + |A3]|) (dotted line) 
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Fig. 6.10 Orbits of (%n)n>o0 dense within 1D curves, given by (6.113) forry = r2 = 73 = 1. (cl) 
x= 5. 2 =e, x= 7: (c2) x} =, x2= x, x3 = 47. Seeds xo, x1, x2 (stars), generators Z1, 
Z2, 23 (squares), U(0, 1) (solid line), U(O, |A1| + |A2| + |A3]) (dotted line) 


(c) Stable Orbits dense within complex curves 


Orbits may be dense within unions of rotated curves as in Figure 6.10, or within 
more complex 1D curves. 


(cl) If x1 € Q, x2 € R\ Q and x3/x2 € Q, then the orbit’s closure is a union of k, 
rotated copies of a curve. 
(c2) If x1 € R\ Q but x2/x1, x3/x, € Q, then the orbit’s closure is a curve of type 


f@) =azt+ bz? +24. 
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Fig. 6.11 Orbits of (x7 )n>0 dense within 2D regions, given by (6.113) forr) = r2 = r3 = 1. (d1) 


x, =e, = e,x3 = 0°; (d2) x1 =7,x2 = 1°, XB = x>. Seeds x0, x1, X2 (stars), generators 
Z1, 22, 23 (squares), U(0, 1) (solid line), U(O, |Ai| + |A2| + |A3]) (dotted line) 


(d) Stable orbits dense within a disk 


If 1, x1, x2, x3 are linearly independent over Q, then the orbit is dense within the 
disk of radius |A1| + |A2| + |A3]| centered in the origin. This usually happens when 
we combine square roots, e or z. This case is illustrated in Figure 6.11. 


(e) Stable Orbits dense within a 2D Region: unions of annuli 


If x1, x2 € R \ Q with 1, x1, x2 linearly independent over Q and x3 € Q, then the 
orbit’s closure is a collection of k; annuli rotated around the origin. The situation is 
depicted in Figure 6.12 for 3 and 4 annuli respectively. 


(f) Stable Orbits dense within a 2D region: “buns” 


If x1, x2, x3 € R \ Q with 1, x, x3 linearly dependent over Q (e.g., x3/x,; € Q), 
then the orbit’s closure is obtained by moving a circle along a closed 1D curve. This 
case is illustrated in Figure 6.13 for 3 and 5 lobes respectively. 


6.6.2 Quasi-Convergent Orbits: 0 < ry < r2 =1r3 =1 


(a) Finite attractor set 


When x2, x3 € Q the orbit has lem(k2, k3) attractor points. For x; € Q, k; rays 
converge to each attractor, while for x; € IR \ Q we have spirals (Figure 6.14). 


254 6 Higher Order Linear Recurrent Sequences 


a PP ae ie 
Qt 
1 
N N 
=? £ 
-1F 
-2} eee core 
sf Renaatee 
-3 2 4 0 1 2 3 3 2 - 0 1 2 3 
Rez Rez 


Fig. 6.12 Orbits of (x,)n>+0 dense within 2D regions, given by (6.113) forr) = rz =73 = 1. (el) 


2 5 if 2 5 1 
xyp= 2, x2= ae x3 = 43 (e2)x1= 2 x2= ch X3 = 3. Seeds x0, x1, x2 (stars), generators 


Z1, Z2, 23 (squares), U(0, 1) (solid line), U(0, | |A,| + |A2| + |A3]) (dotted line) 
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Fig. 6.13 Orbits of (x,)n>0 dense in 2D regions, obtained from (6.113) for r) = r2 = r3 = 1. 
(Ff) x1 =7,22= me, x3 = 303 (f2) x1. = 7,202 = > /90, x3 = 67. Seeds xo, x1, x2 (stars), 
generators Z1, 22, Z3 (squares), U(0, 1) (solid line), U(O, |A1| + |A2| + |A3]) (dotted line) 


(b) 1D attractor set: circles 


When x2 € R \ Q the orbit’s closure consists of circles. If x2 — x3 € Q these are 
concentric, while for x3 € Q we have k3 rotated circles (Figure 6.15). 
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Fig. 6.14 Orbit of (x,)n>0 obtained by (6.113) for ry = .995, 72 =7r3 = 1. (al) x1) = i. x2 = 5 


3-= 5 (a2) xj = #2, n= } B= 5 Seeds x0, x1, x2 (Stars), generators z1, z2, 3 (Squares), 
U(0, 1) (solid line), U(O, |Ai| + |A2| + |A3]) (dotted line) 
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Fig. 6.15 Orbit of (%,),>0 obtained by (6.113) for r; = .995,7r2 = 73 = 1. (b1) xy = 70% 


x2 = 9,53 = 5+ 3 (b2) x1 as x2 Ee x3 - Seeds x0, x1, X2 (stars), generators z1, z2, 
z3 (squares), U(0, 1) (solid line), U(O, |Ay| + |Az2| + |A3]|) (dotted line) 


(c) 1D attractor set: curves 


When x2 € IR \ Q and x3/x2 = q € Q, the orbit is dense within the graph of the 
function f : S > C defined by f(z) = A2z + A3z7%, as shown in Figure 6.16. The 
details of this statement are explained in Theorem 5.17(c2). 
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Fig. 6.16 Orbit of (x,)n>09 obtained by (6.113) for ry = .995, r2 = 73 = 1. (cl) x1 = ;. 
x2 = es x3 = 4x0; (c2) x} = Bas x2= hs x3 = 20x2. Seeds xo, x1, x2 (stars), generators z1, Z2, 
z3 (squares), U (0, 1) (solid line), U(O, |Ai1| + |Az2| + |A3|) (dotted line) 
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Fig. 6.17 Orbit of (%n)n>0 obtained by (6.113) for 7) = .995, r2 = r3 = 1 obtained for x; = } 
= ae) x3 = %, and (d1) 2000 terms; (d2) 4000 terms. Seeds xo, x1, x2 (stars), generators 


Z1, 22, 23 (squares), U(0, 1) (solid), U(O, |Ai| + |A2| + |A3|) (dotted) 


(d) 2D attractor set: annulus 


When 1, x2, x3 are linearly independent over Q, the orbit’s closure is dense within 
an annulus. The convergence property is illustrated in Figure 6.17, when 2000 (d1) 
or 4000 (d2) sequence terms are evaluated, respectively. 


6.6.3 Convergent Orbits: 0 < ry < r2 < +++ <Trm <1 


Here the origin is the unique attractor point, as shown in Figure 6.18. 
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Fig. 6.18 Orbit of (%n)n>o0 obtained by (6.113) for ry) = .99, r2 = .995 and r3 = .997. (al) 


xp= 5 2 = ; 3= i (a2) x1 = ; x2 = 1, x3 = 4. Seeds xo, x1, x2 (stars), generators Z1, 
22, 23 (squares), U(0, 1) (solid), U(O, |Ai| + |A2| + |A3]) (dotted) 
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Fig. 6.19 Orbit of (%n)n>0 obtained by (6.113) for ry = r2 = 1 and 73 
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= 73> 


x2 = 4,x3 = 45 (a2) x1 = 4,.%2 = 4,23 = e. Seeds x9, x1, x2 (stars), generators z1, 22, 23 
(squares), U (0, 1) (solid line), U(O, |Ay| +|Az2| + |A3]) (dotted line) 


6.6.4 Divergent Orbits: rm > 1 


(a) Divergent rays/spirals The orbit diverges along rays for x1, x2, x3 € Q, and 
spirals emerge when x3 € R \ QO (Figure 6.19). 


(b) General divergent patterns Some other examples of divergent orbits are 
shown below in Figure 6.20. 
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Fig. 6.20 Divergent orbits of (x, )n>o0 obtained by (6.113) for 7; = r2 


X0, X1, X2 (stars) 
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These examples can be linked to those presented for stable orbits. The perturbed 
patterns are not distinguishable for larger values of n. 


6.7 Connection to Finite Differences 
This section briefly presents some basic theory on finite differences and their 


relation to recurrence sequences, largely based on [39, 124]. 


Definition 6.1 The difference operator A is defined on the set of sequences of 
complex numbers. Given a sequence s = (Sy)n>0, its difference is the new sequence 
As = (Sn+1 — Sn)n>0. We define the nth term of As by As,,. Clearly, the operator 
A is linear and can be composed with itself. We shall denote A*s = A(As) and 
Ak+ls = A(Aks). 


Remark 6.9 One can easily notice that if s, = n> (n > 0), one has 
AS; = 3n? + 3n + 1, 
A*s, = 6n + 6, 
ee = 6. 
The following general formulae hold: 
Ssp=n*, Aks, = kl, (6.114) 
Sn=a", As, =a"! =a" = (a= 1)s. (6.115) 
A difference equation is an equation of the form 
ag (ny A‘ Sy + ap—1(I) AS! 5p Fo Fai (M)ASn + a0(M)Sn = tn, (6.116) 


or written in operator form 
k k-1 - 
(acd + ag—1A +++ +a1A +01) Sn = tn, 


where a; are arbitrary functions of n and (f,),>0 is an arbitrary sequence. Most 
practical calculations are performed for a, = 1, aj constants 0 <i < k, and t, 
polynomial or exponential functions of n. 


Example 6.16 The Fibonacci sequence is usually defined by the recurrence relation 
Fnat = Frit Fn-1,n = 1,2,..., but can also be defined by the difference equation 
A? Fy + AFy — Fn =0,n = 1,2,.... 
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6.7.1 Solving Difference Equations 


When solving a difference equation, one can adopt a language similar to that 
commonly used for ordinary differential equations. 

First, one has to find the homogeneous solution (h,),>0 satisfying the associated 
homogeneous equation 


(a A* + AF! $+ +.a,A + ap!) 5, = 0, (6.117) 


then a particular solution (pp )n>o, of the initial problem. By linearity, any difference 
of particular solutions will be a solution of the homogeneous problem (6.117), hence 
for each solution (s,)n>0 there will be a pair (Pn)n>0, (An)n>o, such that sy = 
hyn + pn, for alln > 0. 

Since the powers of A commute, we can factor the operator polynomial to obtain 
expressions of the form 


AK + ay: A‘! +--+ +a tao = (A= aT) (A = a21)-+- (A= ad), 
where a;, j = 1,...,k, are the roots of the equation 
ay,x* + a,_yx*o! +---+ajx +aj = 0. (6.118) 


Note that the factors of the form (A — a/) commute with each other, hence we 
can solve (A —ajl ) Sn = 0, which is equivalent to As, = @;5,. From the equation 


(6.115), we infer that a sequence (hd) n>0 defined by hi = Cj(aj; +1)” is a solution. 
Clearly, one has 


(A — aI) (A —aI)-+- (A — axl) hi} = 


= (A= ayl)--+(A = aj) (A= aj) (A = ant) [(A = a1) hi] =0, 
hence each expression C; (a; + 1)” is a solution of the equation (6.117), and by the 
linearity of the solution, any linear combination of such solutions is also a solution. 
When all the roots aj, j = 1,...,k, of the equation (6.118) are distinct, then the 
general form of the solution is given by 
Sn = Cy) +1)" + Co@a t+ I" +--+ + Ce(@x + 1)". 
When a root a has multiplicity m, one can easily check that all the terms 


(a+ 1)",n(a+1)",...,n"”(a+ 1)” 


represent solutions of the homogeneous problem. 
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Example 6.17 Find the formula for the general term of the Lucas sequence using 
the method of finite differences. 


Solution One can check that the finite difference formula is 
Lp + AL, — Lyn = 0, (6.119) 


with the starting values Lo = 2, L; = 1. Since this is a homogeneous equation, it 
is sufficient to solve the homogeneous problem. The polynomial associated with the 
equation (6.119) is x* +x — 1=0, with the roots 


V5 
2 ’ 


Since these are both distinct roots, one obtains 


n n 
1 /5 1 4/5 
Ln = e(1 +1)" + en(an +1)" =e) (3+) = (:-<) | 


From the initial conditions, one gets c; = cz = | and the well-known formula 


6.7.2 Finding the Difference Equation for a Sequence 


If a finite difference equation is given, then by writing the difference operators 
explicitly, one can obtain a recurrence relation by direct calculations. Conversely, 
finding the difference equation counterpart for a given recurrent sequence can be a 
complicated problem. 

We illustrate this transformation for linear recurrent sequences. 

Assume that the recurrence relation has the form 


beSnok + dk-18n4k—1 + +++ + bisn41 + bosn = th. 
This equation can be written as a difference equation by using the identity 
Sn41 = Sn + (Sn41 — Sn) = Sn + ASn = I + A)sn. 
Applying this identify multiple times, one can show that 
Sn4j =U t+ A)! Sn, j>O9, 


and one can obtain the finite difference equivalent of the original recurrence by using 
this expression for 5y41, 5n42,---, Sn+k- 


Chapter 7 ®) 
Recurrences in Olympiad Training en 


In this chapter we present a thematic collection of 123 olympiad training problems, 
involving recurrences in various contexts. We have chosen 123 as it represents the 
10th Lucas number Lio. The problems relate to topics such as linear recurrence 
sequences of first, second, and higher orders, classical sequences, homographic 
recurrent sequences, systems of recurrent sequences, and combinatorics. 

We indicate the known author(s), the collection, year, or the Olympiad type and 
country, for the problems which featured in a certain competition. 

The sources of the problems are indicated by the following abbreviations: 
AMM (American Mathematical Monthly), MR (Mathematical Reflections), CM 
(Crux Mathematicorum), GM (Gazeta Matematica), ME (Mathematical Excalibur), 
SAMC (Saudi Arabia Mathematics Competitions), as well as the IMO (International 
Mathematics Olympiad). 


7.1 First-Order Recurrent Sequences 


Problem 1 (Germany, 1995) Let a and b be positive integers and consider the 
sequence (X;)n>0 defined by x9 = 1 and 


Xn+1 =ax,+b"t!, n=0,1,.... 


Prove that for any choice of a and b, the sequence (x,,),>0 contains infinitely many 
composite numbers. 


Problem 2 Let m and n be integers greater than | such that 


gcd(m,n — 1) = gcd(m,n) = 1. 
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Prove that the first m — 1 terms of the sequence nj, n2,..., wheren; = mn+ 1 and 
Nke| = n-ne +1,k => 1, cannot all be primes. 


Problem 3 Let qj = 1, Q41 = @ + |J/q],n = 1,2,.... Show that 
dn is a perfect square if and only if n is of the form 2* + k — 2. 


Problem 4 (IMO Shortlist, 1971) Let 7 =k — 1 fork = 1,2,3,4 and 
Top) = Toe-2 + 2*-*, Tye = Ts +2", k= 3,4,.... 


Show that for all n, 
12 17 
14+ Ton-1 = ua and 1 + To, = Eom ; 


Problem 5 Define the sequences (Xn)n>0 and (Yn)n>0 by xo = a, yo = B and 
Xntt = 2yn +1, yng = 2%, — 3,n =0,1,.... Find x, and yy. 


Problem 6 Let p > 3 bea prime and let (x;)n>0 be the sequence defined by 
Xn¢1 = 2x, +1, n=0,1,..., xo =p. 


Prove that for any integer k > 0, the set Ag, = {Xx, Xk41,.--, Xk+p—1} contains at 
least one composite integer. 


Problem 7 (Marius Cavachi, S303, MR-2014) Let (d;)n>1 be the sequence 
defined by a; = 1 and any, = 4 (4, a 2), for n > 1. Find [agg]. 


an 
Problem 8 (Albert Stadler, U367, MR-2016) Let (an)n>1 be the sequence of real 


numbers satisfying a; = 4 and 3anj41 = (dy) + 1)? — 5,n > 1. Prove that a, is a 
positive integer for all n, and evaluate 


Problem 9 (Arkady Alt, U326, MR-2015) Let (a,)n>0 be a sequence with ap > 1 
and 3an41 = a3 +2, forn > 1. Find 


Problem 10 (Khakimboy Egamberganov, U327, MR-2015) Let (a,)n>0 be a 
sequence of real numbers with ag = | and 


7.1 First-Order Recurrent Sequences 265 


an 


an+1 eee” are 
nan +a2+1 


Find the limit lim n?ap. 
noo 


Problem 11 (Titu Andreescu, U333, MR-2015) Evaluate 


lee) 92" 
1 — —_—__ }. 
gt ganrtl +1 


Problem 12 (Marius Cavachi, U272, MR-2013) Let a > 0 be a real number and 
let (an) n>o be the sequence defined by ap = ./a, dn4.1 = Jan + a, forn > 0. Prove 
that there are infinitely many irrational numbers among the terms of the sequence. 


Problem 13 (Ivan Borsenco, 0285, MR-2013) Consider the integer sequence 
(An)n>o given by ay = | and ayj41 = 2"(2% — 1), forn > 1. Prove that n! divides 
an. 

Problem 14 (Iosif Pinelis, 11837, AMM-2015) Let ap = 1 and let an4) = ayn + 
e—™ forn > 0. Let by = ay, — logn. For n > 0, show that 0 < by41 < by; also 
show that im. b, = 0. 


Problem 15 (Titu Andreescu, U64, MR-2007) Let x be a real number. Define the 
sequence (x, )n>1 recursively by x} = 1 and x,4) = x” +nx,y forn > 1. Prove that 


H(1- ai jae 


X, 
n=l n+1 


Problem 16 Let / be an interval and consider a function f : J — I. Define the 
sequence (dn )n>0 by dn41 = f (an), forn > 0 and ao € J. Prove that 


1. If f is increasing, then (a,),>0 is monotonic; 
2. If f is decreasing, then the sequences (d27)n>0 and (d2n+1)n>0 are Monotonic, 
having different monotonicities. 


Problem 17 (Michel Bataille, 4282, CM-2017) Find lim u, where the sequence 
n->oo 


(Un)n>0 is defined by ug = | and the recursion 


1 u 
Un+l = 2 (1+ u2 a =) ; 


for every nonnegative integer n. 


Problem 18 (Mihaly Bencze, 4264, CM-2017) Let x; = 4 and x,4) = ba/ 2x l 
where [-| denotes the integer part. Determine the largest positive integer n for which 
Xn» Xn+1, Xn +2 form an arithmetic progression. 
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Problem 19 (Marcel Chirita, 3942, CM-2016) Consider a sequence (*,)n>1 with 
xy = Land X41 = 4 (xn 4 1). Find lim Jip. 


Problem 20 (Laurentiu Panaitopol, $10, MR-2006) Let (a,)n>1 be a sequence 
of positive numbers such as dyj41 = a? —2 for alln > 1. Show that we have a, > 2, 
for alln > 1. 


7.2 Second-Order Recurrent Sequences 


Problem 1 (Titu Andreescu, [4]) Find the term a2929 for the sequence (dy)n>1 
defined by a; = | and 


An41 = 2an + ,/3a2 — 2, n=1,2,.... 


Problem 2 Let a and b be positive real numbers. Find the general term of the 
sequence (x,)n>0 defined by x9 = 0 and 


Xntl =Xn tat Vb? +4ax,, n=0,1,.... 


Problem 3 (IMO Shortlist, 1983) Let k be a positive integer. The sequence 
(an)n>0 is defined by ag = 0 and 


Qn41 = (Qn + IK + (K+ Man + 2/k(k + l)an(Qn +1), n=0,1,.... 


Prove that all a, are positive integers. 


Problem 4 (Iberoamerican Olympiad, 1987) Let m,n,r > 0 be integers with 
Lim+nv3 = (24 V3)"1, 


Prove that m is a perfect square. 


Problem 5 (Kiirschak Competition, 1988) Let k be a positive integer. Define the 
sequence (X,)n>1 by x1 = k and 


Xt = kxn +4/(k2 -—1I)@2-1), n=1,2,.... 


Prove that all x, are positive integers. 
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Problem 6 Let the sequence (a, )y)>1 given by aj = 1, az = 2, a3 = 24, and 


6a2_,an—3 — 8ay—1 2 
an = fel ae n=4,5,.... 
aAn—2an-3 


Show that for all n, a, is an integer divisible by n. 


Problem 7 (Balkan Olympiad, 1986) Let a, b,c be positive real numbers. The 
sequence (d;)n>1 is defined by aj = a, az = b and 


2 
a+c 
n 
antl = ee (— 2 Pree 
an-1 


Prove that the terms of the sequence are all positive integers if and only if a, b and 
21272 
a~+b*+c 
ab 
Problem 8 (IMO Shortlist, 1984) Let c be a positive integer. The sequence 
(fn)n>1 is defined as follows: 


are positive integers. 


fi=l, fo=e, fat =2fy—frr+2, n=2,3,.... 


Show that for each k € N there exists r € N such that fk fra = fr. 
Problem 9 (IMO Shortlist, 1988) An integer sequence is defined by 


Qn = 2an-; t+Q—2  (n>1),a9=0, ay =1. 


Show that 2* divides a, if and only if 2‘ divides n. 


Problem 10 (IMO Shortlist, 1988) The integer sequence (da,)n>1 is defined by 
a\ = 2, a2 = 7 and 


Show that a, is odd for all n > 2. 


Problem 11 Let the integer sequence (x, ),>0 be defined by x9 = x; = O and 


2 
Xn42 = 4 Px — 16" x, +n-2", n=0,1,.... 


Show that the numbers xj9g9, X1999 and x1991 are divisible by 13. 
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Problem 12 (IMO Longlist, 1986) Let (a,),>1 be the integer sequence defined by 
aj =a,=1, 


Qn42 = 7Tdn41 —an —2, n>=I. 


Show that a, is a perfect square for every n. 


Problem 13 (Dorin Andrica and Grigore Calugareanu, U422, MR-2017) Let 
a, b be complex numbers and let (a,),>09 be the sequence defined by ag = 2 and 
a, =aand 


An = AAn-1 + ban_-2, n> 2. 


Write a, as a polynomial in a and b. 


Problem 14 (Titu Andreescu, U297, MR-2014) Let ap = 0, aj = 2, and any) = 


/2— %= forn > 1. Find lim 2”apy. 
n n—->oo 


Problem 15 (Razvan Gelca, 0312, MR-2014) Find all increasing bijections f : 
(0, co) > (0, 00) satisfying 


F(F@)) — 3 f(x) + 2x = 0, 


and for which there exists x9 > 0 such that f(xo) = 2x0. 


Problem 16 (Albert Stadler, 0271, MR-2013) Consider the sequence (dy)n>0 
given by ap = 0, ay = 2 and ayi2 = 64n41 — an, forn > 0. Let f(n) be the 
highest power of 2 that divides n. Prove that f(a,) = f(2n) for alln > 0. 


Problem 17 (Problem 49, ME-1997) Let (uy,),>1 be a sequence of integers which 


satisfies uy = 29, u2 = 45, and upjy2 = ed — uy, forn = 1,2,.... Show that 


1996 divides infinitely many terms of this sequence. 


Problem 18 (Moscow Mathematical Olympiad, 1963) Let (u,)p>1 be a 
sequence satisfying aj = ad) = | anda, = (Ge, + 2)/an—2 forn > 3. Show 
that a, is an integer for n > 3. 


Problem 19 (Ivan Borsenco, J66, MR-2007) Let ag = ay = 1 and ay4) = 2a, — 
ay—| +2 for n = 1. Prove that 4,24) = 4n414n for alln = 0. 


Problem 20 (Titu Andreescu, U46, MR-2007) Let k be a positive integer and 
1 n 
an = | w+ veri + (5) F n> 0. 


lee) 1 A | 
Prove that eet Gn=14n41 = Be: 
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Problem 21 (Martin Lukarevski, 4117, CM-2017) Find the general term x, of 
the sequence (x,)n>0 given recursively by x9 = 0, x; = 1, and 


Xn+1 = ial 54 +1 + Xn—1y/ x2 + 1, n>1. 


Problem 22 (Dorin Andrica, [4]) Let a and f be nonnegative integers such that 
a? + 46 is not a perfect square. Define the sequence (x,)n>0 by 


Xn42 =AXn41+ BxXn, n=O, 
with x1, x2 positive integers. Prove that there is no integer ng > | such that 
2 _ 
Xng = Xng—1Xno+1- 


Problem 23 (Dorin Andrica, [4]) Let x1, x2, a, 6 be real numbers and let the 
sequence (Xn)n>0 be given by 


Xn42 =AXn41+ Brn, n=l. 


If co A~ Xm—1Xm-+1 for all integers m > 1, prove that there exist real numbers 11, 
iz such that for all n > 2 we have 


XnXn—1 — Xn+1Xn—-2 


N= h2= 


2 
Xn — Xn+1Xn-1 
— §39 : 2 
Xn—1 — *nXn-2 Xn—1 — *nXn—-2 
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Problem 1 (Ireland, 1999) Show there is a positive integer in the Fibonacci 
sequence that is divisible by 1000. 


Problem 2 (Ireland, 1996) Prove that 


(a) The statement “F,4, — F, is divisible by 10 for all positive integers n” is true 
if k = 60 and false for any positive integer k < 60; 

(b) The statement “F,,,; — F;, is divisible by 100 for all positive integers n” is true 
if t = 300 and false for any positive integer t < 300. 


Problem 3 (Dorin Andrica) Let u, = F?,n = 0,1,..., where F, are the 
Fibonacci numbers. Prove that (u,)n>0 satisfies a linear recurrence relation of 


order 3. 


Problem 4 (Dorin Andrica) Consider the sequence v, = Fe, n=0,1,..., where 
F,, are the Fibonacci numbers. Prove that the sequence (v,)n>0 Satisfies a linear 
recurrence relation of order 4. 
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Problem 5 (Dorin Andrica) Consider the sequence w, = Fy Fn41,n = 0,1,..., 
where F;, are the Fibonacci numbers. Find a recurrence relation satisfied by the 
sequence (Wy )n>0- 


Problem 6 (Angel Plaza, U460, MR-2018) Let L; be the kth Lucas numbers. 


Prove that 
lee) 
L 1 1 
y tan! (5) tan~! (—) = aa tan! (3) ‘ 
fa Ly Le+2 Let 4 3 


Problem 7 (Tarit Goswami, U447, MR-2018) Let F;, be the nth Fibonacci num- 
bers. Prove that 


n 
NY) ek pn—k 
> (erin = Fon. 


k=1 


Problem 8 (Roberto Bosch Cabrera, J254, MR-2013) Solve the equation 
Fa, + Fay +++ + Fa, = Faytay+--+ag: 


where F; is the ith Fibonacci number. 


Problem 9 (Cornel Ioan Valean, 11910, AMM-2016) Let G; be the reciprocal of 
the kth Fibonacci number, for example, G4 = 1/3 and G5 = 1/5. Find 


(oe) 
3 (arctan G4n—3 + arctan G4,_2 + arctan G4,_1 — arctan G4,). 


n=1 


Problem 10 (Hideyuki Ohtsuka, 11978, AMM-2017) Let F, be the nth 
Fibonacci number, with Fo = 0, Fy = 1, and F, = F,_; + F,_2, forn > 2. 
Find 


ee) 


- (aly 
4, cosh Fy - cosh Fn+3 , 


Problem 11 (Mircea Merca, 11736, AMM-2013) For n > 1, let f be the 


symmetric polynomial in variables x1, ..., x, given by 
n=l 
F Casi 9%) = DCU er aqian P59 ein 5) 
k=0 


where e; is the kth elementary polynomial in n variables. For example, when n = 6, 
e7 has 15 terms, each a product of two distinct variables. Also, let € be a primitive 
nth root of unity. Prove that 
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FUSE as. de Ot VS TA 


where Ly, is the kth Lucas number (Lo = 2, L; = 1 and Ly = Leg_; + Ly_2 for 
k > 2). 

Problem 12 (Oliver Knill, 11716, AMM-2013) Let a = (/5 — 1)/2. Let py and 
qn be the numerator and denominator of the nth continued fraction convergent to 


a, denoted by py/gn, where F;,, is the nth Fibonacci number and gy, = py+1. Show 
that 


(— L@tDEDCe 


a(e-8)-§ 


2 ; 
dn k=0 qn 5k 


where Cx denotes the kth Catalan number, given by C, = Teen: 


Problem 13 (Dorin Andrica, 064, MR-2015) Let F, be the nth Fibonacci num- 
ber. Prove that for alln > 4, F, + 1 is not a prime. 


Problem 14 (Gabriel Alexander Reyes, 047, MR-2007) Consider the Fibonacci 
sequence Fo = 1, Fj = 1, and Fy41) = Fy, + Fy-1, forn => 1. Prove that 


n 


yr (n) AF if n is odd, 
mee ge eae i) lo if n is even. 


Problem 15 Let o, = ae F ; where Fy is the kth Fibonacci number. Find the 


yn 
sum of the series >, { = : 
= n 


Problem 16 Compute ye arctan Fe where (F;,),>0 is the Fibonacci sequence. 


Problem 17 Let n > 1 be an integer. Show that 2”—! divides the number 


. a (7.1) 


O<k<5 


Problem 18 (Michel Battaile, 3924, CM-2014) Let (Fi)x>0 be the Fibonacci 
sequence defined by Fo = 0, F; = 1, and Fy4, = Fy + Fe_-i, fork > 1. Ifm 
and n are positive integers with m odd and n not a multiple of 3, prove that SF —3 


divides SF, + 3(-1)". 


Problem 19 (SAMC, 2014) A positive integer is called Fib-unique if the way to 
represent it as a sum of several distinct Fibonacci numbers is unique. For example, 
13 is not Fib-unique, as 13 = 13 = 8+5 = 8+3-+2. Find all Fib-unique numbers. 
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Problem 20 (SAMC, 2014) Consider the function 


f(x) = (x — Fh) (x — F3)- ++ (% — F031), 


where (Fy,)n>0 is the Fibonacci sequence, defined by Fy = 0, Fy = | and the 

recurrence relation Fy42 = Fy41 + Fy, for n > 0. Suppose that on the range 

(F|, F3031) the function | f(x) | takes on the maximum value at x = xo. Prove that 
2018 

xo > 2 : 


Problem 21 (Titu. Andreescu, IMO Shortlist, 1983) Let (Fn)n>o be the 
Fibonacci sequence, given by F) = 1, Fy = 1 and Fy42 = Fy4i + Fy, for 
n > 1. Define P to be the polynomial of degree 990 which satisfies P(k) = Fy for 
k = 992, 993, ..., 1982. Prove that P(1983) = Fj983 — 1. 


7.4 Higher Order Recurrence Relations 


Problem 1 (Titu Andreescu, [4]) Let (a,)n>0 be the sequence defined by ap = 0, 
a, = l, and 


Qn41 — 3dn + Gn—1 = 2(-1)",, n=1,2,.... 


Prove that a, is a perfect square for all n > 0. 


Problem 2 Define the sequence (X,)n>1 by x9 = 0, x1 = 1, x2 = 1 and 


Xn43 = 2Xn42 + 2%n41—-X%n, n=O0,1,.... 


Prove that x, is a perfect square. 


Problem 3 Define the sequence (ay)n>0 by ag = 3, a1 = 1, az = 9 and 


An43 = Qn42 + 40n41 —4a,, n=0,1,.... 


Find day. 


Problem 4 Consider all the sequences (x,)n>o0 satisfying 
Xn43 =Xn42+Xn41 +X, n=O0,1,.... 


Prove that there are real numbers @ and ¢ with 1.34 <a@ < 1.37,2.1 <t < 2.2 and 
a, b, c, satisfying the relation 


Xn = aa" + (bcosnt + csinnt)a~". 


7.5 Systems of Recurrence Relations 273 


Problem 5. A sequence (a@;)n>1 is given by aj = 1, a2 = 12, a3 = 20, and 


An43 = 24n42 + 2an41—-—an, n=1,2,.... 


Prove that for every integer n > 1, the number | + 4a,a,+ is a perfect square. 


Problem 6 (Dorin Andrica, [4]) A sequence (a,)n>1 is defined by ag = 0, a; = 1, 
a2 = 2,43 = 6 and 


Gn+4 = 24n43 + Gn42 — 2,41 -—Gn, n=1,2,.... 


Prove that n divides a, for all n > 1. 
Problem 7 (Vlad Matei, 0334. MR-2015) Consider the sequence (a,)n>0 defined 
by dn = | (165 = 4y"|, for n > 0. Prove that a, = 2, 3 (mod 15). 


Problem 8 (Dorin Andrica, 0346, MR-2015) Consider the sequence (d,)n>0 
defined by ap = 0, a; = 1, agp = 1, a3 = 6 and 


Gn44 = 2an43 + Gn42 —2an41—-an, n= 0. 


Prove that n* divides a, for infinitely many positive integers. 


Problem 9 (Bakir Farhi, 11864, AMM-2015) Let p be a prime number and let 
(Un )n>0 be the sequence defined by u, =n, forO <n < p—landuy = punsi-p+ 
Un—p, for n = p. Prove that for each positive integer n, the greatest power of p 
dividing uw, is the same as the greatest power of p dividing n. 


7.5 Systems of Recurrence Relations 


Problem 1 Find the general terms of (X»)n>0, (Vn)n>o if 


| Sei = ty 2a 
Ynt1 = —2X, +5yn, n=O, 


and xg => 1, yo = 2, 


Problem 2 Solve in positive integers the equation 
6x- = Sy" = 1, 


Problem 3 (Application 3), [7, p.170]) Find all positive integers n such that n+ 1 
and 3n + | are simultaneously perfect squares. 
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Problem 4 (IMO Shortlist, 1980) Let A and E be a pair of opposite vertices of a 
regular octagon AA; A7A3EA‘,A5A\. A frog starts jumping at vertex A. From any 
vertex of the octagon except FE, it may jump to either of the two adjacent vertices. 
When it reaches vertex E, the frog stops and stays there. Let a, be the number of 
distinct paths of exactly n jumps ending at EF. Derive and solve a recursion for ay. 


Problem 5 (Neculai Stanciu and Titu Zvonaru, $323, MR-2015) Solve in posi- 
tive integers the equation 


xty+(x—y) =xy. 


Problem 6 (Ivan Borsenco, U325, MR-2015) Let A,B,C; be a triangle with 
circumradius R,. For each n > 1, the incircle of triangle A,B,C, is tan- 
gent to its sides at the points Ay,+1Bn4+1Cn+41. The circumradius of triangle 


An+1Bn+1Cn+1, which is also the inradius of triangle Ay, Bn Cn, is Ry+1. Find the 
limit lim S41, 
n—->0oo n 


Problem 7 (Dorin Andrica and Mihai Piticari, Romanian TST, 2013) For a 
positive integer m we consider the expression 


(V2 — Ly" =a), + byV2 4+ cnV4, 


where an, bn, Cn € Z. Show that cgo 4 0. 


Problem 8 (Jean-Charles Mathieux, $38, MR-2007) Prove that for each positive 
integer n, there is a positive integer m such that 


+72)" = J/m+J/m +1. 
Problem 9 (Gauss formula) Let a > b > 0 and the function 


Xx 


5 d 
G(a, b) =i . 
0 Va2cos2 x + b? sin? x 


Define the sequences (an )n>0 and (bn )n>o by the recurrence relations 


an—1 + ba-1 
an = —————.,,_ ln = Van—1bn-1, a=a, bo=b. 


2 


(a) Prove that the sequences (ay ),>0 and (by )n>o are convergent to a common limit 
lim a, = lim a, = “(a, b). 
n—->oo noo 


(b) Show that 
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cos? x + b2 sin? x 


G(a, b) = if Jee 


(c) Ga, b) = sa: 


Problem 10 (Dorin Marghidaru and Leonard Giugiuc, 4264, CM-2017) Let 
(an)n>0 and (by )n>o be two sequences such that ag, bo > 0 and 


1 


’ 
2an 


1 
an+1 = 4) + ——, bn+1 = byt n> 0. 


2bn 


Prove that 


max{a2017, b2017} > 44. 


Problem 11 (SAMC, 2015) Let k be a positive integer. Prove that there exist 
integers x, y neither of which is divisible by 7, such that x? + 6y? = 7*. 


Problem 12 (SAMC, 2015) Arrange the numbers 1, 2, 3, 4 around a circle in this 
order. One starts at 1, and with every step moves to an adjacent number on either 
side. How many ways can you move such that the sum of the numbers visited in the 
path (including the starting number) is equal to 21? 


Problem 13 (Dorin Andrica, 097, GM-1979) Let the sequences (un) n>0, (Un)n>0 
be defined by uw; = 3, v1 = 2 and 


Un+1 = 3un + 4p 
Un41 = 2Un+3vn, n>. 


Define x, = Un + Un, Yn = Un + 20y, 1 = 1. Prove that y, = Lxnv2| forn > 1. 


7.6 Homographic Recurrent Sequences 


Problem 1 Let (%,)n>0 be the sequence defined by x9 = 2 and 


é 0,1 
x = —, n=0,].,.... 
n+1 1+ Xp 


Find X2009- 


Problem 2 Define the sequence (x7 )n>0 by 
Xn41%Xn tXn41 =XAn—-1, n=0,1,.... 


Given that for all n we have x, ¢ {—1, 0, 1} and x20999 = 40, find x,. 
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Problem 3 (Austria, 1979) Define the sequence (xn)n>0 by x9 = 1979 and 


1979(1 + xp) re 
x ee ey i 0 en eee 
ntl "1979 + Xp 


Find x, and lim xy. 
n—>oo 
Problem 4 The sequence (a,)n>0 is defined by x9 = a and 


an + V3 


an41 = ———., n=0,l.,.... 
a La, 


Find a2009- 


Problem 5 Let (x,)n>0 be the sequence defined by x9 = a and 


pee pea | 


0 n=0,1,.... 


P= 6/2 =1)x,. 


1. Prove that (x,)n>0 is periodic and find its period. 
2. Find X2009- 


Problem 6 Let a,b > 0 be real numbers such that a* > b. Define the sequence 
(xn)n>=0 by xo = a > 0 and 


Prove that (x7)n>o0 is convergent and find lim xy. 
7s n—-oo 


Problem 7 Find all sequences (ay),>1 satisfying the following properties: 


1. for all positive integers n, a, is an integer; 
nd, +1 
Ot (es eee 


AQ, +n 


2: an+2 = 


7.7 Complex Recurrent Sequences 


Problem 1 (Ovidiu Bagdasar) Define the sequence (wy)n>0 by 


2un42 = (1+ 2+ V3)i) was + (V3 —i) wn, eae PSO ce 
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1. Find the formula of wy; 

2. Prove that the sequence is periodic and find the period; 

3. Discuss the behavior of the sequence (wy)n>0, if this satisfies the same recur- 
rence relation, but with the starting values wo = 1, w, = 2i. 


Problem 2 (Ovidiu Bagdasar) Define the sequence (wy),>0 by the recurrence 
relation 


2un4a = (1+ 2+ V3)i) wei + (V3 i) wn, lop Se WS Ora! 


1. Find the formula of wy; 

2. Prove that the sequence is periodic and find the period; 

3. Discuss the behavior of the sequence (w,)n>0, if this satisfies the same recur- 
rence relation, but with the starting values wo = 1, w; = 2i. 


Problem 3 (Ovidiu Bagdasar) Let the sequence (wy)n>0 be defined by wn+y2 = 
PWn+1 + qw»y with p,g € C, and wo = 1, wy =i. 


1. Find three distinct sequences having period 15. 
2. How many such sequences exist? 


Problem 4 (Ovidiu Bagdasar) Consider the sequence (w,)n>0 defined by 
Wn42 = PWn+1 + qwy with p,g € C, and wo = 1, w; = i. Find the number of 
periodic sequences (wW,,)n>0, Whose period is the cube of a given prime number. 


Problem 5 (Ovidiu Bagdasar) Let (w,),>0 be the sequence defined by the initial 
conditions wo = a, w; = b, and the recurrence equation 


ani /2( /2+1) 
Wnt2 =e Wn41— e Wn, n=O0,1,.... 


ani V2 (ene 4s 1) 
1. Show that the closure of the set {w, : m € N} is an annulus. 


2. Find a, b for which the orbit of (w,)n>0 fills the annulus U (0; 1, 2). 


Problem 6 (Ovidiu Bagdasar) Let (w,)n,>0 be a recurrent sequence which has the 
initial values wo = 1, wy =i, w2 = 1+ i. 


1. Show that if (wy)n>o satisfies the recurrence relation 
Wat3 = 1 +i)wnt2 — Ud +i)waqi +iwn, 


then it is periodic, and find its period. 
2. Find the complex number q for which the sequence (wy)n>o defined by 


wn43 = (GQ? +9 -Vunyn t+ G49? —@?)Wnt1 — Pn, 


is periodic. What are the possible values of the period? 
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Problem 7 (Ovidiu Bagdasar) Let (w,)n>0 be a sequence defined by wo = 1, 
w, =i, w2 = 1 +i, and wn43 = PWn42 + 9QWnt1 +rWn, where p,g,r €C. 


1. Find p, qg,r such that (w,)n>0 is periodic of period 2019; 
2. How many such sequences of period 2019 exist, if the characteristic polynomial 
has distinct roots? 


Problem 8 (Dorin Andrica) Let (Zn)n>1 be the complex sequence defined by 
Zant] = 2 —-2nt1,n=1,2,..., where 22 — z, +1 4 Oand z; 0, 1. Prove that 
there are two points O; and QO? in the complex plane such that for any n > 1, the 
points of coordinates z,4 1 and = fees = are located on circles with centers O; 
and O> and radius 1. 


7.8 Recurrent Sequences in Combinatorics 


Problem 1 Prove the identity 


Problem 2 Prove the identity 


1 ifn =3p; 


n 

k 2n —k 7 
Devi ‘ )- 0 ifn=3p+l, peN. 
me =P. Hina 3p 42: 


Problem 3 Determine the number of functions f : {1,2,,...,n}— {1, 2, 3,4, 5} 
satisfying the property | f(A + 1) — f(k) |= 3, forallk e1,...,n—1. 


Problem 4 In how many ways can you pave a 2 x n rectangle with | x 2 tiles? 


Problem 5 Prove the identity 


0 if0 < p <n, 
1 if p=n, 
n . 
Sepp lee See een 
nth) if p=n+3, 
3 2 : 
n(15n +800 font) if p =n+4. 
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Problem 6 (Italian Mathematical Olympiad, 1996) Given an alphabet with three 
letters a, b, c, find the number of words of n letters which contain an even number 
of a’s. 


Problem 7 Find the number of n-words from the alphabet A = {0, 1, 2}, if any two 
neighbors can differ by at most 1. 


Problem 8 (Romanian Mathematical Olympiad, 1995) Let A;, A2,..., An, be 
points on a circle. Find the number of possible colorings of these points with p 
colors, p > 2, such that any two neighbors have distinct colors. 


Problem 9 Define a set S of integers to be fat if each of its elements is greater 
than its cardinal |S|. For example, the empty set and {5, 7,91} are fat, but the set 
{3,5, 10, 14} is not. Let f,, denote the number of fat subsets of {1,..., 2}. Derive a 
recursion for fh. 


Problem 10 Consider a cube of dimensions 1 x 1 x 1. Let O and A be two of its 
vertices such that OA is the diagonal of a face of the cube. Which one is larger: 
the number of paths of length 1386 beginning at O and ending at O, or the number 
of paths of length 1386 beginning at O and ending at A? (A path of length n on 
the cube is a sequence of n + 1 vertices, such that the distance between each two 
consecutive vertices is 1.) 


Problem 11 (Rishub Thaper, 0443, MR-2018) Let f(n) be the number of 
permutations of the set {1,2,...,}, such that no pair of consecutive integers 
appears in that order, i.e., 2 does not follow 1, 3 does not follow 2, and so on. 

1. Prove that f(n) = (n- I f(n— 1) + (1 —2)f(n — 2). 

2. If [w] denotes the nearest integer to a real number a, prove that 


e 


1 1)! 
fy = >| “|. 
n 


Problem 12 (Mircea Merca, 11767, AMM-2014) Prove that 


l+tptt+---+t,)! 
yo eee + tn) —2"_ Ff, 
(1 + fy)!t2!---t,! 


where F; is the kth Fibonacci number and the sum is over all nonnegative integer 
solutions to ty + 2f +---+nt, =n. 


Problem 13 (David Beckwith, 11754, AMM-2015) When a fair coin is tossed n 
times, let P(n) be the probability that the lengths of all runs (maximal constant 
strings) in the resulting sequence are of the same parity as n. Denoting by F,, the 
nth Fibonacci number, defined by Fo = 0, Fj = 1, and Fy = Fy—1 + Fy—2 for 
n > 2, prove that 
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1 n/2 . ; 
(5) if n is even, 
P(n)= n—1 
(5) Fr ifm is oda, 


Problem 14 Find the number of ways uy, in which we can climb a ladder with n 
steps, if we can climb either one, or two steps at a time? 


7.9 Miscellaneous 


Problem 1 (Josef Tkadlec, 0466, MR-2018) Let n > 2 be an integer. Prove that 
there exists a set S of n — 1 real numbers such that whenever aj, ..., dy, are distinct 
numbers satisfying 


1 1 1 
aqt+—=aQ+—- FS]: SH a-1+—-— = a+—, 
a2 a3 an ay 


then the common value of all these sums is a number from S. 


Problem 2 (Titu Andreescu, S334, MR-2015) Let (a;,),>0 be a sequence of real 
numbers with ap > 0 and ay4+1 = ao--- da, + 4 forn > 0. Prove that 


an — Vanni + DQZ+)-4=1, ne 1. 


Problem 3 (Angel Plaza and Sergio Falcén, 11920, AMM-2016) For a positive 
integer k, let (Fx) be the sequence defined by the initial condition Fy,9 = 0, Fk,1 = 
1, and the recurrence relation Fxn4+1 = k Fyn + Fen—1. Find a closed form for 


n 
2n+1 
nay ; ) Fanci 


i=0 


2 
Problem 4 (Problem 32, ME-1997) Let ap = 1996 and ani) = a forn = 
0,1,2,.... Prove that |a,| = 1996 —n forn = 0,1, 2,...,999, where |x| is the 


greatest integer less than or equal to x. 


Problem 5 (Problem 21, ME-1997) Show that if a polynomial P satisfies P(2x*— 


2 
=a, 


Problem 6 (Titu Andreescu, J55, MR-2007) Consider the sequence defined by 
ao = | and ayn41 = a0---a, +4, = 0. Prove that ay — /an41 = 2, forn > 1. 


then it must be constant. 
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Problem 7 (APMO, 2014) A sequence of real numbers (ay, )n>0 is said to be good 
if the following three conditions hold: 


1. The value of ao is a positive integer; 

2. For each nonnegative integer i we have aj4, = 2a; + | or aj41 = aaoe 

3. There exists a positive integer k such that a, = 2014. 

Find the smallest positive integer n such that there exists a good sequence (dy )n>0 
of real numbers with the property that a, = 2014. 


Problem 8 (Dorin Andrica) Define x, = Qe" + 1 for alln > 1. Prove that 


1. Xp) =X X0++ + Xp-1 #2,n > 13 
2. (xz, x1) = 1, for distinct k,1 € N; 
3. x, ends in 7 for all n > 3. 


Chapter 8 Mm) 
Solutions to Proposed Problems nn 


In this chapter we present detailed solutions (sometimes two or three) for the 
proposed problems in Chapter 7. 


8.1 First-Order Recurrent Sequences 


Problem 1 (Germany, 1995) Let a and b be positive integers and consider the 
sequence (Xn)n>0 defined by x9 = 1 and 


Xn+1 =ax,+b"t!, n=0,1,.... 


Prove that for any choice of a and b, the sequence (Xn)n>0 contains infinitely many 
composite numbers. 


Solution The formula (2.5) in the case a = | gives 


pti | 


Die Mage Doel gt n> 0. 


If n is odd, n = 2k — 1, then 
bE -1 
b— 


7 = OF + Dae, k>0, 


Xn = (b* + 1) 

and the conclusion follows. 
Let a ~ 1. Assume to the contrary that x, is composite for only finitely many 
n. Take N larger than all such n, so that x,, is prime for all n > N. Choose such a 
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prime x, = p not dividing a — 1 (this excludes only finitely many candidates). Let 
t be such that (1 — a) = b"+! (mod p). Then 


Xn¢1 —t = aX, + bt! _ + = ax, + bt! — p"*! — ta (mod P), 
hence X41 — t = a(x, — t) (mod p). In particular, 
Xm+p—1 =t+ (Xmtp—1 —t) =t+aP"! (em — t) = (1—a?!)t =0 (mod p). 


However, Xm+p—1 is a prime greater than p, yielding a contradiction. Hence 
infinitely many of the x, are composite. 


Problem 2 Let m and n be integers greater than I such that 
gcd(m,n — 1) = gcd(m,n) = 1. 


Prove that the first m — 1 terms of the sequence n|,n2,..., wheren, = mn+1 and 
Nke] = n-ne +1, k = 1, cannot all be primes. 

Solution It is easy to show that 

nk —] 


n—1? 


k-1 


ne=nkm +n +e-tn+t+1lankm+ 


for every positive integer k. Hence 


nem — 4 
n = 70.4 — 
p(m) Ee | 


By Euler’s theorem, we have m | (n?") — 1), and since gcd(m,n — 1) = 1, it 
follows that 


nvm — 4 
i 
n—-1 


Consequently, m divides ngim). Because y(m) < m — 1, ngim) is not a prime. 


Problem 3 Let a; = 1, dna, = Qn + LJ/Gnj, n = 1,2,.... Show that ay is a 
perfect square if and only if n is of the form 2* + k — 2. 


Solution 1. Let ny = 2 +k—2. We prove by induction first that ay = (2'-!)? and 
second that ng_; < m < nx implies that a,, is not a perfect square. The assertion 
holds for k = 1. By induction oni one can prove that the relations 

An,+2i = (28-1 41-3)? + 2k, 


Gny42i41 = (281 +i)? +281 - 3, 


hold for 0 <i < 2*~!. In particular, if i = 2'~!, we obtain ay,,, = (2*)?. 
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The other values are not perfect squares, since they are located between two 
consecutive squares. 


Problem 4 (IMO Shortlist, 1971) Let T, =k — 1 fork = 1,2,3,4 and 


Tox—1 = Tor-2 + 2*-?, Toe = Tres t+2*, k= 3,4,.... 
Show that for all n, 


12 n—-1 17 n—-1 
14+ Ton) = 7? and 1+ Tay, = 72 : 


Solution We use induction. Since T; = 0, 7) = 1, T3 = 2, JT = 3, Ts; = 5, and 
To = 8, the statement is true for n = 1, 2,3. Suppose that both formulae from the 
problem hold for some n > 3. In this case 


17 12 
Tont1 =1+ Top gr = |po +27] ant +2" | ; 


12 17 
Trn42 = 1+ Trn-3 ot ae ~ Fz"? " at | ~ +2" | 


This shows that the formulae also hold for n + 1, which ends the proof. 


Problem 5 Define the sequences (X,)n>0 and (yn)n>0 by x9 = &, Yo = B, and 
Xn = 2yn +1, Yn tt = 2%, — 3,2 =0,1,.... Find xp and yp. 


Solution Define the sequences (uy)n>o0 and (Un)n>0 bY Un = Xn + Yn and vy = 
Xn — Yn, 1 =0,1,.... From the recursion relations we obtain 


Xn+1 + Yn41 = 2(Xn + yn) -— 2, n=0,1,..., 
hence 
Unt| = 2Uy,—2, n=O0,1,...,. uo=xXot+tyw=at+B. 
By applying formula (2.2) for a = 2 and b = —2, we obtain 
Un =2"(a+B-—2)4+2, n=0,1,.... 
From the recursive relations we obtain 
Xnt1 — Yat1 = —20n — yn) +4, n=0,1,..., 


hence 


286 8 Solutions to Proposed Problems 


By applying formula (2.2) for a = —2 and b = 4, we obtain 


4 4 
Un = ( 2" (a B +-, n=0,1,.... 
3 3 


From the system x, + yy = Un and xn — yn = Up, We get 


ly, " 4 10 
[240 2) (=2) (« B =) + 


Xn = 
3 
2 ligt 2 2)" : 2 =0,1 
m=5| (a +B —2)—(-2) (« b =) +5]: n=0,1..... 


Problem 6 Let p > 3 be a prime and let (Xn)n>0 be the sequence defined by 
Xn41 =2X,+1, n=0,1,..., xo =p. 


Prove that for any integer k = 0, the set Ax = {Xk, Xk41,-.+,Xk+p—1} contains at 
least one composite integer. 


Solution Using formula (2.2) fora = p,a = 2, b = 1, we get 
X, =2"(p+1)—-1, n=0,1,2,.... 


Taken € {k,k+1,...,k+ p— 1} such that p — 1|n, that isn = m(p — 1) for some 
positive integer m. Then 


=P p+? —1=2 p+ Oy 1 =1S0 (mod p), 


since according to Fermat’s little Theorem we have (2”")? —! = 1 (mod Pp). 


Problem 7 (Marius Cavachi, $303, MR-2014) Let (dy)n>1 be the sequence 
defined by a, = | and ay4, = 5 (a, + 2), for n > 1. Find |ayo 4]. 


Solution By the AM-GM inequality we deduce that for every n > 1 we have 


hence 


By induction, it is easy to show that 


ant < a1 +2" —1dby +++ + 2b3 + bo, 
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n 


where b, = oa and also notice that 


bn41 > by en >ntl. 
This shows that (b,),>2 is an increasing sequence and that 


LEO b.. (Le = Db 
ma _ n < on 


anti S + by. 


We conclude that 


1 n 
< a nr 
Vit Sans 5 5 ne 


Applying these results for nm = 2013, one obtains |az914] = 44. 


Problem 8 (Albert Stadler, U367, MR-2016) Let (a,)n>1 be the sequence of real 
numbers satisfying the properties ay = 4 and 3ay4, = (@n + 1)? —5,n > 1. Prove 
that ay, is a positive integer for all n, and evaluate 


Solution Denoting a, = 3b, + 1, we obtain a new sequence with b; = 1 and 
Dnt = 3p (Bn + 1)? + Bn, 


therefore since b, is a positive integer, by induction, it easily follows that a, is also 
an integer. Moreover, 


a, —1 — by = bn(bn + 1) L bn+1 — bn 
a+a,+1  3b%+3b,+1 boii tl 3(bp + 1) (O41 + 1) 
1 1 


~ 3Gn+1) 3a +’ 


which gives 


$ Qn-1 1 1 | 1 
az tan+1  361+1 36n41 +1 6 3(bng1 +1)’ 


n=1 


Since by converges to infinity, we deduce that 
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Problem 9 (Arkady Alt, U326, MR-2015) Let (an)n>o0 be a sequence with ay > 1 
and 3an+41 = a; +2, forn > 1. Find 


Solution By the identity 3a,4) = a? + 2, we have a? — 1 = 3(am41 — 1), hence 


an +2 — G@n-WG@nt+2) _ aZ+a,—2 
azt+an+1 a3 —1 ~~ 3@n41— 1° 
One can write 
yc a, +2 ieee 
Satan t+] 4 3(Gn41 — 1) 


- 9% + Gn — 2) 2s An+1 — Gn 
= 3(@n — WGng1 — VD & (Qn — Dag — D 


-r (A I )- 1 
4 Nan 1 Gn — 1) @— 1) 


Problem 10 (Khakimboy Egamberganov, U327, MR-2015) Let (an)n>0 be a 
sequence of real numbers with ay = | and 


an 
a+. = ——>—.. 
a Nady + a +1 
Find the limit lim nay. 

noo 


[o,@) 
no an converges 


Solution Note that aj41; = 
to a value S € IR. One can rewrite the initial relation as 


1 5) 1 
—=0+a9+ — 
ay ao 


a 12 ey 
= +ayt+ 
at 


1 2 
— = (n— 1) + ay,-1 + : 
an Qn-1 
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By summation we obtain 


1 _ (a= 1)nQn~1) sree 


an 6 6 
Dividing by n° and taking limits, notice first that 
n—1 
+1 S+1 
finn, SO tm 0 
n—>oo n n>o n 
therefore 
1 
km Jn. (nent) ro %K +1 _ 1 
n> nay noo 6n3 wet n 3 


3 


Finally, we conclude that lim n°’a, = 3. 
n—>oo 


Problem 11 (Titu Andreescu, U333, MR-2015) Evaluate 
Co 92" 
I] T= gant 4s 1 F 
n=0 


. . in F 
Solution Denoting x, = 22" one obtains Xnt1 = te and 


oo a2" - oo ; ie. 
a aaeren | =|] ~ 1/x2+1 
n=0 n=0 ie 


aT —XxX,+1 l+t+xn l-%n l1-x 


3 
n 
1+ x2 1l+x, l—-xX 1— x3 


-T] (1 — xp)(1 — xn) 
PUSS) 


00 3 00 
fae 7p ise 
1-—x3 
n=0 " n 


7g | — ¥n+2 
tas Sai Kiet). 3 
> l= - 1-1/8 a ia 
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Problem 12 (Marius Cavachi, U272, MR-2013) Let a be a positive real number 
and let (an)n>0 be the sequence defined by ay = Jd, An+1 = Gn +4, forn > 0. 


Show that the sequence has infinitely many irrational terms. 
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Solution Assuming the result is false, either all sequence terms are rational, or there 
is a last rational term ay, i.€., dn+1, 4N+2,..., are all rational. Notice that if two 
consecutive terms are rational, then a = ae 42 — 4n+1 must be rational. From the 
relation as, 41 =4n +4, we deduce that ay is also rational, which suggests that all 
terms in the sequence would be rational. 


Assume there is a real number a > 0, such that the sequence (a,)n>0 has only 
rational terms. One can show that a; = /a+./a > ./a = ao, and then also in 
general, if dy > dy_1, we have dy41 = /a+ fad, > a+ a,_-1 = Gn, hence the 
sequence is strictly increasing. 

Denote by ap = fa = + with uw, v coprime. We prove that we can define the 
increasing integer sequence (Un)n>0, given by up = u and uy, = Juz +uyv. 
Notice that if a, = a then dnj41 = me Also, since a+, is rational, if up, is an 
integer, then u,+ is rational and at the same time, the root of an integer, hence it is 
an integer too. Since ug is an integer, it is clear that the integer sequence uy, = vay 
is strictly increasing, hence unbounded. 

One can find therefore a value of n for which 


1+J/1+4a 
5 . 


An = VUyn > 
From this we deduce that 


2 2 
(QQa2-1-1 , 
< a St Stns: Geeta /e ra = 46a Soe 


Since (dn)n>0 Was increasing, this is a contradiction, hence the assumption that 
(an)n>o0 had a finite number of irrational terms was false. 


Problem 13 (Ivan Borsenco, 0285, MR-2013) Consider the integer sequence 
(Gn)n>o0 given by ay = 1 and ayy) = 2"(2% — 1), n > 1. Prove that n! divides 
An. 


Solution Note first that given a prime p and an integer n > p, the multiplicity with 
which p divides n! is at most n — p + 1. Indeed, this multiplicity is given by the 
exact formula 


= n a n 
| a|<"Oa-se7 
mab? pe? prs 

Clearly, it is sufficient to show that —", < n — p + 1, which is equivalent to (n — 
P)(p—2) = 1. This is clearly true, except for p = 2 orn = p.If p = 2, note that the 
multiplicity with which 2 divides n! is less than n, that is at mostn —1 =n—p+1, 
in agreement with the stated result. On the other hand, ifn = p, the multiplicity 
with which p divides n! = p! is 1 =n — p+ 1, hence the result also holds in this 
case. This confirms that the result is always true for any prime p and integer n > p. 
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By the previous result, it suffices to show that for any prime p and any integer 
n > p, p divides a, with multiplicity at least n — p + 1. This is trivially true 
for p = 2, as for any n > 2, 2n-l = 2-24! divides az, hence 2% = (mod 3), 
hence 33—3+! divides a3, whereas if the result is true for n, then a, is a multiple 
of 2. 3”~P+!, so by Euler-Fermat’s theorem, 3+!)—P?+! divides 2%, or it divides 
an+1. The proof of this result is done by induction over the set of odd primes. 

Given any odd prime p > 3, assume that the result is true for all primes less than 
P, or since p — | is a product of primes less than p. By the induction hypothesis 
and using the previous arguments, (p — 1)! divides ap_1, or in particular p — 1 
divides ap_1, hence by Euler-Fermat’s theorem, 24-1! is divisible by p, or for 
N = P, An = Gp is divisible by p = p"~?*!. For any n > p, if p"?*! divides 
p, and since p — | <n, then p — 1 divides n!, which in turn divides ay, it follows 
that (p — 1)p"~?*! divides an, or by Euler-Fermat’s theorem, p“*+!)—?+! divides 
2% — |, hence it divides ay+1. 


Problem 14 (Iosif Pinelis, 11837, AMM-2015) Let ag = 1 and let an4., = an + 
e—™ forn > 0. Let by = ay — logn. For n > 0, show that 0 < by+1 < by; also 
show that lim by, = 0. 

n— Oo 


Solution The sequence (a, )n>0 satisfies dn41 = f (dn), where f(t) = t+e. 


Clearly, function f is increasing and positive on the interval [0, 00). For any positive 
integer n, we have the inequalities 


1 cet : ] 1 : : 
Of n > a °8 n+1 _ n+l 


1 
log(n+ 1) < logn+-, (8.1) 
n 


hence 


and 

1 1 1 
— <log{1+-]<-. (8.2) 
n+ n n 


We will prove by induction that a, > log(n + 1) for all n > 1. Clearly, we have 
ay = 1 > log2. Next, if a, > log(n + 1), then 


1 
an+1 = f(aq) > f dog(m + 1)) = log(n + 1) + ——, 
n+1 


hence by (8.1), dn41 > log(n + 2). Notice that since a, > log(n + 1) > logan, it 
follows that b, > 0, for any n > 1. Also, because ayj41 — dy = e ™, we have 


1 
—log(n+1) __ 
AQn41—An<e  * = », nol. 
n+ n n+1 
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By (8.2) we obtain an41 — dn < log(n + 1) — logn, hence by+1 < bp. 


Clearly, a, diverges to infinity, so we have 


e antl ein em eft es | 
= lim = lim = 1. 
n>oo (n+1)—n noo =e 4n h>0 Ah 
By the Stolz-Cesaro lemma, it follows that lim e@/n = 1 = lim e?”, hence 
n— oo noo 
lim by = 0. 
n—-> Oo 


Problem 15 (Titu Andreescu, U64, MR-2007) Let x be a real number. Define the 
sequence (Xn)n>1 by x1 = 1 and xXn41 = x" + nx, forn > 1. Prove that 


aes Xn+1 
. Poet . i 1 n x 
Solution The condition x,+; = x" + nx, gives = = = + GDP? forn > 1. 
Then 
n k n 
xe y (= Xk ) _Xnt1 XL _ Ant 
1 ! —1!/° av 1s nl : 
= k! = k! (k — 1)! n} 0! n} 
yielding 
n 
Xnt+1 a 
n! k! 
k=0 


It follows that 


as xk "(x — xk "kx x n! 
H(-=)- (SA )=T er 


7 5. Otel 1 bo. oe 
I] 1- = lim = =~ =e". 
noo Xn+1 lim ye 6 x“ e 


n—- oo 


Problem 16 Let I be an interval and consider a function f : I — TI. Define the 
sequence (dn )n>0 by the relation dy41 = f (ay), forn = Oand ag € I. Prove that 


1. If f is increasing, then (dy)n>0 is monotonic; 
2. If f is decreasing, then the sequences (a2y)n>0 and (d2n+1)n>0 are monotonic, 
having different monotonicities. 
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Solution 


1. If ag < aj, then f(ao) < f(a), hence aj < a. By induction we show that 
an < an+1 forn > 0. If ag > aj, then the sequence is decreasing. 
2. We have 


G2n41 = f (Gan) = (f° f)(@mn-1), n=O 
n> 0. 


dan = f (Qon-1) = (f © f) (@2n-2), 


Since g = f o f is increasing, by 1) it follows that (a2, )y>0 and (d2n41)n>0 are 
monotonic. Assuming that the sequence (a2, ),>0 iS increasing, by the relation 
A2n < Arn+2 it follows that dan4, = f(don) > f(Gon42) = a2n+3, hence the 
sequence (d2n+1)n>0 18 decreasing. Similarly, if (a2, )n>0 1s decreasing, then the 
sequence (d2n+1)n>0 18 increasing. 


Problem 17 (Michel Bataille, 4282, CM-2017) Find lim u, where the sequence 
n->oo 


(Un)n>0 is defined by uy = | and the recursion 


1 
tat = 5 (a4 a+): 
for every nonnegative integer n. 


Solution For each nonnegative integer n, let u, = with v, > 0. We have 


zule 
4v2 2 
vo = | and vy satisfies the recurrence relation 


4 JVl+v-1 


Un4+1 = 2 


Let v, = sinh x, for some x, > 0. Then 


hx, — 1 2 
(sinh x41)? = "52 —— = (sinh 2) 


therefore Xn41 = X,/2 for each n > 0. It follows that 


xo sinh!1 = In(1+ V2) 
= gn = gn = Qn y 


It follows that 


Uy = 


gn [sinh Qe In(d + vD)) 
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=4-" 


2 
2 ions 2) ( Qn ) 
Sab (2-* In(1 + Vv?) In(l + /2)) 


Letting n tend to infinity yields the desired limit dn(1 + /2))~? ~ 1.287. 


Problem 18 (Mihaly Bencze, 4264, CM-2017) Let x; = 4 and xn4) = [\/2xnI, 
where |-| denotes the integer part. Determine the largest positive integer n for which 
Xn» Xn+1, Xn42 for an arithmetic progression. 


Solution We show that the largest such number is n* = 7. By direct computations, 
one obtains x7 = 12, xg = 15, x9 = 18, x19 = 22. This confirms that x7, xg, x9 are 
in arithmetic progression, hence n* > 7, while also, n* 4 8. 

Since x, is increasing, for any n > 9 we have x, > 18 = x9. Note that 


xntt = LW 2an) =n + | V2 — Dan | = ant yn, 
where y, > [0.25x,| > 4. Since 4(./2 — 1) > 1, we have 
nga = LY 2m) = nti + | 2 — Dnt | = ang + | /2— DGn + ya) | 
oes |W ~ tq + 4) | oe |W edge 1 


= inti + | (V2 - Dan | + 1 = ann ton $1. 
Hence 
Xn42 —Xnt1 = In +1 = | 2 - 1)xn | +1= [V2xn | —Xn +1 > Xn41 — Xn, 


SO Xn, Xn+1, Xn4+2 Cannot be in arithmetic progression. 

Problem 19 (Marcel Chirita, 3942, CM-2016) Consider a sequence (Xn)n>1 with 
x, = land xn41= al (xn + +). Find im J/NXn- 

Solution We prove by induction that we have 


1 


Z 
<x, 5: 


n> 2. 


Sle 


This clearly holds for n = 2, since x2 = 1. Assume that this holds for some n. Since 
the function f(t) =f+ : is decreasing on (0, 1), we have 


f(—)sr(a)er(2). (8.3) 
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Clearly, it follows that 


fa) ee sk. FORA oS)? 
ape et a D 
GED Gri wD 


from where we deduce 


1 1 
eee. Sa 
(nt? ~*~ Mt” 


We obtain 


1 n2 1 5 (n+l? 1 
< : = %41 = — 
nt+17 n2-1 n417~°"' 7 nn4l)? 2 


’ 


which completes the induction step. 


Since x, > 0 for all n, we deduce that 


1 yn Sf, 
n—1l 


from where we conclude that lim nx, = 1. 
n—>oo 


Problem 20 (Laurentiu Panaitopol, S10, MR-2006) Let (dy)n>1 be a sequence 
of positive numbers such as ayn41 = ae —2 for alln > 1. Show that we have ay, = 2, 
foralln > 1. 


Solution Define the sequence (b,)n>1 as follows: 
bp =V2, baat =JV2+hn, n>. 
Observe that a, > bm is equivalent to ie —2> be —l,or 
Qn+1 > Bm-t. 
Since ay+41 > 0, it follows that a, > af, hence a, > b,. We deduce that 
Qn-1>b2, GQ2>b3, ..., a>by, n=l. 
It is easy to show inductively that 


4 
by = 2cos antl? 
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therefore 
lim by, = 2. 


noo 


It follows that a; > 2, and we obtain inductively that a, > 2, for all n. 


8.2 Second-Order Recurrent Sequences 


Problem 1 (Titu Andreescu, [4]) Find az920 for the sequence (dy)n>1 defined by 


a, = 1 and 
An41 = 2dn + ,/ 3a? — 2, nl Cae ee 


Solution It is clear that aj < az < ---, hence we can write the recurrence relation 
in the equivalent form 


Bs — Aan an+1 +a24+2=0, nA, 2,534 

Replacing n by n — 1 we obtain 
2 2 — _ 

a, — 4dn—1An +7, +2=0, n=2,3,.... 

It follows that a,41 and a,—; are the roots of the quadratic equation 
t? — dant +a? +2=0, 
hence 
Qn+1 + an-1 = 4an. 
From here one obtains a; = 1, a2 = 3 and ay4, = 4a, — ayn_1,n = 2,3,.... 
The characteristic equation is t? — 4t + 1 = O with the roots ty = 2+ /3 and 
ty = 2 — ./3. By Binet-type formula the general term is given by 
d= cit Porn, me Leese, 


where c, and c2 are given by the system 


cit) + cat2 = 1 
eit, + cots = 3. 
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Simple calculations show that cj = x6) _ V3) and c2 = x6) + V3), hence 


a = =[6- V+ VI" +64 VD2- V5"), ye, 


Problem 2 Let a and b be positive real numbers. Find the general term of the 
sequence (Xn)n>0 defined by x9 = 0 and 


Xntl =Xn tat Vb? 4+4ax,, n=0,1,.... 
Solution We have 


b* + 4axn+1 + ee + 4a(xn +a+-¥v b? + 4axn) 


=4a? + dab? + 4axy + (b? + 4axn) = Qa + Vb? + 4axn)’, 


therefore 


/b? + 4axn4, =2a+ Vb? 4+4ax,, n=0,1,.... (8.4) 


Using the initial recursive relation we obtain 


/b? + 4axn41 =Xnt1—X4n ta, n=0,1,.... (8.5) 


Replacing n by n — 1 in (8.5) we obtain 


Vb +. 4axy, =X, —X,» ta, n=1,2,.... (8.6) 
Using the initial recurrence relation again it follows that 


Xnt1 —Xn —A4=Xyn—Xn-1 +4, 


that is 
Xn+1 — 2X, +Xn-1 = 2a, n=1,2,.... (8.7) 
Letting vy, = X, — X%,-1,n = 1,2,..., the relation (8.7) is equivalent to 
Yntl — Yn = 2a, n=0,1,.... (8.8) 


From (8.8) one clearly obtains y, = 2an + (a+ b),n = 0,1,..., which finally 
results in x, = an? +bn,n =0,1,.... 
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Problem 3 (IMO Shortlist, 1983) Let k be a positive integer. The sequence 
(an)n>0 is defined by ay = 0 and 


Gn41 = (Qn + DE+ (K+ Dan +2VKK + Dan(Qn +D, 1 =0,1,.... 


Prove that all an are positive integers. 


Solution Clearly, each a, is positive and 


Jani = JanVk + 1+ Van + 1Vk. 


Notice that 


Vang1 +1 = Vk + 1lVap +1+ Vk Jan. 


Therefore, one obtains 


(KIS WRG? 1 a/a) 
=(Vk + Lan +14 Vk Jan) — (fan k + 1+ Van + 1k) 
=V a4n+1 +1 — JS an+1- 


By induction, one obtains 


an + — Jan = = (vk — Vk)". 


Similarly 


Van +14 San = (VK +145)". 


It follows that 


Jan = = [EFI + Ve" — WEFT - V"], 


oe 


from which the conclusion follows. 


Problem 4 (Iberoamerican Olympiad, 1987) Letm,n,r > 0 be integers with 
Ltm+nv3 = (24 V3)"1, 


Prove that m is a perfect square. 


Solution Taking the conjugate we get 


tens HO =. 
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hence 


[e+ v3'+ a= V3 4]. 


Nie 


lt+tm= 
Consider the sequence (x,,),>1 defined by x; = 2, x2 = 5, and 
Xn42 = 4Xn41 — Xn, n=0,1,.... 


The characteristic equation is 7 — 4t — 1 = 0, having the roots t) = 2 + V3 and 
ty = 2 — \/3. By the Binet-type formula, the general term is given by 


Xn = €1(2+ V3)" +.09(2— V3)", n=1,2,..., 
where c and c2 are given by the system 


oe 9 
c1(2 + V3)? + (2 — V3)? = 5. 


We obtain the general formula 


1 1 
cael 32+ V3)" + (2— 73)", n=1,2,.... 
+ 


V3 1- V3 


Using this formula, one may notice that 


2 (2+ V3)" (2- V3)" 1 or-1 2r-l 
= 1=~/24+Vv3 2-Vv3 —l=m, 
eRe ER, * 4-2/3 5[' ee “ait . 


and the conclusion follows for all 1, since x, is an integer. 


Problem 5 (Kiirschak Competition, 1988) Let k be a positive integer. Define the 
sequence (Xn)n>1 by x1 = k and 


Xa = kx + (k2-D)G2-1, n=1,2,.... 


Prove that all x, are positive integers. 


Solution Proceed as in some problems above. One can prove that the following 
recurrence relation is satisfied 


Xn41 = 2kxXy—Xp-1, n=2,3,..., 


where x} = k and x7 = 2k? — 1. 
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Problem 6 Let the sequence (an)n>1 given by ay = 1, az = 2, a3 = 24 and 


2 2: 
6a" _)4n—3 — 8an-147_5 
j= » MEAS ye oc. 
An—24n-3 


Show that for all n, ay is an integer divisible by n. 
Solution We have 
an an-1 an-2 


=6 8 


an-1 Gn-2 Gn-3 


Denoting b, = a, /d,—1, one obtains by = 2 and b3 = 12, while the general term 
of the sequence is given by b, = 2”~!(2"—! — 1). Simple computations show that 


n 


PR ae []@ =». 


i=l 


To prove that a, is a multiple of n, letn = 2km, where m is odd. 

Since k <n < n(n — 1)/2, and there exists i < m — | such that m is a divisor 
of 2' — 1 (for example, i = y(m), where ¢ denotes Euler’s function). This confirms 
that a, is a multiple of n. 


Problem 7 (Balkan Olympiad, 1986) Let a,b,c be positive real numbers. The 
sequence (ay)n>1 is defined by ay = a, ay = b and 


2 
a,+ec 
n 
antl = Pa (ae ie 
an-1 


Prove that the terms of the sequence are all positive integers if and only if a, b and 
2 2 

a~+b*+c 
ab 


Solution Clearly, all the sequence terms are positive numbers. Writing the recur- 
rence relation as 


are positive integers. 


Qn4+14n-1 = aa He, 
and replacing n by n — 1, one obtains 

an an—2 = aos +c. 
By subtracting the two equations we get 


Qn—1(n+1 + Gn—1) = An(An + n—2). 
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Therefore 


An+1 + Gn-1 an + An—2 
= », n=3,4,..., 
an Gn-1 


from where we deduce that the sequence b, = fut Pena is constant, which has 


the value b, = k, for all n > 2. It follows that the sequence (an)n>1 satisfies the 
recurrence equation 


An41 = kan —an-1, n=2,3,..., 


and since a3 = Bite = kb — a, we deduce that 
ps atbe+e 
7 ab : 


Since a, b, k are positive integers, it follows by induction that a, is a positive integer 
for alln > 1. 


Conversely, suppose that a, is a positive integer for all n > 1. Then a and b are 


positive integers, and k = are is a rational number. Let k = 2, where p and qa 


relatively prime positive integers. We want to show that g = 1. Suppose that g > 1. 
By the recurrence relation we obtain 


G(Qn41 + 4n—-1) = Pan, 
and hence q divides ay for all n > 2. We prove by induction on s that q* divides ay 


for alln > s + 1. This is true for s = 1. Suppose that go divides a, for alln > s. 
We have 


_?P 
Qn42 = gn — an, 


which is equivalent to 


Gn4+2 —  Ant+1 an 


qo7} P q qs . 


Ifn > s, then ge! divides a, and ay+2, hence q* divides ay+1. It follows that q* 
divides a, for alln > s + 1. Finally, we have 


2 
= A541 Ae 
as42 = 4 
s 


which implies that c is divisible by g7°~", for all s > 1. Because c > 0, this is a 
contradiction. 
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Problem 8 (IMO Shortlist, 1984) Let c be a positive integer. The sequence 
(fn)n>1 ts defined as follows: 


fi=1, fro=ec, Foti = 2fn — fa-1 +2, n=2,3,.... 


Show that for each k € WN there exists r € IN such that fx frai = fr- 
Solution From the given recurrence relation we infer that fn41—fn = fna-—fn—-1t 
2. Consequently, fr41— fn = fo -— fr +22 — 1) =c—14+2(n — 1). Summing 
up form = 1,2,...,k — 1 yields the explicit formula 

fe = fit k-DYC-)+K-Y)KE-2 =k —dk-d, 
where b = c — 4. Simple computations show that 


fifeer =e +204 DP 4+ (0 +04 D7 4+ (07 +b) - bd. 


We are looking for an r for which the last expression equals f,. Considering r = 
k* + pk + q we determine by direct calculations that p = b+ 1, gq = —b, and 
r=kP+(b+)Dk—b= fy +k. Hence, it results that fi fir. = S fctk- 


Problem 9 (IMO Shortlist, 1988) An integer sequence is defined by 
AQ, = 2an-1 taQn-2 (n>1), ag=0, q=l. 


Show that 2* divides dy if and only if 2* divides n. 


Solution Using a Binet-type formula, one can easily check that the solution of the 
recurrence equation is 


on = [+ VO" - 0 -V9"] = (7) +2(S) +2) + 


Letn = 2km, with m odd. Then for p > 0 the summand 


2pt+1 (2p + 1)! 2p+1\ 2p 


which is divisible by 2‘+?, since the term 2p + 1 at the denominator is odd. It 
follows that 


n 
= P _— 9k k+1 
sama (oy 1) =m +2 N, 


for some integer N, so that a, is exactly divisible by 2*. 
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Problem 10 (IMO Shortlist, 1988) The integer sequence (an)n>1 is defined by 
a, = 2, a2 = 7 and 


Show that ay is odd for alln > 2. 


Solution The interval ( 5 + i F 5 + “] has length 1, so it contains exactly 
one integer. Therefore, the sequence a, is uniquely defined by the conditions. We 
have ay = 2, a2 = 7, a3 = 25, a4 = 89, a5 = 317, .... It seems that these 
terms satisfy the recurrence relation ad, = 3da,—1 + 2a,-2 forn = 3,4,5. We 
show that the sequence b, defined by bj = 2, b2 = 7 and the recurrence relation 
bn = 3by—1 + 2bn—2 satisfies the same inequality property, from which we will 
deduce that a, = b, forn = 1,2,.... Clearly, forn > 2, we have 


bn 1Bn—1 — BY=(3Bn + 2bn—1)Bn—1 — bn (3Bn—1 + 2bn—2)= — 2(Dnbn—2 — BF _y). 
This gives by41bn—1 — b? = (—2)"~? for all n > 2. But then 


Me 
— < ; 
by_-1 2 


by 
bn-1 


batt 


since it is easily shown that b, > 2”~! for all n. Now it is obvious that all the terms 
An = by are odd forn > 1. 


Problem 11 Consider the integer sequence (Xn)n>0 is defined by x9 = x; = 0 and 
X42 = 4" eng — 16", +2”, n=0,1,.... 


Show that the numbers x 989, X1999 and x\99, are divisible by 13. 


: 2 ; ; 
Solution Denoting x, = y, - 2” , the recurrence relation transforms into 
—n-1 
Yn42 —2yn41 t yn =n- 16", n=0,1,.... 


By summing this equation for all indices from 0 to n — | we get 


1 —n 
Yn — Yn = Fez (1— Sn + 116). 


By summing up again from 0 to n — | we obtain 


= i —n+1 
n= 5 (15n — 32(15n + 2)16 ) 
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hence 


1 
m= (150 424 (15n— 32)16""1) gn-2) 


We can now look at the values of f(m) module 13, where f(m) = 15n+2-+ (15n — 
32)16”"—!. First, notice that 
f(n) = 2n +24 Qn —-6)3""!. 
We get 1989 = 3 - 663 = 13 - 153, while for a positive integer k one has 
3°* — (26+ 1) = 1( mod 13) 
3+! — 3(26 + 1)* = 3( mod 13) 


33k+2 _ 9(26 + 1)* =9( mod 13). 
It follows that 


f (1989) = 2 + (—6) -9 =0( mod 13) 
f (1990) = 2+2+(2—6)-1=0( mod 13) 
f (1991) =44+2+ (—2)-3 =0( mod 13). 


Problem 12 (IMO Longlist, 1986) Let (ay)n>1 be the integer sequence defined by 
aj =a = 1, 


An+2 = 7Tan41 —A,—2, n=l. 


Show that ay is a perfect square for every n. 


Solution The first few terms of the sequence are az = 4, a4 = 5, as = 169, 
a6 = 1156, which confirms that forn = 1,2,...,6 we have a, = be, where b, 
satisfies the relations b} = bz = 1, bn42 = 3bn+1 — bn for n > 1. We will also 
prove that the sequence by satisfies be y= Te 417 be — 2, forn > 1, which will 
show that a, = by. Indeed, replacing b,+2 in the recurrence equation, one obtains 


ys 
Thn41 


— be ~-2=b7 5 =9b2,, — Obnbnai + br, 
or equivalently 


brat — 3bnbnsi +b; +1, 


which can be easily checked by induction, or by finding the terms b,, directly, 
through a Binet-type formula. 
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Problem 13 (Dorin Andrica and Grigore Calugareanu, U422, MR-2017) Let 
a, b be complex numbers and let (ay)n>o be the sequence defined by ag = 2 and 
a, =aand 


Gyn = 4an—-| + bayn-2, n= 2. 


Write a, as a polynomial in a and b. 


Solution Using standard techniques for the solution of recursive equations, we find 
that 


at+Va+b\" a—-VJVat+b\" 
5 | eh 


Using Newton’s binomial formula twice we find that 


L3! n—2u (72 

4b)" 

fy (ee 
0 2u 2” 


L3J n\ gt | /y 5 
= 2 u— VAr pr 
YO) vi) 
u=0 v=0 
Lo] 
= SS ceaa Oe, 
u=0 


where 


1 U3 n u 
Cay = Qn—-2v-1 ae () (‘). 
u=vU 


This confirms that a, can be expressed as a polynomial in a and b. 


Problem 14 (Titu Andreescu, U297, MR-2014) Let aj = 0, aj = 2 and the 


sequence defined recursively by ayn, = ,/2 — “=! for n > 1. Find lim 2” dy. 
n noo 


Solution One can first show by induction on n that 


ae 
dy, = 2sin —. 
Qn 


Clearly, we have 2sin 4, = 2sin0 = 0 = ag, and 2 sin + = 2sin5 = 2= aq. 
Assuming that the identity holds for k = 2,...,, we obtain 
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= as 
Gn—1 2 sin =-1 
Anti = ,/2 = ,/2 7 e 
an 2 sin an 
Ta .9 0 _ x 
= (/2—2cos— = ,/4sin* —— = 2sin ——_, 
Qn Qnt+l gn+l 


which confirms the induction hypothesis. Finally 


sin 
lim 2”a, = lim 2”+! sin = lim (2. = ) = 2n. 
noo noo Qn noo an 

Problem 15 (Razvan Gelca, 0312, MR-2014) Find all the increasing bijections 
f : 0, 00) > (0, 0) satisfying 


F(F@)) — 3 f(x) + 2x = 0, 


and for which there exists xy > 0 such that f (xo) = 2x0. 


Solution Suppose that there is § > 0 such that f(€) # 2&. Then we have 
F(F(E)) — 3F (6) + 26 = 0 and 


fF") — 3f"E) + 2F" 1) =0, 


where f"(€) = f(f... f(f(x)))...) is the composition of f by itself n times. 

Denoting by a, = f”(&), we define a positive sequence (ay), eZ, Which satisfies 
the recurrence equation dy)42 = 3a,4, — 2a, for n > 0, having the characteristic 
equation t? — 3t + 2, with roots ty = 1, t = 2, and the explicit solution 


a, = f"(E)=A+B-2", neZ, (8.9) 


where A and B are constants. Here the index is an integer, as the function f is 
bijective, hence has an inverse f~!, and f~" is also defined. 

Clearly, B > 0, as otherwise the sequence a, would be constant for B = 0 
(hence not bijective), or could diverge to —oo in the limit n — oo for B < 0 (hence 
out of range). 

We now prove that A = 0. Indeed, if A < 0, then there is a value no such that 
f" =A+B.2" <0, for example, if ng — —oo, hence A > 0. 

Assume that A > 0. By the condition there is x9 > 0 such that f (xo) = 2x0. In 
fact, one can easily check by (8.9), that 


f" (x0) = 2f(f" (0) = = 2"x0, EZ, 
hence there are infinitely many values for which f(x) = 2x. It also follows that 


there exists x9 > O such that f(xo) = 2x0 and also x9 < 2A. If xo < A, then there 
exists ng € Z such that x9 < A+ B-2" <xg+A.If A < xo < 2A, then 
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(logs xo — logy B) - (logs (xo — A) — log» B) = log, >, 


XQ — 


and there exists no € Z such that logy(x9 — A) — logy B < no < logy xo — log, B. 
Hence there is ng € Z such that 


x9 < A+B-2% <xgp +A. 


Denote a = A+ B. 2”. Since f is an increasing bijection, we obtain 2x9 < 
f(x%o) < f@MA+B- 270+! — Iq — A, hence xp + 4 < a. It follows that 


2x9 = f™ (x0) < f(a) = 2"a—(2"—-1)-A, meZ. 


Taking m — ov, we obtain 


li cst ee 
oy xo + 3m : . 


hence a > xg + A, a contradiction. It then follows that A = 0 and f(&) = 2&, 
which is also false. This shows that the only function with the desired property is 
f(x) = 2x, for all x > 0. 


Problem 16 (Albert Stadler, 0271, MR-2013) Consider the sequence (dy)n>0 
given by ag = 0, a, = 2, and ayn42 = 6An+1 — Gn, forn > 0. Let f(n) be the 
highest power of 2 that divides n. Prove that f (an) = f (2n) for all n > 0. 


Solution The recurrence relation an42 = 6a)+41—dy has the characteristic equation 
1? —6r+1=0, having the roots t1,2 = 3+ 2/2, and the general solution 


Gn = AB +t 272)" + BB — 2V2)", 


where constants A and B are calculated from the initial conditions, giving the exact 
formula 


ae we [a Fp) eee es 2V/2)"| 
Since 3 + 2/2 = (1 + V2)? and 3 — 2/2 = (1 — V2)’, one obtains 
(1+ 72)" —— 2)™ 
a a ae 
This last form can be seen as Pell numbers of even values, that is a, = Poy. 


From the first values of the function f(n), we get f(0) = 0, fC) = 0, f(2) = 1, 
f(3) = 0, f(4) = 2, f(S) = 0, and so on. The first few terms are given below: 
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0,0, 1, 0, 2, 0, 1, 0, 3,0, 1,0, 2,0, 1,0,4,0,1,0,2,0,.... 


This recovers the OEIS sequence A007814 and confirms that f(2n) = f (Pon). 


Problem 17 (Problem 49, ME-1997) Let (un)n>1 be a sequence of integers which 
satisfies the relations u,; = 29, u2 = 45, and un+2 = das — Un forn = 1,2,.... 
Show that 1996 divides infinitely many terms of this sequence. 

Solution Let U, be the reminder of u, when it is divided by 1996. Consider 
the sequence of pairs (U;, Un+1). Clearly, there are at most 19962 pairs. Let 
(Up, Up4i) = (Ug, Ug+i) be the first repetition with p < q. If p > 1, then 
the recurrence relation implies (Up_1, Up) = (Ug-1, Ug), resulting in an earlier 
repetition. This shows that p = | and the sequence of pairs (U;,, Un+1) is periodic 
with period g — 1. Since uz = 1996, we have 0 = U3 = U344(K-1) and so 1996 
divides U344(x—1) for every positive integer k. 


Problem 18 (Moscow Mathematical Olympiad, 1963) Let (Uyn)n>1 be a 
sequence satisfying a, = a2 = 1 anda, = (Gey + 2)/adyn-2 forn > 3. Show 
that ay, is an integer for n > 3. 


Solution Since a; = a2 = 1 and ayjay_2 = oe + 2 for all integers n > 3, we 
have a, 4 0 and 


2 2 
AnAn—2 — GA) =2=A4n41Qn-1 —a,, n= 3. 


From this we can deduce that 


Qnt41F4n—-1 — An + 4n-2 OB 4 


an an—-1 a2 


It follows that a, = 4an—1 — dy—2 for n > 3. This shows that a, is an odd integer 
for alln > 1. 


Problem 19 (Ivan Borsenco, J66, MR-2007) Let ag = a, = 1 and ans, = 2ay — 
a—1 + 2 forn = 1. Prove that 4,24, = 4n414n for alln = 0. 


First Solution Writing a,+) = 2a, — an—; +2 forn = 1,...,m, we have 


az + ag = 2a, +2 
a3 +a, =2a,+2 


Am+1 + Am—1 = 2am + 2. 
Summing up, one obtains 


ag + ay + 2(d2 +++ + Gm—1) + Gin + Ging = 2(Q) + +++ + Gm) + 2m. 
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From here we deduce that aj,4.1 = dm +m, hence a, = m2 — m+ 1. One can now 
easily check that 


G2. = (+1? -@? +1415? +04 Dn? —241) = any ian. 


Second Solution Clearly, a)41 —ay,—2n = ay —an—1 —2(n—1),n > 1. It follows 
that the sequence dyj41 — dy — 2n = c, where c is a constant. Also, we can deduce 
that a, = (n — 1)n +cn +), for n > O. From the initial conditions, we obtain 
c = Oand b = 1, therefore a, = n” — n + 1. The property can now be checked by 
elementary computations. 


Third Solution The characteristic equation associated with the difference equation 
An4+1 = 2an —dyn—1 +2 is 22—2z+1=0, having | as a double root. For this reason, 
the complementary solution associated with it is cj +c2n, for some constants c; and 
c2. A particular solution for the nonhomogeneous difference equation takes the form 
in? for some constant A. Substituting back into the equation, we obtain 
Mn + 1)? = 2an? —A(n— 1)* +2, 
which gives A = 1, and the general solution 
= 2 

A, =Cy t+con+n’. 

To satisfy the initial conditions, we get c) = | and cz = —1, which gives 


dn =1—n-+n’. 


Simple calculations confirm the desired formula. 


Problem 20 (Titu Andreescu, U46, MR-2007) Let k be a positive integer and let 
1 n 
an = | a+ vir" + (5) iF n>0. 


lee) 1 oe 
Prove that ee 4 Gn=14n41 = 3° 


Solution Consider the sequence 
bo = 2 
by = 2k 
Dn = 2k (bn-1) +E bn-2. 


From the Binet-type formula, the general term is given by 


by = (kt V2 +1)" 4+ k- VR +". 
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The inequalities 
1 n 
by < (kK+Vk2741)" + (5) <b, +1, 
hold for all n > 1, we conclude that 
1 n 
dn < [e+ Vie 1" + (5) | =b,, n>. 


It follows that 


eo) eo) 

Lae 14n+1 ae 1on41 
=> (a) Goa tam) 
Wel bn 1p bybn+t 
I 3 1 \ 1 
~ Oe Oe by <r bnbnai) — 8k2’ 


which confirms the desired result. 


Problem 21 (Martin Lukarevski, 4117, CM-2017) The sequence (Xn)n>0 is 
given recursively by xp = 0, x1 = 1, and 


Xn+l = aa) 4 4 +1 + Xn—1y/ x2 + 1, n>1. 


Find xp. 


Solution Clearly, x, > 0 for all n > 0. 
The function f : [0, 00) — [0, oo) defined by 


f(x) = sinh(x) = ——., 


is bijective. Hence, for every nonnegative integer n there is 6, € [0, oo) such that 
X, = sinh(@,). From the given values for x9 and x;, one obtains 09 = 0 and 6; = 
In(1 + J2). Recall that 


cosh?(x)* = 1 + sinh?(x) 
sinh(x + y) = sinh(x) cosh(y) + cosh(x) sinh(y). 


Replacing x, = sinh(@,,) into the original recurrence relation, we obtain 
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sinh(6,+41) = sinh(6,) cosh(6,—-1) + sinh(@,—1) cosh(@,) = sinh(@, + O,—1). 
Since sinh is bijective on [0, oo), it follows that 0,41 = 6, + O,-1 forn > 1, hence 
6, = 0, F,, where F;, is the nth Fibonacci number. 


It follows that 


2 


V2)" == /2)" 
, 


eln(l+V2)Fn _ g—Ind+v2)Fn 


X, = sinh(In(1 + V2) F,) = 


Problem 22 (Dorin Andrica, [4]) Let a and B be nonnegative integers such that 
a? + 48 is not a perfect square. Define the sequence (Xn)n>o by 


Xn4+2 = AXn+1 + Bxn, n=O, 


where x, and x2 are positive integers. 
Prove that there is no positive integer no such that 


2 
Xng = Xno—1Xno+1- 


First Solution Note that all sequence terms are positive integers. Assume that there 
is a positive integer no for which 


2 
Xng = Xno—1%no+1- 


It follows that 


Xno+1 Xno 


— fe 


Xng Xno—-1 


where ¢ is rational. Since xp 941 = Xn. + BxXny—1, we have 


-1 
Xngt+1 Xng— Xng 
tt age ptt woe (2) 
Xno Xno Xno-1 
or 


1? —at —B =0. 


This equation has no rational roots, since the discriminant A = a? + 46 is not a 
perfect square. This is a contradiction, hence the problem is solved. 
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Second Solution From the condition of the problem we obtain 
AXn = Xn41— BxXn-1, n=l. 

Assume that there is a positive integer no for which 

From the two relations above we deduce that 


2 
(a? +48) x2, = (xnot1 + Bng-1) > 


which is false, since w? + 48 is not a square. This ends the proof. 


Problem 23 (Dorin Andrica, [4]) Let x1, x2, a, B be real numbers and let the 
sequence (Xn)n>0 be given by 


Xn42 =AXn41+ Bx, n=l. 


ix A Xm—1Xm+1 for allm > 1, prove that there are real numbers 44, 42 such that 


2 
Be es Xn — Xn+1Xn-1 Get XnXn—1 — Xn+1%Xn-2 
1 — i a ne: 2 —_ 2 +} 
Xy—1 — *nXn-2 Xn —1 — XnXn—-2 


foralin > 2. 


Solution For an arbitrary integer we have 
Xnt1 = AXn + BXn-1, 


Xp = AXn-1 + BXn-2, n= 2. 


This can be seen as a system of linear equations in the variables a and 6, having the 
solutions 


—— XnXn—1 — Xn4+1Xn—2 


2 
Xn—1 — *nXn-2 


Xn — Xn+1%n-1 


is) 
II 
Fwlsp 


Xn—1 — *nXn—-2 


Since a and # are constant, the problem is solved. 
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8.3 Classical Recurrent Sequences 


Problem 1 (Ireland, 1999) Show there is a positive integer in the Fibonacci 
sequence that is divisible by 1000. 


Solution In fact, for any natural number n, there exist infinitely many positive 
Fibonacci numbers divisible by n. 


Consider the ordered pairs of consecutive Fibonacci numbers (Fo, F}), 
(F, F2),..., taken modulo n. Because the Fibonacci sequence is infinite and 
there are only n? possible ordered pairs of integers modulo n, two such pairs 
(F;, Fj+1) must be congruent 


F, = Fitm and Fj41 = Fi4m+1 (mod n) for some i and m. 


If i > 1, then 


Fj-, = Fis. — Fi = Fitmti — Fitm = Fitm—1 (mod n). 


Likewise 


Fis = Fit + Fi = Fitmti t+ Fit+m = Fi+2+m (mod n). 
Continuing similarly, we have 
Fj = Fj4m (mod n) for all j = 0. 
In particular 
0 = Fo = Fn = Fon =... (mod n), 


so the numbers Fy,, Fom,..., are positive Fibonacci numbers divisible by n. 
Applying for n = 1000, we are done. 


Problem 2 (Ireland, 1996) Prove that 


(a) The statement “Fy+_% — Fp is divisible by 10 for all positive integers n” is true 
if k = 60 and false for any positive integer k < 60; 

(b) The statement “F,+4; — Fy is divisible by 100 for all positive integers n” is true 
if t = 300 and false for any positive integer t < 300. 


First Solution By direct computations, the Fibonacci sequence has period 3 
modulo 3, and period 20 modulo 5 (compute terms until the initial terms 0 and 
1 repeat, at which time the entire sequence repeats), yielding (a). As for (b), one 
computes that the period modulo 4 is 6. 

The period mod 25 turns out to be 100, which is awfully many terms to compute 
by hand, but knowing that the period must be a multiple of 20 helps, and verifying 
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the recursion Fyi+g = 7Fy+4 — Fy, shows that the period divides 100; finally, an 
explicit computation shows that the period is not 20. 


Second Solution By Binet’s formula and the binomial theorem we have 


n/2 


ie a Od 
‘i 2 2k+1 


F, =3"7! (« ES 5(%)) (mod 25) 


Modulo 25, 3”~! has period 20, n has period 25, and 5 (5) has period 5. Therefore 


Therefore 


F,, clearly has period dividing 100. The period cannot divide 50, since this formula 
gives 


Fn4s0 = 3!°F, = —Fy (mod 25), 
and the period cannot divide 20 since it gives 
Fy42 = F, +3"! - 20 (mod 25). 


Problem 3 Let u, = ee n = 0,1,..., where F, are the Fibonacci numbers. 


Prove that the sequence (Un)n>0 Satisfies a linear recurrence relation of order 3. 


Solution By Binet’s formula, we have 


1 
Fi = —(a" i b"), 
V5 


where a = Eee b= sv, We have 


1 1 
ln = F2 = 5a" pty? = ao — 2a" b” pe) 


~4 2\n n 2\n = 
=; |@) 291) + 6)", HO Apes 


since ab = —1. It becomes clear that the sequence (uy,)y>0 satisfies a third-order 
linear recurrence relation whose characteristic equation is a cubic with the roots 
t=-lhbo=aae= ae Rp=b= ee and has the explicit form 7 — 217 — 
2t +1 = 0. Finally, (un)n>o is given by ug = 0, uy = 1, u2 = 1, satisfying the 
recurrence relation 
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Un+3 = 2Un42 + 2Unti — Un, n=0,1,2,.... 


Problem 4 Consider the sequence vy, = Fe. n = 0,1,..., where F, are the 
Fibonacci numbers. Prove that the sequence (Un)n>0 satisfies a linear recurrence 
relation of order 4. 


Solution By Binet’s formula, we have 


1 
Fn = —(a" =o b"), 
V5 


where a = 14V3 b= 1+V5_ We have 
1 1 
Un _ F3 ae ——(a" apy? — ee i = 3q2"p” + 3a"b" — pb") 


"5/5 5/5 


1 [ 3 3 
(a3)" — 3(-a)" + 3(—8)" - y"], 2 =0,1,..., 
5/5 
since ab = —1. The sequence (v,),>0 satisfies a fourth-order linear recurrence 


relation, whose characteristic equation is a quartic having the roots t}) = a? = 


24+ V3, =b3 =2- V5, 3 = -a = —4S, y = —b = —15S, which can be 
written as 


S46 YC Ae Se St a PE 1 SO. 


Finally, the sequence (vy ),>0 is given by the initial values vp = 0, v;) = 1, v2 = 1, 
v3 = 8, and satisfies the recurrence relation 


Un+4 = 30n43 + 6Un42 — 3Un41 — Un, n=0,1,2,.... 


This result may be generalized further. 


Problem 5 Consider the sequence Wy = Fy: Fnai,n =0,1,..., where Fy are the 
Fibonacci numbers. Find a recurrence relation satisfied by the sequence (Wn) n>0. 


Solution By Binet’s formula, we have 


1 
Fin = —(a" = b"), 
V5 


where a = 13 b= Eee We have 


1 
WN = Fyn Fnvi nas 5a" _ b")(art! _ prt) 
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1 
= gan ee qi tp as a’ p't! - petty 


_ : [ aca?" Gbpapre bo?)"| 


= : [ aca?" Sayed bo?)"| » n=0,1,..., 


since ab = —1 anda+b = 1. It becomes clear that the sequence (wy, ),>0 satisfies a 
third-order linear recurrence relation, whose characteristic equation is a cubic with 
the roots tf} = —lhh =a? = ss. np=P= = 28 , and has the explicit form 


3 — 217 — 2t +1 = O. Finally, (wy)n>o is given - uo = 0,41 = 1, uw = 1, 
satisfying the recurrence relation 


Wn43 = 2Wn42 + 2Wn41 —-—UWn, n=0,1,2,.... 


Problem 6 (Angel Plaza, U460, MR-2018) Let Lz be the kth Lucas numbers. 


Prove that 
1 1 
Sn! (ss a ) tan (—) a ed (;) : 
LyLe+2 Lk+t 4 3 


Solution For any real numbers x, y with xy ~ —1 we have 


-1{*7Yy -1 -1 
tan —— ] = tan — tan : 
(; =) (x) (y) 


tan l@= — = = tane (2). 
x 


From these relations we deduce that 


_ 1 1 
tan! ( ae ) =tan7! (<) —tan7! (<) ; 
l+xy y x 


Using the relation Lx42 = Lx41 + Lx, it follows that 


1 1 
Ste! (4 as ) =tan7! (z) —tan7! (—) j 
Ly L42 Lk Le42 


The summation can now be seen as a telescopic form given by 


while for x > 0 we have 
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[o,@) 
L 1 
S= yo tan! (4) tan! (—) 
= Ly Le+2 Lest 
[o,@) 
1 1 1 1 
-_ > an (=) tan! (—) —tan7! (—) tan! (-)| 
ar Lk Litt Litt Ly42 
1 1 1 
= tan7! ( — }tan7! (— ) = is tan! (=). 
Ty Lo 4 ) 


Problem 7 (Tarit Goswami, U447, MR-2018) Let F,, be the nth Fibonacci num- 
bers. Prove that 


n 
N\ ok pn-k 
ee (j Fert = Fon. 
k=1 
Solution Let a = 1S For a positive integer m, the following identity holds: 
a” = Fy—-1 +aFn. 


It follows that 


aF pn + Fon-1 = aP" = (aP)" = (aFp ale Fat)" 


n n 
n = n = 
= (;) GE) Fey = ) (;) Fy Ft (GFt + Fr_1) 
k=1 


k=1 


ll 
gS 
Ina 
on 
IL = 
a ™~ 
xs SS 
Scat 
oh 
w 
ah 
= 
| 
+ 
es 
= 
So oN 
+ SS 
See” 
Sa 
mt 
ia 


Finally, we obtain that 


Problem 8 (Roberto Bosch Cabrera, J254, MR-2013) Solve the equation 
Fa, + Fa treet Fu, = Fayt+ag+-+ag> 


where F; is the ith Fibonacci number. 


Solution If k = 1 the equation has infinitely many solutions. Let k > 2 and suppose 
that 1 < a) < an <-+-+- <a. 
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For k > 5, notice that we have no solution. Indeed, one always has a; + a2 + 
--> tap > k. If ay = 1, then ay = ag =--- = ag = 1, but Fy > k, fork > 5. If 
ax > 2, then we have two situations. 

If ag_; = 1, then a; = --- = ag_| = 1 and 


Fay tar+--tay = Faytay+---tag—1 + Fay+ag+--+ay—2 
> Fa, + Fay+ar+---+ag_1 = Fay + Fe-1 
> Fy tk-1 
= Fay + Fay +++ + Fay. 


If ay_; > 2, then 


Fay tay t+--tag > Fay + Faytayt--+ay_ 


2 Fa, + Fa + Fay +ay+--+ax_2 


Boe jee Oe cere oe ee 


This shows that the solutions must satisfy k < 5. 


Case 1.k =2 If aj + a2 < 4, one can see that (1, 2) and (1, 3) are solutions. Now 
assume that aj + a2 > 5. If aj = 1, then a2 > 4, and 


Faytay = Fay+a—1 + Fay+a,—2 = Fay + Fajta,—1 > Fa, + Fay. 
If a, > 1, then az > 2, and 
Fay+ao = Fajta—1 + Foy +a.—2 > Fay or Fay, 


hence the equation has no solution if aj + a2 > 5. 


Case 2. k = 3 There are no solutions when a3 = 1. If a3 = 2, one can check the 
solution (1, 1, 2). It is easy to see that there are no solutions for aj = a2 = 1 and 
a3 > 2. We now prove that there are also no solutions for 2 < az < a3. Indeed, in 
this case 


Fay+ay+a3 = Faytagta3—1 + Fay+arta3—2 > Fag + Fayta, 2 Fax + Fan + Fay. 


Case 3. k = 4 There are no solutions when aq = 1. If a3 = 1 there are also no 
solutions, while for a3 > 2, similar to the previous case we deduce that there are no 
solutions, since 


Fay +anta3+a4 => Fa, + Fay +ay+a3 = Fag + Fa, ot Fay re Fa,- 


8.3. Classical Recurrent Sequences 319 


Case 4. k = 5 One obtains the solution (1, 1, 1, 1, 1). There are no solutions for 
a4 = 1, and also no solutions if a4 > 2, since 


Fay +ay+a3+a4+a5 aa Fas ale Fay +ay+a3+a4 2 Fas ae Fa, + Fa, a Fa ah Fay. 


Finally, the only solutions are (1, 2), (1, 3), (1, 1, 2), and (1, 1, 1, 1, 1). 


Problem 9 (Cornel Ioan Valean, 11910, AMM-2016) Let Gx be the reciprocal of 
the kth Fibonacci number, for example, G4 = 1/3 and Gs = 1/5. Find 


(oe) 
» (arctan G4n—3 + arctan G4,_2 + arctan G4,_1; — arctan G4,) . 


n=1 


Solution Recall Catalan’s identity for Fibonacci numbers which states that F? — 
F,~1 Fas1 = (—1)"*!, and d’Ocagne’s identity Fy Fy41 + Fr Fa—1 = Fon. 
By Catalan’s identity we have 


1 1 F- 2n+2 — F 2n 
arctan arctan = arctan ———_—___- 
2n 2n+2 Fon Fon42 + 1 
Font 1 
= arctan = arctan : 
n+l Fon+1 
from which we can deduce that 
arctan + arctan 
4n—3 F4n-1 
1 
= arctan arctan + arctan arctan 
4n—4 F4n—2 F4n—2 Fan 
1 1 
= arctan arctan ; 
4n—4 Fan 


This equation holds for all positive integers n > 1, since in the limit we may 
consider arctan 1/0 = 2/2. Notice also that by d’Ocagne’s identity we have 


; eee F | re ee aes ie 
arctan — : arctan "= arctan siesta n 
Fy Fn+i Fn Fnoi + Fafn-1 
—1)" 1 
= arctan Gy = (—1)” arctan : 


2n 2n 


By these identities it follows that 
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= 1 1 1 1 
> (arctan + arctan + arctan arctan ) 
4n—3 F4n—2 Fan-1 Fan 


n—4 4n 


(oe) [oe 
1 1 1 1 
~~ arctan arctan + arctan arctan 
aes F4 F, F4n—2 F4n 


n=1 
= —+ (—1)” arctan = (arctan arctan ) 
td Pn 2 = 
n=1 n=1 
4 , Fy Xu 
=— + lim arctan = — + arctan —, 
2. noo Fnoi 2 7) 


+V5_ 


where y = ! 5 


Problem 10 (Hideyuki Ohtsuka, 11978, AMM-2017) Let F, be the nth 
Fibonacci number, with Fo = 0, Fi = 1, and Fy = Fy—1 + Fn—2, forn > 2. 
Find 


CO 


3 a 
6, cosh Fn cosh Fy+3 . 


Solution We use the following identities for cosh and Fibonacci numbers 
cosh(a + 8) + cosh(a — 8) = 2.cosha cosh B 
Fn+3 = Fn42+ Fn42, 9 Fn = Fn42 — Foti, 
to obtain 
cosh F, + cosh F,+3 = 2. cosh F,+1 cosh Fy+2. 


Noting that 


1 
lim = 0, 
noo cosh F,, cosh Fy+3 


one can rewrite the sum as a telescopic series, as follows: 


[ee 


= cosh F, cosh Fy+3 in 0 cosh F, + cosh F,43 \cosh F, — cosh Fy+3 


= 


CO 


= 3 (-1)” 1 a 1 
7 ‘ 2cosh Fy+1 cosh Fy42 \cosh F, cosh Fy+43 
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_ 1 2 (p"+ Cp" 


~ 2cosh Fo cosh F; cosh Fy ; 2cosh Fy+1 cosh Fy+2 cosh Fy+3 


3% Ul et, 2 ee 
~ Qcosh21 e+ + 2e2 + 1° 


Note: Fibonacci numbers can actually be replaced with any sequence satisfying 
the same recurrence relation. 


Problem 11 (Mircea Merca, 11736, AMM-2013) For n > 1, let f be the 


symmetric polynomial in variables x1, ..., Xn given by 
n—-1 
k+1 2 2 2 
F Cts dn) = Sly eer ET Ro ERs tn PMG) 
k=0 


where ex is the kth elementary polynomial inn variables. For example, when n = 6, 
e2 has 15 terms, each a product of two distinct variables. Also, let € be a primitive 
nth root of unity. Prove that 


f(, &, 67, ...,8" 1) = Ln — Lo, 


where Ly is the kth Lucas number. 


Solution Define the function 


n—1 n n 
Beth) = DD eet, tm) =D" Ta - Td -%), 
k=0 k=1 k=1 
and consider 
n—l 
p(x, y) =| [@- sy) =x" -y’. 
k=0 


Leta = 14¥5 and B = 15%, so that 1 — x — x? = (1 — ax)(1 — Bx), where 
aB = —1, and L, = a” + 6”. We compute 


£0, &, &, ty cee) =g(1+ Re =e Oe 4 E2-Dy 
n-l n-1 
== 1): [[« ee ag ee [[a — gk — gk) 
k=0 k=0 
n-1 n—1 Pas 


n—-1 
=[[ce*[[at+é5 -]]a-«8 [Ja - se 
k=0 


k=0 k=0 k=0 
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= pO, 1)p, —1) — pl, a) pd, B) 
=(—DO=-GD) = =-8)1 =p") 
S(=le el =e =p" apy") 
=o" +p" -2=L,—Lo. 


Problem 12 (Oliver Knill, 11716, AMM-2013) Let aw = (./5 — 1)/2. Let py, and 
Qn be the numerator and denominator of the nth continued fraction convergent to 
a, denoted by py/qn, where F,, is the nth Fibonacci number and qn = Py+\. Show 
that 


iss) Dk+) 
(Dee Ck 
V5(a— 2) = OO. 
in) Do gS 
where Cx denotes the kth Catalan number, given by Cy = ai 


Solution We shall use the notations p, = Fy,—1 and qn = Pn41 = Fn. Consider the 
generating function for the Catalan numbers (see Example 4.12) 


Oy 1 VT = 4x 

> Cyx* = ——_. 
2x 

k=0 


By the ratio test, the power series has the radius of convergence 1/4. Setting x = 
(a1!) (SF?) in the generating function, we obtain 


3 (-D)@tbkc, = V5 Fy V5F, — V5F2 — 4(—1)t1 
= wy (—1y"t! 0) 
It follows that 


es (—1I)@tDE&+D eC, 7 (-1)""! 89 (-1)@tDkC, 


ra? a ar es 
_ V5 V5Fn— /5F2 + 4-1" 
Fp 2 
By Catalan’s identity for Fibonacci numbers F? + (-1)" = Fy-1Fn+i, we can 


rewrite the terms under the square root as 


SF? + 4(—1)" = F? + 4(F? + (-1)") = (Fag — Fn-1)? +4 Fa-1 Fatt 


= (Fn4i + Fa-1)? = (Fa + 2Fn-1)’, 
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and obtain 
7 DOE CK. VS V5 Fn = Fn + 2Fr-) pg (VS 1 Foo 
k=0 Skgae'? Fn 2 2 Fr}? 


which ends the proof. 


Problem 13 (Dorin Andrica, 064, MR-2015) Let F, be the nth Fibonacci num- 
ber. Prove that for alln > 4, F, + 1 is not a prime. 


Solution Let us first recall that 


F? = Fa. Fayi t+ (-1)"*! (Cassini) 


F4 = Fy_2Fn—1Fn4iFny2 +1 (Gelin-Cesiaro). 
By this identity, one obtains the factorization 
CF + DFn — DCFn + 1) = Fra Fut Ft Fn 


Then if F, + 1 = p with p a prime, we get p | Fy+2. 

This follows from Fy—2, Fn-1 < p, while we have F,4; < 2F, = 2p and 
gcd(Fy,, Fn4i) = 1. Notice that 2F, < Fy42 < 3Fy, hence 2p < Fy42 < 3p, for 
n > 4, acontradiction. The conclusion follows. 


Problem 14 (Gabriel Alexander Reyes, 047, MR-2007) Consider the Fibonacci 
sequence Fy = 0, Fy = 1, and Fys1 = Fn + Fh-i, forn = 1. Prove that 


a (pe ( = ata! ifn is odd, 
n+1-i\i 0 ifn is even. 


i=0 


Solution Notice that 


therefore 
n 


(I) F (an) OCD" IF (ntl) 1 ig ey ee 
yo ()-D n+l ( i ere Sa) ri( i ) 


i=0 i=0 


We just have to prove that 


n (-1)""'F; (" + ') = tere if n is odd, 
, I é at 
i 


= 0 if n is even. 
i= 
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To this end, one can use the classical formula F; = ac, where g = , 
We have 


n-i n+l : n-i g' S02) ) 
-DF( . J= 1 
LCD ( i ) LA V5 ( 


: l 
i=0 


1 1 Z 1 
[RCT ar e-ECPeore-w 
i=0 i=0 


ate (1407! +0"* 1 (-C1 Hae) +0< oy) 


[-cp"ra i: g)t} ae or As (1) o""! ‘—- dd x oy] 


= [! 4: (-p""] Fice. 


This is clearly 0 if n is even and 2F,,41 if n is odd. 


Problem 15 Leto, = es LF Fe , Where Fy, is the kth Fibonacci number with Fy = 
0 and F, = 1. Find the sum ari series os aoe 


On 


Solution The proof requires the general formula of the Fibonacci numbers, and the 


Cassini relation 
n n 
1 1+/5 1-/5 
F,= 
J5 2 2 


Fo = Fy-1Fngi t+ (-D""!, n= 0. 


By the definition of F;, it follows that 
Fike = Fp + Feikk, k>0. 
Summing the above relations for k = 1,..., we obtain 
On = Fyr4ifn, n=O. 
From the above formula and the Cassini relation, we have 


— so & a -> (— Scene ies Fe-1 Fee — ie 
" cs fo Pk Fe+I rz Fy FRA 


n 
Fy F; F, 
a4 » (= A) mn 
rere aed. Fett Fri 
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From the exact formula, the sum of the series is given by 


3 (-1"*! i Fy 2 
— = him = . 
On N>O y+] 1+ J/5 


Problem 16 Find ye arctan Ee where (Fn)n>0 is the Fibonacci sequence. 


Solution From the Cassini relation F? = Fy, Fnait+ (—1)"t! we deduce 


Fon+2 = Foy 
arctan arctan = arctan ——_—__—_- 
2n Fon +2 Fon Fon+2 + 1 
Fyn 41 1 
= arctan 5) = arctan 3 
Foul Fon+1 


Summing these relations from n = | we get 


1 
= arctan arctan 
Fop41 Fy Fon42 


1 cA 
= arctan — = arctanl = —. 
Font+ Fy 4 


Problem 17 Letn > 1 be an integer. Show that 2"! divides the number 


oa ‘ )s! 8.10 
2k +1)?” eae 


O<k<5 


Solution Using the general formula of the Fibonacci sequence terms 


Male) as) 


and Newton’s binomial formula, we have 


=si[() Ge)" 


We obtain 


7 
Ly 
_ 
ll 
) 
aan 

= 
N] | 
a 
—S 
4 
i 
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and the problem is solved. 


Problem 18 (Michel Battaile, 3924, CM-2014) Let (Fx)x>0 be the Fibonacci 
sequence defined by Fy = 0, Fy, = 1, and Fray = Fe + Fe-i, fork => 1. Ifm 
and n are positive integers with m odd and n not a multiple of 3, prove that ap sie —3 
divides 5F2.,, + 3(-1)". 


First Solution Let a = Lis and 6 = Le el Denoting by (Ln)n>0 the Lucas 


2 
sequence, the Binet-type formula gives F,, = se and L, = a” + B" for all 
n > 0. Let m and k be nonnegative integers with m odd. Since wB = —1, we obtain 
ak -_ pk 2 
SF + 2(-1)* = 5 ( ) + 2(-1)* =a + p* = Lo, (8.11) 
and furthermore 
LomLam(k+1) = Lamk + Lam(k+2)- (8.12) 


Let P(n) denote the assertion that for every odd natural number m 


(—1)"*!(mod Lam — 1) if n # O(mod 3), 


L — 
ae eae (mod Lom — 1) _ ifn = O(mod 3). 


We show by induction on n that P(n) is valid for n > 0. Since we clearly have 
Lo = 2 = 2(mod Lo, — 1) and La, = 1Qmod La, — 1), P(O) and P(1) hold. 
Assume that P(k) holds for k = 2,...,m — 1. We have three cases. 


Case 1 n = O(mod 3). By (8.12) and the induction hypothesis we have 


Lomn = Lom Lom(n—1) = Lam(n—2) =1-. (—1)” = (-1)""! 
= 2(—1)"(mod Lo, — 1). 


Case 2 n = 1|(mod 3). Here 


Long ] 10261) = Ee! Se)" aod I, — 15. 


Case 3 n = 2(mod 3). Here 


Lomn = 1+ (-1)" — 2(-1)"? = (-1)"* (mod Lam — 1). 


This confirms that P(n) is valid in all three cases. 
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Let m and n be positive integers with m odd and n not a multiple of 3. By (8.11) 
we have 5F2 — 3 = Lam — 1 and 5F2, + 3(—1)" = Lomn — (—1)"*1. From P(n), 


mn 


we conclude that 5F2 — 3 divides 5F7,, + 3(—1)". 


mn 


Second Solution For m, n positive integers with m odd, n ¥ O(mod 3), let 


5F2, +3(—1)" 


Omn = an 


5F2 —3 


Let x = 4 and y= ever such that F; = a. For any odd integer m we have 


Se aS Sg a Pate ey aay =3 
= 2M 4 y2m _ 9 y™ — 3 = x2 4 2m _ | 
= 2M 4 myn 4 2m 

Furthermore 


5 F2 + 3(-1)” = (x = gory + 3(-1)” 


mn 


= 2mn Ae yom a ag 4 50)" 


_ 2mn +4 gy ie gone 


One can check that for any positive integer n, the polynomial x*" +x” +1 is divisible 
by x*+x-+ 1 if and only if n # 0(mod 3). This can be obtained from the Remainder 
Theorem. Indeed, if m is a nonreal cubic root of unity, then (x — w) and (x — w*) 
are both factors of x?” + x” +1. In the same way, the polynomial x7” + x” y” + y?” 
is divisible by x7 + xy + y? for n # O(mod 3), as it has factors (x — wy) and 
(x — 7 y) as a polynomial in x. Consequently, Qnn is a polynomial in x and y with 
integer coefficients. Observe that both its numerator and denominator are symmetric 
polynomials in x and y, hence Qj, is also symmetric in x and y. Also, notice that 
Qmn can be expressed as a polynomial with integer coefficients in terms of (x + y) 
and xy. Since x + y = | andxy = —1, it follows that OQ, is an integer, as desired. 

Also, when n = 0(mod 3), 5F2 — 3 divides F? 


mn* 


Problem 19 A positive integer is called Fib-unique if the way to represent it as a 
sum of several distinct Fibonacci numbers is unique. For example, 13 is not Fib- 
unique, as 13 = 13 =8+5=8+43-+2. Find all Fib-unique numbers. 


Solution According to Theorem 2.22, an integer n can be written as 
=f rip er ie IRIE a = te 


We need to find all numbers n for which this representation is unique. 
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First, notice that if 7; > 3, then we can replace fj, by fi,-1 + fi,;-2 and get 
another representation of n. So, if n is Fib-unique, then 7, € {1, 2}. 

Second, if there is some f such that i;4; — i; = 3, then we can replace fi,,, 
by fi,,;-1 + fi,,,-2 and get another representation of n. Hence, another necessary 
condition for n to be Fin-unique is i+; — i; < 2, foreveryO0 <t<k-—l1. 

Third, if there is t such that i;41; — i; = 1, then we choose the ¢ which is largest. 
We can replace fj, + fi,,, by fi,,;+1, and obtain another representation for n, hence 
we have i;+1 — i; = 2, foreveryO <t<k-—-1. 

So, every Fib-unique number 7 has one of the forms 


lL n= fit fot-- + fori = for — 1; 
2. n= fot fat-->+ fox = foes. —1. 


In conclusion, the only Fib-unique numbers are f|, fo, and f; — 1 with k > 3. 


Problem 20 Consider the function 
f(x) = ( — Fo) — F3)+++ @& — F031), 


where (Fy)n>0 is the Fibonacci sequence, defined by Fy = 0, Fi = 1, and the 
recurrence relation Fn42 = Fn4i+ Fn, forn > 0. Suppose that on the range 
(F, F3031) the function | f (x) | takes on the maximum value at x = xo. Prove that 
xq > 22018. 


Solution We prove that x9 € (F3030, £3031) by showing that for x* € (Fo, F 3030], 
there is some x** € (F3930, £3031) for which | f(x**) |>| f(x*) |. 
Indeed, if 


x* € {Fy, F3,..., F330}, 


then | f(x*) |= 0, hence the conclusion holds. 
Suppose that x* € (Fx, Fx41) for 2 < k < 3029, and denote m = x* — xx and 
let x** = F393; — m. The relation | f(x**) |>| f(x*) | can be written as 


3031 


| [@*-* 
i=2 


3031 


>|] [@*- F) 
i=2 


Each side has 3030 positive factors, and we pair one on the left with one on the 
right, in such a way that the value on the left is bigger, with the exception of the 
case i = k, when | x* — Fy |= m =| x** — Fy |. 

This can be checked easily. 


1. Ifi =2,3,...,k, we have x** — F; > x* — Fj. 
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2. If2 <i < 3031 —k, then we have | x** — F3931-; |>| x* — Fea; |. Note that 
we just consider the disjoint ranges, i.e., k + i < 3031 — i. Otherwise, if some 
ranges overlap, then we remove that part, so 


Feyi — x" = (Fega — x*) + (Pega — Feaa) +++: + CPesi — Fesi-1) 


< («** — F930) + (F3030 — F029) +--+ + (F3031-G—1) — F3031-1) 


kK 
=x" — F3931-3, 


which proves the statement. From here it follows that 


3030 3030 
ai 1 es 1-75 
x = 
0 3030 os 2 2 


1 14/5 3029 14/5 3027 
an >) > 5) é 


14/5 


2 
One can easily check that + > 23. Substituting into the above inequality, one 
obtains the desired result. 


Problem 21 (Titu. Andreescu, IMO Shortlist, 1983) Let (Fy)n>o be the 
Fibonacci sequence, given by Fy = 1, Fy = 1 and Fyyng = Fos, + Fy, for 
n > 1. Define P to be the polynomial of degree 990 which satisfies P(k) = Fy for 
k = 992, 993, ..., 1982. Prove that P(1983) = F983 — 1. 


Solution Denote by P,, the unique polynomial of degree n such that 
Pa(k) = Fy, k=n+2,n+3,...,2n+2. (8.13) 


We will show by induction that P,(2n + 3) = Fon+3 — 1. 
Clearly, Po(x) = 1 and the claim holds for n = 0. Suppose it holds for k = 
1,...,2 — 1. The polynomial 


O(x) = Pax +2) — Pra(x +1) 
has degree at most n — 1. In view of (8.13) one has 
Q(k) = Py (k +2) — Py(kK +1) = Fey — Fegp = Fe, k= nt+1,n4+2,...,2n. 
It follows that the polynomials Q and P,_; agree at n distinct points, hence they are 
identical, i.e., O(x) = Py—1(x) for all x. 


This shows that P, (x +2) = Py(x + 1) + Py,-1(x) for all x. From the inductive 
hypothesis we have P,—1(2n + 1) = Fon+1 — 1, hence 
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Py (2n + 3) = Py(2n + 2) + Po-1(2n + 1) = Fonta + Fang — 1 = Font3 — 1. 


The desired conclusion follows by setting n = 990. 
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Problem 1 (Titu Andreescu, [4]) Let (a;)n>0 be the sequence defined by ag = 0, 
a, = 1, and 


Gn41 — 34, +an-1 = 2(-1)",, n=1,2,.... 


Prove that ay is a perfect square for alln > 0. 


Solution Note that a2 = 1, a3 = 4, a4 = 9, a5 = 25, so ay = Fj, a1 = Fj, 
az = Fe, a= ee a4 = Fi, a5 = ee where (F;,)n>0 is the Fibonacci sequence. 

We induct on n to prove that a, = F? for alln > 0. Assume that ay = F? for all 
k <n. Hence 


Qn = F?, an = F? Gn—2 = F? _». (8.14) 


n-1? 
From the given relation we obtain 
An+1 — 3dn + an—1 = 2(-1)”, 
and 
Gn — 3dn—1 + an-2 = 2(-1I)""', n= 2. 
Summing up these equalities yields 
An41 — 2an — 2Qn-1 +2 = 0, n> 2. (8.15) 


Using the relations (8.14) and (8.15) we obtain 


Qn41 = 2F? 4+2F? , — F2.) = (Fit M1)? + (a —- Fr-1)? - F?_, 


2 2 2 2 
=Fait g =F, 2 = Faust 


Problem 2 Define the sequence (Xn)n>1 by xo = 0, x1 = 1, x2 = 1, and 


Xn43 = 2Xn42 +2041 -—Xn, n=O,1,.... 


Prove that Xn is a perfect square. 
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First Solution The characteristic equation of (Xn)n>1 is 
1? — 22? -2t-1=0. 
This is equivalent to 
(¢ + 1)? — 3t +1) = 0, 


having the distinct roots 


_34+V5 3-5 
= 2 ’ 3 2 * 


The general form of the solution is given by 


n n 
3 5 3-—J5 
meant te( =] +a Ay eet eee 


where the coefficients c), c2, c3 are obtained from the system 


cp +ta.+c33=0 
=e +o (#4 $6 (35 sav5 =1, 


Solving this system one obtains cy = — 2, = z, Oo3= é After some calculations, 
we get 
= ("+ 2 3405)" 1 /3-~3\" 
aa 2 ae) 


n n72 
- (44) (=) | =p aes ee 
5 2 2 n 


where F,, is the nth Fibonacci number. 


Second Solution One can also prove by induction that x, = F?, n=0,1,.... 
Clearly, we have xp = re =r, x2 = Fe, Assume that x, = F?, Xn = Pas 
“ug b= Lys 


Xn42 = FO ee Denoting a = , we obtain that 


Xn43 = 2F 2,5 +2F? 141-F 


2 1 
2 (grt? es pnt?y? 4 5a = prety = g(a" = b")? 
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2 
= = [Qa + Wq2nt2 _ ae") + Opts + Dpent2 es b)| + g(-D" 
= =[( 2n+6 + p2nr6 = 2(-1)"*3] 


+3 +3\2 _ pp2 
(ah? = pr)? — Fr? ,. 


eee oe Bites 


In the proof we have used the relations 2a2"+4 + 2a2"+? — a?” = a7" +, 2p2+4 4 
2b2n+2 _ g” = p"+© and ab = —1. 


Problem 3 Define the sequence (an)n>0 by ag = 3, ay = 1, ay = 9, and 


An43 = Qn42 + 44n41 —4a,, n=O0,1,.... 


Find ay. 


Solution The characteristic equation is 
oes ee ae eae 0 eee ¢ aera BY eee 
having the distinct roots 
th=1l, b=2, th=-2. 
The general form of the solution is given by 
Gn = cit} + cots + 03t7 = cy +022" +03(-2)",  n=0,1,..., 

where the coefficients c), c2, c3 are obtained from the system 

cqptata=3 

cptoa+a=l 

cy + 4c2 + 403 = 9, 
hence cy = c2 = c3 = 1. It follows that 

a, = 14+2"4(-2)" = 1+[1+(1)"]2", n=0,l,.... 
Problem 4 Consider all the sequences (Xn)n>0 satisfying 
Xn43 =Xnt42+AXnt41t+%n, n=O0,1,.... 


Prove that there are real numbers a and t with 1.34 < a < 1.37, 2.1 < t < 2.2, 
and a, b, c, satisfying the relation 
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Xp = aa" + (bcosnt + csinnt)a~". 
Solution The characteristic equation t? — t* — t — 1 = 0 clearly has a real root 
y= a?, where 1.8 < a? < 1.9, hence 1.34 < a < 1.37. The other two roots 
satisfy the quadratic equation 

Sa ae Dy + (a4 -— a? — 1)=0. 
The discriminant of this equation is 


A = —3a4 +207 +5 = (a + 1)(5 — 3a”) <0, 


hence y2, y3 are complex, so 


y2,3 =r(cost tisinf). 
We have 
2 4 > 1 
r= y2y3 =a —a@ Se 
that is r = +. From y2 + y3 = 1 — a, it follows that 23 cost = 1 — a, hence 


cost = 5 (1 — a’). Since 1.34 < a < 1.37, we get 0.536 < —cost < 0.6201, 
hence there is a value ¢ satisfying 2.13 < t < 2.24. 


Problem 5 An integer sequence (ay) n>1 is given by ay = 1, az = 12, a3 = 20, and 


Qn43 = 24n42 + 24n41—-—Qn, n=1,2,.... 


Prove that for every positive integer n, the number | + 4ay,dan4+1 is a perfect square. 


Solution Define the sequence (bn )n>1 by bn = An+2 — An+1 — Gn, for alln > 1, 
and observe that (b,)n>1 and (ay;)n>1 satisfy the same recurrence relation. 

We want to prove that for all n we have the identity 1 + 4anay,41 = be Clearly, 
this holds for n — 1, and we assume now that it holds for all index values between 1 
and n — 1, hence in particular, we have 1 + 4a,—1a, = soe ,- Indeed, we have 


bn = (2an+1 an — An—1) An+1 — An = An41 + An — Gn-1 


= (Qn41 — Gn — Gn—1) + 2ay = Dn-1 +2aq,, n=0,1,.... 
We obtain 


1 + 4ay—14_ = b?_, = (bp — 2an)? = b? — Aagby + 402 


= b? — Aay(An41 + Gn — an—1) + 4a? 
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= be — 4a an41 — 4a? + 4ay,an—1 + 4a? 


2 
= by — 4anan41 + 4anan-1. 


Subtracting 4a,anj—1 we find 1 + 4ay,an41 = b 


n? 


which ends the proof. 


Problem 6 (Dorin Andrica, [4]) A sequence (an)n>1 is defined by ay = 0, a, = 1, 
a2 = 2; aa = 6, and 


an+4 = 2dn43 + An42 — 24n41—Gn, n=1,2,.... 


Prove that n divides ay for alln > 1. 


Solution From the hypothesis it follows that a4 = 12,a5 = 25, dg = 48. We have 
4=1,7=13=29 =33 =5 & = 8, which shows that * = F, for 
alln = 1,2,3,4,5,6, where (F,)n>1 is the Fibonacci sequence. We now prove 
by induction that a, = nF, for all n. Let us assume for a start that a, = kF; for 


k <n+3. We have 


Gn44 = 2(n + 3) Fay3 + (2+ 2) Fng2 — 2(n + I) Fngi — 2 Fn 
= 2(n + 3) Fn43 + (1 + 2) Fraga — 22+ 1) Fag — 242 — Fn) 
= 2(n + 3) Fn43 + 2Fn42 — (0 +2) Fri 
= 2(n + 3) Fn43 + 2Fng2 — (n + 2)(Fnt3 — Fn+2) 
= (n+ 4)(Fat3 + Fn42) = (n+ 4) Fata, 


which is the desired result. 


Problem 7 (Vlad Matei, 0334. MR-2015) Consider the sequence (an)n>0 defined 
by ay = WwW 65 — 4)-"|, forn > 0. Prove that ay, = 2,3 (mod 15). 


Solution Denote 
r=V6, v= (45-471 = YS 44965 +16 =r? 4 4r +16. 
Note that we also have 
u? = 48r? + 193r +776, u? = 2316r? + 9312r + 37441, 
hence u is one of the roots of the equation 


x? — 48x" — 12x -1=0. 


8.4 Higher Order Recurrent Sequences 335 


Denoting by v, w the other two, we have 


v+w = 48 —u = 32—-4r —r? = -12(r — 4) —(r — 4)’, 


and vw=t=r-4. Note first that 
3-4 ety 

3, 3 3 
r + + 28 ( +5) 


or0 <r-4< zg, hence 0 > v+w > —land 1 > vw > 0, or v,w < 0. For 


every positive integer n we have 
O<| vu" + w" [=| vo" | + | w" |s| vu] +] w i<1, 
orl > v"+w" > Oiffn is even, and0O > v" + w” > —1 iffn is odd. Note that 
uv? + w? = (v + w)* — 2vw = 1552 — 1937 — 4877, 
vi tw? =(v+w)? — 3vw(v + w) = 74882 — 93127 — 231677, 


for 


u+u+w = 48 =3 (mod 15) 
ur + v* + w* = 2328 = 3 (mod 15) 
w+v>+w> = 112323 = 3 (mod 15). 


The sequence (by )n>1 defined by bp43 = 48bn42 + 12bn41 + bn, with initial 
conditions b} = 48, by = 2328, b3 = 112323, has characteristic equation with 
roots u,v, w, or b) = u" + v0" + w” forn > 1. Clearly, all b, are integers, and 
by, = 3(mod 15) for all n > 1, since bh} = by = b3 = 3 (mod 15), and by 


bn43 = 3(bn+2 — bn+1) + bn (mod 15). We therefore conclude that for all even 
integers n, we have 


an = [u" | =u" +0" +w" —1=2 (mod 15), 
while for all odd integers n, we have 
dn = |v" | =u" +0" +w" =3 (mod 15). 


Finally, this confirms that a, = 2, 3 (mod 15). 
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Problem 8 (Dorin Andrica, 0346, MR-2015) Consider the sequence (dy)n>0 
defined by ay = 0, a, = 1, ao = 1, a3 = 6 and 


Gn44 = 2an43 + 4n42 — 2an41—-—an, n= 0. 


Prove that n* divides dp for infinitely many positive integers. 


First Solution From the recursive relation it follows that ag = 12,a5 = 25,a6 = 


48; hence:we have. = 1, F = 1,9 = 2,9 =.3, 2 = 5,2 =.8) that is 
a = F,, for alln = 1,2, 3, 4,5, 6, where (F,)n>1 is the Fibonacci sequence. 


We prove by induction that a, = nF, for all n > 1. Indeed, assuming that 
a, =kF, fork =n,n+1,n+2,n+ 3, we have 


dng 4 = 2(0 + 3)Fy3 + 2 +2) Fungo — 20 + Fru — Fy 
= 2(n +3) Frg3 + +2) Fg? — (0 +1) Fag — (Fro — Fas) 
= 2(n + 3) Fn43 + 2Fn42 — (n +2) Fat 
= 2(n +3) Fas + 2Fn4a — (0 +2) (Fras — Fn42) 
= (n + 4)(Fus3 + Fn42) = (2 +4) Fut, 


as desired. 
It suffices to show that n divides F,, for infinitely many positive integers n. Using 
the well-known Binet formula for the Fibonacci numbers, we have 


Lifes)" _ fies)’ 

"5 2 2 

Sy (;) (V5)k - ye-n'(7) (v5)k 
2"./5 k=0 k k=0 k 


stae( hc 


From the previous relation it follows 


sie 


Le se os 
fac > ex 1) , (8.16) 


k=0 


We will prove that each of the first / terms in (1) are divisible by 5’, that is 5! divides 


(pays fork =0,--- ,/ —1. Indeed, we have 
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APT AOR D 


( 5 ) _ 5!(§! = 1)--- (5! — 2k) 
Moreover, for every a < 5’, the relation exp;(5¢ — a) = exps(a), implies 
exps((2k)!) = exps (5! — 1)--- (5! — 2k)). It follows 


5/ 
exps((5, ) = | — exps((2k + 1)) > 1 — exp, (5*) =1 —k, 


since clearly we have 2k +1 < 5*. From (1) we obtain that for every positive integer 
1, 5! divides F5:, hence (5!)? divides as: and we are done. 


Second Solution Denote by (Fn)n>0 the Fibonacci sequence, which satisfies Fo = 
0, F) = 1 and Fy42 = Fyr4i + Fh, n > 0. One may notice that a, = nF, for 
n = 0,1,2,3. We will prove by induction that this statement is valid in general. 
Assume for now that it is true fork = 0, 1,...,n. We have 


Qn41 = 2nFy + (a — 1) Fy-1 — 22 — 2) Fy—2 — (n — 3) Fn 
= 2nF, + 2F,-1 — (n— 1) Fy_-2 
= (n+ I) Fat a+ I) Fr-1 = (1+ 1) Fag, 


which confirms that desired relation. Now it is sufficient to prove that n | F, for 
infinitely many n. 

This statement can be proved in various ways. One of them is to use Problem 
U316, Math. Reflections, 5 (2014), where it was shown that 2"+2) 3 5m, for all 
m > 1. Also, form > 2, 144 = F(2,3.2m) = (Fi2, F3.2m), 80 3| F3.2. It follows that 
n| F, for alln = 3-2”, with m > 2, which ends the proof. 


Problem 9 (Bakir Farhi, 11864, AMM-2015) Let p be a prime number and let 
(Un)n>0 be the sequence defined by uy =n, for0 <n < p—landuy = punsi-p+ 
Un—p, forn = p. Prove that for each positive integer n, the greatest power of p 
dividing Uy is the same as the greatest power of p dividing n. 


Solution Let v,(1) be the greatest integer e such that p* divides n. Forn > 1, we 
first prove by induction that v,(m!) < n — 1, with strict inequality for p > 2 and 
n > 1. This is clearly the case forn < p.Ifn = ip + j such thati > O and 
0 < j < p, using the induction hypothesis we compute 


Up (ip + f)!) = vp (P@p)--- Gp) =it vpG)) siti-ls<ip—l, 
with strict inequality for p > 2. 


We now show that ujp4j = Dare (1) Phu j+k fori > O and j > O, by using 
induction on 7. Clearly, the result holds for i = 0. For i > 1 we compute 
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Uip+j = UG-1)ptj + PUG-1)ptj4+l 


ea ce || 
= ( k ) ou jae + > k pr rt44 
k=0 k=0 


i-l ». i y 
i-l)\ , i-l)\ , 
=| k )e ce (4)? Uj+k 


=1 


We must prove that vp(2) = vp(un), forn = 1. For 1 < j < p andi = 0, we have 
Uiptj = ys) (,) ku j+e + uj. Since uj = j, Uip+; is clearly not divisible by p, 
and also, ip + j is not divisible by p, hence vp (uip+j) = 0 = vp(ip + Jj). 

Since uo = O and uj; = 1, we have ujpyo = ae ({) pXux = ip+ 
es (,) Dkuk. Assuming that p > 2, fork > 1 we have 


Up ((;,)o*u) = Up) — vp KY) +k > vp) —kK+1+k = vp(ip). 


Since the terms in the sum are divisible by higher powers of p, the powers of p 
dividing uj» are just the powers dividing ip, and we have vp(ujp) = vp(ip). 
The last case to be covered is p = 2. For k = 2, we have 


v2 ((5)2) > w(i) -1+2+1= (21) +1. 


For k > 2, we use the factors i(i — 1)(i — 2) in the numerator of (;) (with either 


i — | ori — 2 being even), to obtain 


v2 (3) 2) > w(i) + (Gi — DG — 2)) — wk!) +k 


IV 


voi) +1 -—k+14+k = (21) +1. 


Using the same argument as before, we obtain v2(u2;) = v2(2i). 
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Problem 1 Find the general terms of (Xn)n>0, (Yn) n>0 if 
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| Xnt1 =Xn + 2yn 
Ynt+1 = —2Xn, +5yn, n> 0, 


and xp = 1, yo = 2. 


12 : a : 
5 and its characteristic equation 


Solution The matrix of coefficients is A = ( 


is A — 64 + 9 = 0 with Ay = Az = 3. From Theorem 6.8.2) we get 
A” = AB +nat'C =3"B+n3""'C, 


where B = I and 


=22 
C=A-Mh=A-3h= 
si : ee 


It follows that 


_1{-22 (3 —2n)3"-!—-2n3"-! 
ni 3" 7 37 1 = : 
—e @: ;) ( ~2n3"-! (3-4 2ny3"-! 


From (6.38) with x9 = 1 and yo = 2 we get 
= (2n + 3)3”"! and y, = 2(n +3)3""!, n=O. 
Problem 2 Solve in positive integers the equation 
6x7 = Sy? = 1, 
Solution This equation is solvable and its minimal solution is given by (xo, yo) = 


(1, 1). The Pell’s resolvent is u? — 30v* = 1 and its fundamental solution is 
(u;, v1) = (11, 2). All solutions (x, y,) to equation 6x? — 5y* = | are generated 


by 
15) (11 60\" 
, n>=Od. 
16/7 \2 11 
By elementary computations using (6.48) and then (6.44), we get 


Xn = O50 1 4 250" + = 6 130 - a6)" 


Ya = 541501 + 2/50)" + = 5501 — 2/50)", n > 
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Problem 3 (Application 3, [7, p. 170]) Find all positive integers n such thatn + 1 
and 3n + | are simultaneously perfect squares. 


Solution If n + 1 = x? and 3n + 1 = y’, then we obtain 3x? — y* = 2. This 


equation is equivalent to Pell’s equation u2 — 3v” = 1, where 


1 1 
u= 7 Gx —y) and v = a0 —*)- 


The fundamental solution of Pell’s equation u? — 3v? = 1 is given by (uy, v1) = 
(2, 1) and matrix generating all solutions (ux, vz) 


23 
AQ,1) = (; ? : 


tt k k 5, a k 
ue = 512+ V3) + 2— V3)‘, agers) (2 — /3)41, 


We find 


hence 
1 
ne = xp —1 = (up +)? -1 = zit (Bo + Oana A, FSO. 


Problem 4 (IMO Shortlist, 1980) Let A and E be a pair of opposite vertices of a 
regular octagon AA\ A2A3E AA} A\. A frog starts jumping at vertex A. From any 
vertex of the octagon except E, it may jump to either of the two adjacent vertices. 
When it reaches vertex E, the frog stops and stays there. Let ay be the number of 
distinct paths of exactly n jumps ending at E. Derive and solve a recursion for dy. 


Solution Let a, be the number of paths with n jumps that end at A, b, the number 
of paths with n jumps that end at A, (and at A‘), c, the number of paths with n 
jumps that end at A> (and at A‘), d, the number of paths with n jumps that end at 
A3 (and at A), and e, the number of paths with n jumps that end at E. Clearly, for 
any positive integer k, we have e2,_; = 0. The following recurrence relations are 
easy to derive 


An = 2byn-1 

by = Gn—1 + Cn-1 
Cn = bn—1 + dn-1 
dn = Cn-1 


€n = 2dy—-1. 
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We want to find e, = 2d,—, = 2cn—2. We have by, = 2bn—2 + Cn—1 and cy = 
bn—1 + Cn—2. By replacing in the next equation, we obtain the recursive relation 
Cnt — Cn—1 = 2Cn—1 — Cn—3 + Cn—1, that is 


Cn = 4€n—-2 — 2Cn-4, n> 4. 


Notice that cox41 is 0. Denoting x, = c2x, the previous recurrence relation becomes 
Xn = 4Xy—1 — 2Xy—2, with initial values x9 = O and x; = 1, and characteristic roots 
2+ /2 and 2 — V2. By the Binet-type formula we obtain 


eo CAND" = 2 = V2" 
n— 2/2 ’ 


which gives the final formula 


on, a 2tver t= @- v2"! 
2n = V2 ’ 


Problem 5 (Neculai Stanciu and Titu Zvonaru, $323, MR-2015) Solve in posi- 
tive integers the equation 


n>. 


xty+(x—y) =xy. 


Solution Denote by s = x + y, d = x — y, and notice that the proposed equation 
can be written as 


s? —d? =4xy =4x +4y + 4(x — y)* = 45 + 4d’, 
from where we obtain 
(s — 2)* — 5d? =4. 
This is a Pell-like equation of the form c* — 5d” = 4, where s —d =, where c and 
d are integers having the same parity. This equation has infinitely many solutions 
(Cn, dn), given by the recurrent relations 


Cnt2 = 3en41—Cn, dn42 =3dn41—dn, n=O, 


with the initial conditions (co, do) = (2, 0) and (cj, d}) = (3, 1). Therefore, all the 
solutions are of the general form 


7 J541 2n J5—1 2n ; 
Sn = 5) + 5) + 2, 
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n> 0. 


342 
2 2. 
4-1 (+1) °_ 1 (v5-1\" 
or equivalently 
2n+1 2n+1 
ey ee ee ciara J5-1 caer 
Xp, = — nen ; 
. 2 af 5 2 J5 2 
2n-1 
$n —dn 1 V5 +1 “ 
in age y, | ee 


One can check that the solutions (x,, y,), 1 = 0, satisfy the initial equation, as well 


as the solutions (y,,X,),n > 0. 


Problem 6 (Ivan Borsenco, U325, MR-2015) Let A,B,C, be a triangle with 
circumradius R,. For each n > 1, the incircle of triangle Ay ByCn is tangent to its 
sides at the points An+1 Bn4+1Cn41. The circumradius of triangle Ayn+1 Bn41Cn+1, 
which is also the inradius of triangle Ayn ByCn, is Rn41. Find (im Ay 


Solution Suppose that the triangle AA, B,C, has an incircle of radius r;,, then we 
have Ry+1 = np. The following relation is well known: 


ln 


n 


= oes Se 


Cn 
2 ie 


and we also have the relations between angles 


mw X£An 
4A = —- f 
n+1 2 2 


IU 
LBnzi = > ; 
n+1 5 5 


LBy we  £Cp 


Denoting by / the center of the incircle, we obtain 


ZAn + 4Byz I Cn = 1, 


ABnsil Cay = 24Cn41 Ant Basi. 


From this we deduce that 


4 


ZAn+1 3 = 


hence 
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It follows that 


noo n n lee) 
therefore 
‘ Rn+1 . ln ‘ . An . Bn. Cn . aw\3 1 
lim = lim — = lim 4sin — sin — sin — =4 sin =) a 
n>oo R, noo Ry, = noo 2 2 2 6 2 


Problem 7 (Dorin Andrica and Mihai Piticari, Romanian TST, 2013) For a 
positive integer n we consider the expression 


(V2 ia =a, + b,V2+ env 4, 


where an, bn, Cn € Z. Show that cso # 0. 


Solution It is known that if a + bJ/2 + cx/4 = 0 with a,b,c € Z, then we have 
a=b=c = 0 (by Proposition A.2, this holds if 2 is replaced with any prime). 
Hence, whenever a+ bV/2+c,/4 =a’ +b'/2+c'V/4, witha, b,c,a’,b’,c € Z, 
thena=a',b=b',c=c'. 

By the relation (</2 —1)"=a,+ b,~/2 + cnv/4, it results 


(2 —1)"(1+ Y24 V4) = (an tn 24+ VO + 424+ V4), 


therefore 


(7/2 — 1)! = (an + nV 2+ V4 + 24-94). 


Furthermore 


an—-1 + bn-1V2+ Cn-1V4 = (ay + bnV2 + enV 4) J2 i V4), 
from where we obtain 
Cn—1 = An + bya + en. 


Should we have cgp = 0, then using the above relation, it follows that ag, +bg1+ 
cg = 0. As a consequence, we obtain 
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fee heeeea) 
I) 0) o-28) 


1 
81 81 6 [81 
_ ia) —0. 
+[G) @F (50)! 
However, the numbers ‘Gar (), tee, Ga) are divisible by 3, hence, from the 


above relationship, it follows that 3 must divide 227 — 1. On the other hand, we have 
277 — 1 = (3 — 1)*7 — 1 = —2(mod3), a contradiction. 


Problem 8 (Jean-Charles Mathieux, S38, MR-2007) Prove that for each positive 
integer n, there is a positive integer m such that 


(1+ V2)" = Jm+/m +1. 


First Solution We first show by induction that we can find the sequences (Xn )n>0 
and (yn)n>0 of positive integers such that 


(1+ V2)" = xn + ynV2, 
where x; = y; = 1. It then follows 
(1+ V2)" = Cin + ynV2) +1 + V2) = Cin + 29m) + On + Yn)V2, 
hence 


Xn+1 = Xn + 2yn 


Yn+1 = Xn + Yn- 
Also by induction, we can prove that 
2y? — x? = (-1)""1, 


This is clearly true for n = 1, and one can prove that 


2Yne1 — Ant = 20m + Yn)” — On + 2yn)? = —Qyq = ap) = (-D"*?. 
In our problem, for all odd positive integer n, one may choose 
m=x-= 2y? —1, 


and for all even positive integer n 
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m= 2y? =x? -1., 


An integrated solution can also be obtained, since we can show that 


_ +72)" +0 - V2)" 
= ; 
_ +2)" -da—v2)" 
= ; 


n 


n 


and for each n we can select m, given by the formula 


_ +2)" +0 -¥2)™ 
= ; 


n 


Second Solution We only prove the statement for n = 2/, the solution for n = 
2j + 1 being analogous. By the binomial theorem we have 


(1+ V2)" = 3 (jf) va" =1+ (T)3+---4 c a war + (V/2)" 


k=0 


=[C) 2G) +2) +42" ,2 4 
WO) 2G)+-2 GQ) ele) 


= JAI EB. 


We show that A = B. Indeed, notice that 


eai ec wonal()e2()) Fea )| 


+ v3" == v3" =2[(T) 4-42 )]. 


The proof is now reduced to some simple algebraic manipulations. 


Third Solution Another proof is based on algebraic number theory. 

Consider the quadratic field O[V2] = {a+ bV2 : a,b € QO}, with the norm 
function defined by N(a +b,/2) = a? —2b?. We know that 1+ /2 is a unit, because 
N+ /2) = 1—2-1% = —1. Since the set of units is closed under multiplication, 
it follows that (1 + /2)" is also a unit for every integern > 1. If 1+ /2)"* = 
An + BnV2, for some integers A,, B,, then it follows that N((1 + af 29" = +1, 
that is A — 2B? = +1. 
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The proof is now complete, since (1+ /2)” = An + BnrV2 = J A2+,/2B2, and 
we have showed that the difference between A? and 2B? is 1. 


Problem 9 (Gauss Formula) Leta > b > 0 and the function 


dx 


G(a, b) = 


Va2 cos? x + b? sin? x 


Define the sequences (an)n>0 and (by)n>0 by the recurrence relations 


an—1 + ba-1 
an = —————.,,_ ln = Jan—1bn-1, ag=a, bo=b. 


2 


(a) Prove that the sequences (dy )n>0 and (by)n>0 are convergent to a common limit 
jim, ay = im ayn = (a, b). 


(b) Show that 


G(a, b) = [ Te 


2 cos? x + b? sin? x 


(c) G(a, b) = TCH 


Solution 


(a) Clearly, aj = aotho and b; = ./agbo, hence 


bo < by <a, < ad. 
One can show by induction that 
bo < by < +++ < by <Q <-++ <a, <a, 


therefore (dn)n>o0 and (by)n>o are bounded and monotonic. Denoting their 
limits by A and B, taking limits in a, = festetlaed we obtain A = B. 


(b) Defining the new variable 


; 2a sint A 
sinx = - a *t [0. |s 
a+b+(a—b)sin’t 


we obtain by differentiation 


b —(a—b)sin*t 
cosx dx = 2a on: (oo) sn cost dt. 
[a+b+ (a — b) sin? t] 
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From the initially defined variable we also obtain 


V(a+ b)2 — (a — b)? sin? t 
cosx = cost, 
a+b+(a—b)sin’t 


from where it follows 


ot b= a= b)sin’t dt 
*G@4b4+@=bsmt Jatb?— abst 


We also have 


a+b—(a—b)sin*t 


Va2 cos? x + b2 sin?x =a as 
a+b+(a—b)sin‘t 


from where it yields 


dx dt 


Va? cos? x + b? sin x i (ey cos? t + ab sin’ t 


Since a, = ab and b; = Jab, it follows that 


Gla. b) / dx 
a,b) = ; 
0 Ja cos? x + bt sin? x 


and by applying the same argument, one obtains 


G(a, b) = [ , n=O. 
Va 


a 2 cos? x + b2 sin* x 


(c) One can check that the inequalities below hold: 


< G(a, b) < n>0. 
2an oe 


By taking the limit as n — ow it follows that G(a, b) = TICE 
Problem 10 (Dorin Marghidaru and Leonard Giugiuc, 4264, CM-2017) Let 
(an)n>0 and (bn )n>0 be two sequences such that ag, bop > 0 and 


1 
boii =bn t—, n=O. 


1 
An+1 = a4) + Dn’ n ve ; = 
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Prove that 
max{a2017, 52017} > 44. 


Solution We first show that the quantity f (an, bn) = E is invariant. Indeed 


1 
An + 2b an 
pi —— fee, ’ b . 
ie I b f (an, bn) 


2an Hn 


ff (Qn41; bn+i) = 


From here we conclude that 
an ao 
aan FS (Gn, bn) = Ft (ao, bo) Sie, 
by bo 


hence 
1 ao 1 bo 
2bn do 


Therefore 


2 2 
p) 2 2 2 ao, bo 1 4@ 1 bo 2 2 
+62,,=a+b2+(—+—)+ 24+. >a, tb, +2, 
n+l n+ = Gn " ( bo ao ) (a be Ab? de =o en 


since the first bracket is greater than 2 by the AM-GM inequality, while the second 
one is nonnegative. We deduce that 


az, +b2,,>2n+1 +a, +55 > 24D. 


Moreover 


2 2 
,/a +b 
MRT EW 2 O01T SAA 


/2 


Problem 11 (SAMC, 2015) Let k be a positive integer. Prove that there exist 
integers x, y neither of which is divisible by 7, such that x* + 6y* = 7". 


max{da2917, 52017} = 


Solution Take x; = y; = —1, and consider the relations 
Xeal = Xe — Oe, Ves = Xe + YR, K=1,2,3,.... 
One can check that 


coat + 6xp = 7 (x2 + 6x2). 
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and 
xk = ye = (—1)* (mod 7). 


Hence, there exist infinitely many integers x, y with the desired property. 


Problem 12 (SAMC, 2015) Arrange the numbers 1,2, 3,4 around a circle in this 
order. One starts at 1, and with every step, he moves to an adjacent number on either 
side. How many ways can he move such that the sum of the numbers he visits in his 
path (including the starting number) is equal to 21? 


Solution Let a;, b;, cj, dj be the number of paths that end by 1, 2, 3, 4 respectively 
and having the sum equal to 7. Since all these paths start from 1, it is easy to check 
that 


aq,=1,b, =cy =d, =0, a2 = by = C2 = dn = O, 


a=0,b=1,c33 =a = 0, a4=1,b4=c4=d4=0. 


We can visit 1 from 2 or 4, visit 2 from 1 or 3, visit 3 from 2 or 4, and visit 4 from 
3 or 1, hence the following relations hold for n > 5: 


an = bn-1 + dn-1 
bn = An—2 + Cn—2 
Cn = bn—3 + dn—3 
dn = Cn—4 + An—a. 


We have to calculate a2, + b21 + c21 + dq. 
Denoting by uy = ay + Cy and vy = by + d, forn > 1, we have 


ie = Un-1 + Un-3 
Un = Un—2 + Un—4. 


We also have u; = 1, uz = 0, u3 = 0, ug = 1 and vy} = 0, v2 = 0, v3 = 1, vg = 0. 
It also follows that vy = vy_3 + 2U_—5 + Vp—7 and Uy = Un—3 + 2Uy—5 + Uy—7. 
Setting s, = Uy + Up, we obtain 


Sn = Sn—3 + 25n—5 + Sn—7; 


where sj = 1, so = 0, 53 = 1,sq4= 1, 55 = 1, s6 = 3, 87 i 
One may calculate directly that 


8g =4, so = 5, sito = 4, 511 = 11, sy2 = 8, 513 = 15, 514 = 22, 


515 = 20, si6 = 42, 517 = 42, sig = 61, S19 = 94, 5299 = 97, 521 = 167. 


In conclusion, there are 167 paths that have their sum equal to 21. 


350 8 Solutions to Proposed Problems 


Problem 13 (Dorin Andrica, 097, GM-1979) Consider the sequences (Un)n>0, 
(Un)n>0 defined by uy = 3, vy = 2 and 


Unt = 3un + 40p) 
Unt] = 2Un+3un,, n>. 


Define Xn = Un + Un, Yn = Un +20p, n => 1. Prove that yy = [xn/2| foralln > 1. 


Solution We show by induction that 

uw—Ww=1, n>I1. 
This is clearly true for n = 1. Assuming that the relation holds for n, we have 

Wg — Ung, = Bun + 40n)? — 2(2Un + 3Un)? =u? — 2p = 1. 

We now prove that we also have 

2x? — y? =1, n> 1. 
Indeed, we have 

2x2 — y? = Qn + Un)* — (tn + 209)? = uw? — 20? = 1, 
hence 
(xnv2 + vn) (1/2 - vn) =1, n>l. 
Since apalD + yp > I, it follows that 
0 < xnV2— yn <1, n>1. 


Therefore, y, = [x,/2], as claimed. 


8.6 Homographic Recurrent Sequences 


Problem 1 Let (Xn) n>0 be the sequence defined by x9 = 2 and 


2 
1+ Xx 


Xnt1= » n= 0,.1y sao 


Find x29. 
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Solution The homographic function defining the recurrence relation is 


Oe 
; * pae 


of matrix Ay = (; ' , and characteristic equation 42 — 2 —2 = 0, with roots 
A, = —l and Az = 2. By Cayley’s Theorem we have 
(Af)” = BAP + CAS = B(-1I)" + C2", 


where 


1 1 /-2 2 
B= geen er Ve 
m= f —Azh) 5(5 2) 


eee ‘a iigecs 12 
ee a a 


It follows that 


(Ap? = Co +2) 3-1" = .) 
: 3(—(- 1)" +2") (1 4 241)" 


For n = 0, 1,..., we therefore obtain 


QD" $2") -2— FC" = 2") H+ 4-2" 
$(—(-1)" + 2") 24 FD" $2) (D+ 4-2" 


f"Q) = 


Problem 2 Define the sequence (Xn)n>0 by 
Xn41%Xn $Xn41 =%Xn—-1, n=0,1,.... 


Given that for all n we have xn ¢ {—1, 0, 1} and x2909 = 40, find Xp. 


Solution The recurrence relation is equivalent to 


that is the sequence (x,,)n>0 is defined by the homographic function 


z—1 
AO aang 


The matrix of this function is 
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= cos = —sin@ 
a= (| : ae q a \ 
Ll sin | cos 5 


One can easily prove by induction that 


(Af)" = (V2)" ( 


nit s nit 
COs 7 ra sin = 


sin“? cos "ft 


4 
hence 
cos 2) x9 — sin 
eres a) 4 n=0,1,.... 
(sin nt) Xo + COS cae 
Clearly, the sequence (x,)n>0 has period 8, Le., Xn48 = Xn, n = 0,1,.... Since 
2009 = 251-8-+1, hence we have 
xo — 1 
x =ip= ; 
2009 = X1 arr 
Therefore, wy = 40, hence xp = -3. It follows that 
41 - (cos 4) + 39- (sin 2 
sl Moe) (sin) n=0,1,.... 


n 


== Aa (sin um) — 39. (cos mm)’ 
Problem 3 (Austria, 1979) Define the sequence (Xn)n>0 by xo = 1979 and 


1979(1 + xn) ox 
x = = Ten 
ner OSes 
Find x, and lim Xp. 
n—>oo 


Solution Let us consider the general case 


a(1 + xn) 
= —— ,n 


=0,1,..., 
a+Xn 


Xn+1 


where a > O and xo > O. The sequence (x,),>0 is defined by the homographic 
function 


The matrix of this function is 
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aa 
Ay= (42), 


which has the characteristic equation 47 — 2a + a? — a = 0, having the roots 
Ay =atJa,ho. =a-— Ja. 


By Cayley’s Theorem one can deduce that 


(Ap)” = BAL + CA3 = Ba+ Ja)" + C @- Ja)", 


where 
1 1 (Ja a 
B= —— (Af -Agdh) = —= 
a f 242) al Z) 
1 —Ja a 
C= Ar-Ayh)= Af —Agh) = —-——= F 
say f 112) ae f 212) =a 1 = 


Simple computations give 
(Apt = 1 ioe +45) a(At — 25) ) 
; 2/a Mah fale +25) 
hence 


Sart +45)x0 + a(t — a5) ape 
aay ET. Taga tn Or lie 
( — 7X0 or Jal iv >) 


It follows that 


lim x, = lim va(1 = )) Ae (1 = (3)) _ Vaxo+a _ Vi 
2G aa(By) 


Problem 4 The sequence (ayn)n>0 is defined by x9 = a and 


- an + V3 
1= Fa? 
n+ i 2ABa, 


n=0,1,.... 


Find azo 19. 


Solution The sequence (a@;)n>0 is defined by the homographic function 
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The matrix is 


v=(ta) => 


A simple inductive argument shows that 


+ 2n 2n 
sin —3— COS ~3— 


(Ap)" = (—2)" ( 


cos ough — sin 22 


hence 
cos 2x ) a— sin ou 
an = f" (ao) = n=0, 1, 
(sin 2m ) a+ cos on 
Clearly, dn43 = dn,n = 0,1,..., 1e., (Gn)n>o is periodic having period 3. Since 
2009 = 669 -3 + 2, we have 
a- V3 
42009 = a2 = —>—_.. 
/3a +1 
Problem 5 Let (Xn )n>0 be the sequence defined by xy = a and 
Xn +V2—1 Asi 
Ce re / eo 0 Fl nee 
ay 


1. Prove that (Xn )n>0 is periodic and find its period. 
2. Find X2009- 


Solution 


1. The sequence is defined by 


f= eo ee 
—(/2-1)z+1 
Note that 
2tan = 


a4 T 
1 = tan —tan2— = = 
4 8 1—tan? % 


hence tan zt = J/2 — 1. It follows that 
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z+VJ2-1 _ z+ tan = = (cos Z) z+ sin Z 
—(/2—1)z+1  —(tan$)z+1 °° —(sin®)z+ cos? 


f@= 
The matrix of f is 
cos sin) _ (00s (—$) —sin(—¥) 
Af=( oo, ed Hl i Ba 
— sin % cos % sin (—%) cos (—%) 


By an inductive argument we can deduce that 


car = (CH) “en _ (oH) sa) 


8 
sin(—*Z) cos (—#2) } ~ \~sin (22) cos (22) 


It follows that 


(cos nt) a+ sin 


— 7 — ’ — 0, 1, eee 
tn = Fo) _ (sin 7) a+cos e 
Clearly, xn+3 = Xn,n =0,1,...,1., (%n)n>0 is periodic having period 8. 
2. Since 2009 = 251 -8-+ 1, we obtain 
at+J/2-1 
X2009 = X1 = ate ia: 
_ —l)a 


Problem 6 Let a,b > 0 be real numbers such that a? > b. Define the sequence 
(%n)n>0 by Xo = a > Oand 


Prove that (Xn)n>0 is convergent and find lim Xp. 
=, n—>oo 


Solution The sequence (xn)n>o0 is defined by the homographic function 


The matrix is 


ab 
a;= (6 ae 


which has the characteristic equation A* — 2aA + a? — b = 0, having the roots 


Ap=atvb,ao =a—WvVb. 
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By Cayley’s Theorem one can deduce that 


1 ee ee 


(Ay)” = ane n n n n 
2/b At = a5 Jb(Ay + A5) 


hence 


7 VSb(AY + A5)x0 + DOT = 25) 


Xn = et ec 0 rere 
0 GFE ViG a BOR AAA) 


and we can deduce that lim x, = Vb. 
noo 


Problem 7 Find all sequences (ay)n>1 satisfying the following properties: 


1. for all positive integers n, an is an integer; 
nay + 1 
ee ee 


2: = 
an+2 aan 
Solution Not that the sequence (a,)n>1 is not defined by a linear fractional 
(homographic) transformation. Clearly, aj #4 —1, and then we have 
ajt+l 3+1 
— — 1, as => TT 1. 
aj+1 14+3 


Assuming that a2441 = 1, it follows that 


(2k + Vagsi tl 2k+2 _ 
As, +2k+1  2k+2 


Q2k+3 = 


> 


hence ayx4, = 1,k = 1,2,.... 
We also have 


2. 1 3 
gy eee — os 


aa+1 ay +2 


Since a2 and aq are integers, it follows that az +2 € {—3,-—1, 1,3}, hence 
a2 € {—5, —3, —1, 1} and aq € {—1, 1, 3,5}. Computing all possibilities for ag we 


getag € }—1,1, t. & , and since a6 is also an integer, we have ag € {—1, l}. 
Observe that a2x42 = | if and only if aa, = 1,k = 1,2,..., and axg42 = —Lif 
and only if aa, = —1,k = 1, 2,.... In conclusion, the sequences (a; )n>1 with the 


desired property are 


Gig. Ay Leds ee3 
{51 1y—1y 26. 


where a; € Z \ {-—l}. 
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8.7 Complex Recurrent Sequences 


Problem 1 (Ovidiu Bagdasar) Define the sequence (Wn)n>0 by the recurrence 
relation 


Wn42 = 2Wn41 + 3un, wo=l,wi =i, n=O0,1,.... 


I. Find the general formula for wy, and compute the first 9 terms. 
2. Show that |Rwy — 3wpn)| = 1 foralln > 1. 


Solution 
1. The characteristic equation t? — 2t — 3 = 0 has the eigenvalues t = —1 and 
t2 = 3, hence by the Binet-type formula we have 


Wn = c1(—1)”" + c23", 


where c; and c2 are obtained from the initial conditions wo = c, + cz = 1 and 
w, = —c, + 3c2 = 1, from where we obtain cz = aa and cz = Hi 


Simple computations show that the first 9 terms of the sequence are 
1,i,3 + 27,6 + 7i, 21 + 207, 60 + 617, 183 + 1827, 546 + 547i, 1641 + 1640). 
2. Denoting w, = a, +b,i, we actually prove that the proposition P(n): ay, — by = 
(—1)” is true for all n > 1. From the above calculations, this clearly holds up to 


n = 9. Assume that P(k) holds for k = 1,...,n. Clearly, 


an+1 + bn4 1 = Watt = 2Wn + 3Wa—1 = 2(dn + dni) + 3(Gn-1 + bn-11) 


= 2an + 3an—1 + (2by + 3dy_-1)i. 


By the induction hypothesis, a, — by = (—1)” and ay—, — bp_y = (—1)""1, 
therefore 
Gn+1 — bn+1 = 2(ay — bn) + 3(An—1 — bn—-1) 
= 2-)" + ED) 4 Cp" = Eb", 


which ends the proof. 


An alternative proof can be obtained by deriving the recursions satisfied by the 
integer sequences (d,)n>0 and (Dy )n>o- 
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Problem 2 (Ovidiu Bagdasar) Define the sequence (Wn)n>0 by the recurrence 
relation 


2un4a = (1+ 2+ V3)i) wns + (V3 = 2) wn, i= 1 wh w= Gic. 


1. Find the formula of wn; 

2. Prove that the sequence is periodic and find the period; 

3. Discuss the behavior of the sequence (Wn)n>0, if this satisfies the same recur- 
rence relation, but with the starting values wo = 1, wy = 2i. 


Solution 


1. The characteristic equation for this problem has the formula 
222 — (1+ 2+ V3)i)z— (V3 -i) =0, 
which divided by two is proven to produce the factorization 


(z— z1)(z — 22) = 0, 


2m; V3 
2t 


Qn; 
where z] =e3!' = 5 i and 72 =e4' =i. 
Applying the Binet-type formula, one obtains 


Wn = Azi + Bz, 


where A = oe “and B= = =o 

2. Since the se enoes (z1)n>0 and (25)n>0 have periods 3 and 4 respectively, the 
sequence wy, is periodic and its period divides Icm(3, 4) = 12. Since z2 = i, 
A = 0, the sequence terms satisfy w, = Bz5, which has period 4. The resulting 


orbit is 


6 a 


22—Z] 


Based on Theorem 5 11 or [33], the orbit can be decomposed into either three 
squares or four equilateral triangles. 


3. In this case A = aa “ 4 (and B = 1-! ¥ 0, and the sequence has period 12. 


Problem 3 (Ovidiu Bagdasar) Let the sequence (Wy)n>0 be defined by the recur- 
TENCE Wn42 = PWnt1 + GW with p,q € C, and wo = 1, wy =i. 


1. Find three distinct sequences having period 15. 
2. How many such sequences exist? 


Solution Based on Section 5.4 and [28], a second-order linear recurrence relation 
of the form has the characteristic equation 
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2 — pe-q=(@—u)@— 2) =0. 
If z; A Z2, the general term is given by the formula 


Wn = Azi + Bz, 


where A = “— = and B = = a1 
A sufficient condition for nee to be periodic of period 15 is for z; to be a 
primitive root of order 3, 22 a primitive root of order 5, and AB ¥ 0. 


One can choose z; = e i »jJ =1,2andz2 =e as 1 = 1, 2,3, 4, while in this 
case AB is clearly not zero. 

From Example 5.5, the number of periodic orbits of length k = pq with p and qg 
primes is 


Ap(k) = (p—D(q- I(pq+ p+ q)/2. 


For p = 3 and g = S this gives Hp(15) = 92. 


Problem 4 (Ovidiu Bagdasar) Consider the sequence (Wy)n>0 defined by Wn42 = 
PWn+1 + Wn with p,q € C, and wo = 1, w; = i. Find the number of periodic 
sequences (Wn)n>0, Whose period is the cube of a given prime number. 


Solution The sequence has the characteristic equation 
— pz-gq=0, 


whose roots are denoted by z, and 22. 

For distinct roots z} # z2 of (5.2), the general term of Horadam’s sequence 
(Wn)n>0 iS Wn = Az} + Bz5 (5.4), where A and B are given by (5.5). Clearly, in 
this case we have AB ¥ 0, hence the orbit is not degenerated. 

Periodic orbits are obtained when z; and 2z2 are distinct roots of unity z] = 
et !Pi/Ki and z. = e?7!P2/'2, The distinct sequences of period k are enumerated 
from the quadruples (p1, ki, p2,k2) such that gcd(p1,k1) = ged(p2,k2) = 1, 
Iem(k1, k2) = k, and ky < kz. Their number is denoted by Hp(k). 

By formula (5.34), this number is given by 


Ap(k) = k k : k k 1 
P= YP vkiela) + 59) (@H — 1). 
[k ,kaJ=k, ki <kg 


If s is prime and k = s°, then g(k) = s3(1 — 1/s) = s* — s*. The divisor pairs 
(k1, kz) in the set {(1, k), (s, k), (s?, k), (k, k)}, have multiplicities g(s/)g(k), with 
j = 0, 1,2, and g(k)(y(k) — 1)/2 = (k — k/s)(k — k/s — 1)/2. We obtain 
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6_ 4 _ 3 2 
Hpk) = [14 6- D+? =s) +692 - D2] = 
A more general case is presented in Example 5.4. 


Problem 5 (Ovidiu Bagdasar) Let (wy)n>0 be the sequence defined by the initial 
conditions wo = a, w, = b, and the recurrence relation 


3 3 ami 9/2( 3/241 
wna = et? (674? 41) wy —e ( Nie: j= 0 a oer 


1. Show that the closure of the set {Wyn : n € IN} is an annulus. 
2. Find a, b for which the orbit of (Wy) n>0 fills the annulus U (0; 1, 2). 


Solution 
1. One can easily check that the characteristic equation of the recurrence can be 


factorized as 


(Zz — z1)(2 — 22) = 0, 


where z1 = eri V2 = e27'*1 and zy = e272, By Proposition A.2, the numbers 
1, aoe s/4 are linearly independent over Q, hence as seen in Section 5.7.1, the 
orbit of (Wy)n>o is dense within an annulus. The graph obtained for a = i and 
b = 1+ is given in Figure 8.1. 


Fig. 8.1 First 1000 terms of 
the sequence (wy )n>0 in 
Problem 5 (1) (circles), 
computed for a = i, 


b = 1 +i (stars), 
3:3) 3 
zy = eV, 2 = gmt V4, 


Boundaries of 

UO, ||A| — |BI I, |Al + |B) 
(dotted line) with A, B 

from (5.5) and unit circle 
(solid line) are also plotted 
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Fig. 8.2. Sequence (wn )n>0 5 T 7 
(circles) for Problem 6. Initial al | 
conditions wo = 1, w; =i, 
w2 = 1+ i (stars) and the 3r | 
unit circle are also plotted al | 
(solid line). Arrows indicate 
the orbit direction N 1 ] 
£o | 
-1 | 
_2 J 
3} ] 
-4 n 


OnE 


2. Given two real numbers 0 < R; < Ro, the condition a and b should satisfy is 


Ri, + Ro Ro — Ri 
|azz — b| = 5 lz2—zil|, lazi1—bl = 5 lz2 — z1|, 


where a, b are initial conditions and |z2 — z,| is the distance between z,, Z2. In 
our case, we would have to replace R; = 1 and R2 = 2. 


Problem 6 (Ovidiu Bagdasar) Let (wy)n>0 be a recurrent sequence which has the 
initial values wo = 1, wy = i, W2 = 1+ i (Figure 8.2). 


1. Show that if (Wn)n>o0 satisfies the recurrence relation 
Wnat3 = A+ i)was2 — Ud +iwnsi +ivn, 


then it is periodic, and find its period. 
2. Find the complex number q for which the sequence (Wy)n>o defined by 


wns = +4 —Vwnyat Gta — Gast — Pn, 
is periodic. What are the possible values of the period? 


Solution 


1. The sequence has the characteristic equation 
3 a ‘ —_ 
z—-Ud+)2z°+d+4+i)z-i=0, 
which can be factorized as 


(c-i(2— zt D a= (C—O) (z — 5) (z — OP!8) =O, 
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: Z al 3 : 
Denoting z; = i, z2 = e's and z3 = e778, and using (6.68), the general term 
of the sequence is given by 


Wn = A1Zi + A2z5 + A3z3, 


where A ;, Az, and A3 are obtained from the initial conditions. Since z;, z2 and 
23 are roots of unity, the sequences (z7)n>0, (25 )n>0, and (23) n>0 are periodic, 
hence the sequence (wy ),>0 is also periodic, of period Icem(4, 6, 6) = 12. 

In fact, one can check that the sequence terms are: 


1,7, 1+i, 1+2i, —2+i, —3 — 31, 1-—4i, 4+i, 
1+ 3i,.—3'+ 2i,.-—2 — 31, 1— 31, 1, tp 2. 


2. One can check that the characteristic equation is 
2-@+q-Y2o-G+gP-P z+ =0, 
which can be factorized as 
(z+ 1)(z—4)(z — 4?) =0. 


From Section 6.3, the sequence (wy )n>0 can only be periodic if the roots of the 
characteristic equation are roots of unity. We have three cases. 
Case 1.qg =1 Here z = 1 is a double root and from (6.89), the general term of the 
sequence is 


Wn = Ai(—1)" + (Az +7A3)1", 


where from the initial conditions we obtain 


1 1, 4 1 é 1. A Ie, 
—~-—-i, =-4+-i, = xi. 
2 4 om mae =—5 
This clearly shows that (w,)n>0 is not periodic. 


Case 2. q = —1 Here z = —1 is a double root and | is a single root. By the same 
argument, the general solution is 


Wn = At + (A2 +nA3)(—-1)”, 


where from the initial condition 
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i 4 
oe foe Bee 
=a gy =a hae t= 5! 


hence the sequence (W,,)n>0 1S not periodic. 


Case 3.q = etx, k > 3, ged(p,k) = 1 In this case, the roots of the 
characteristic equation z} = —1, z2 = q and z3 = q’ are distinct, and the general 
term is given by 


Wn = Ay(—1)" + Ang” + A3q?”. 


The sequence is clearly periodic and has the period Icm(2, k). 


Problem 7 (Ovidiu Bagdasar) Let (Wy)n>0 be a sequence defined by wo = 1, 
wy, =i, w2 = 1 +i and Wni3 = PWn42 + Watt +n, where p,g,r €C. 


1. Find p,q,r such that (wWy)n>0 is periodic of period 2019; 
2. How many such sequences of period 2019 exist, if the characteristic polynomial 
has distinct roots? 


Solution 


1. If the roots z1, z2, z3 of the characteristic equation 
= pe Hye PF 0, 
are distinct, then the general term of the sequence is given by 
Wn = Az] + A2z5 + A3Z3. 


Clearly, 2019 = 3 - 673, and since for the given starting values A} A2A3 4 0, it 


F ‘ F al ; 2 il 
is sufficient to consider z2 = e77!3, z7 = e27'3 and z3 = 7" 073, 


2. Following the steps outlined in Section 6.4.5.1, when k = pq is a product of 
two primes, the number of periodic sequence of length k is given by the explicit 
formula 


k 
Hp: k) = ee 


[ka + (p+a)-4) + (pt q-1?- 1], 


while 


1 1 
g(k) = pq (1- ) (1- ) =(p—Dq-. 
P q 


For p = 3 and gq = 673 this gives Hp(3; 2019) = 1319080672. 
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Problem 8 (Dorin Andrica) Let (Zn)n>1 be the complex sequence defined by 
Zn+1 = een t+ | ey el ee ee where 22 —2n+ 1 4 Oand z; 4 0, 1. Prove that 
there are two points O, and Oz in the complex plane such that for any n > 1, the 
points of coordinates Zn+41 and + teeet = are located on circles with centers O; 
and O? and radius 1. 


Solution Clearly, z, #4 1 and z, #4 0,n = 1,2,.... The recurrence relation is 
equivalent to Z,41 — 1 = Zn(Zn — 1), hence we have 


1 1 1 1 
= = ’ n= 1, 2, 
Zn+1 — 1 Zn(Zn — LI) Zn — 1 gn 
From the relation 
b+ 4 1 
Zn in 1 Znt1— 1? 
we obtain by summation that 
1 fA 1 
Zl Zn Zi—-1l zy —l? 


therefore 


It follows that 


1 
im 1] | bok 
Z1 


Considering the points O;(1) and 02 ( : ), we have A(Zn+41) € C(O1; Ry) and 


Zit 


B ( By lees iat +) a6 (01: x) which ends the proof. 


Zr 
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Problem 1 Prove the identity 
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Solution Denote by an = )-;—~0 Ce) x: Clearly, a; = 2 and 


n+1 
n+1+k\ 1 
anti = Yo k )z 


k=0 
_intk ns nt+k\ 1 
~ k ) 2k k —1/) 2k 
k=0 k=1 


4 (nth) 1 ofS PETES. 1 
=a — — ——_— 
0 2 ce ar k-1 Qk-1 


2n+2\ 1 1 
= ep ap ones gore 


This confirms that a4, = 2a, for all integers n > 1, hence a, = 2”. 


Problem 2 Prove the identity 


ren", *) = os (72") +4 1 sin(72") 
k=0 k 7 3 V3 3 


1 ifn = 3p; 
= 40 ifn=3p+1, peN. 
-1 ifn=3p+42. 


Solution The desired sum can also be written as 


‘= er) _ (3, 7 (ie ' " ee a 


Using the identity 
2n—k = 2n+1—k 2n—k 
ko) k k-1/)’ 


one can easily prove that S, = Sy+1 + 2S, + Sy,—1, hence the numbers S,, satisfy 
the recurrence relation S,41 = —(S, + Sy,—1). Since S$; = 0, S2 = —1, and $3 = 1, 
the desired result can be proved by applying induction on n. 

Alternatively, one can solve the recurrence equation explicitly. The characteristic 
equation is x* + x + 1 = 0, which has as solutions 


_ 20 ees 20 . 4a 9s 4a 
X1 = cos 3 i sin 3)? x2 = COS 3 i sin aE 
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It follows that the general solution of the recurrence equation is given by the formula 


27Nn . 20Nn 
Sy, = Acos (=*) + Bsin (=) ; 


where the constants A and B are computed from S$; = 0 and S2 = —1, as 


()ea(S)-0 er) 


hence A = | and B = wet Simple calculations confirm that $3 = A = 1. 


Problem 3 Determine the number of functions f : {1,2,,...,n} — {1, 2, 3,4, 5} 
satisfying the property | f(k + 1) — f(k) |= 3, forallk €1,...,n—-1. 


Solution From the hypothesis, we clearly have f(k) 4 3, fork = 1,...,n. Let dy, 
bn, Cn, and Cy, be the number of functions having this property, for which f(n) = 
1, 2, 4, or 5. The following recurrence relations hold true: 


Mitt =Cnt+dn 
bn+1 = dy 
Cn+l1 =A4n 
dn41  =Aan t+ by. 


The number we are looking for is x, = dy + Dy + Cy + dn. One has az = 2 (since 
f(2) = 1 implies fC) = 4 or fC) = 5), b2 = 1 (since f(2) = 1 implies 
fd) = 5),c2 = 1 (f(@) = 4 implies f(1) = 1), and dz = 2 (since f(2) = 5 
implies f(1) = 1 or f(1) = 2). From here it follows that a, = d, and by = Cn, 
while using the previous relations one obtains 


Ant) = an + bp 


bn41 = 4n, 


therefore aj)41 = ad, + ay—1, forn > 2. We therefore have x, = 2(a, + b,), where 
x2 = 6 = 2-3, and x3 = 10 = 2-5. If F, is the nth Fibonacci number, from 
Xq = 2F4, x3 = 2Fs5, and xXy41 = Xn + Xy_1, we have x, = 2- Fy42. 


Problem 4 Jn how many ways can you pave a2 x n rectangle with | x 2 tiles? 


Solution Denote the desired number by a,. The different possible coverings for a 
rectangle of size 2 x (n + 1) is denoted by ay+4 1. Each of the an41 coverings may 
finish with a horizontal, or vertical tile, as in Figure 8.3. 
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n-1 n 


Fig. 8.3. Possible tile configurations 


If the last tile is horizontal, then there are actually two such tiles stacked on top of 
the other, and there are a,_| ways of covering the remaining 2 x (m — 1) rectangle. 
If the covering finishes with a vertical rectangle of size 1 x 2, then the remaining 
2 x n rectangle can be covered in a, ways. We obtain the recurrence relation 


Ant] =4n+a4n-1, a, = 1, a2 = 2, 


hence a, = Fy+1, where (F;,)n>0 denotes the Fibonacci sequence. 


Problem 5 Prove the identity 


0 if0 < p <n, 
eae np _ J} 2?! pair, 
k ~~ nGn+l) ' F = 
k=0 p: ifp=n+2, 
2 
0D p if p=n+3, 


n(15n3-+30n?+5n+1) Ye 


First Solution Consider the function (e* — 1)”, in which we first compute the 
binomial and then consider the Taylor series expansion 


-1'= De Dae ae = 1" (7) es “ix 


CO 1 n fis n ; 
= dX a (de ()') x/ 


For the same function we can expand the exponential function, and then the binomial 
to obtain 
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(e* —1)" = pe eek : 
~ 2! 3! 


2 
on Mint, MCAT) nyo MOT) nis 
=x + a + ae x + z x 
n(n? + 30n? + Sn +0) nse 
1152 


Identifying the coefficients in the two series, we obtain the desired formulae. 


Second Solution [Dorin Andrica] A simple computation with the binomial 
coefficients shows that the following double recurrence relations hold [10]: 


Sn,p+l = NSn,p +Sn-1,p), p= 0. 


In particular, one recovers the results from the problem. 
Indeed, denoting sy, = >-~_9(— Ly ()kP , for any real number p one has 


i n—k {1 si n—k-1 (7 a 

nouptacisb=a( Sed (et k '( : )e") 

n—1 

‘s _yyn-k n _ n—1 p 

oe Zev [C2 ))) 

n—1 k(n 

n—k 
n (Fc “(()er) 
— yey (laa = Sn, p+l- 
k=0 


We have used the identity 


n m—I\  fn-1\_ kKfn 

k kk) \k-1) on\kl’ 
Problem 6 (Italian Mathematical Olympiad, 1996) Given an alphabet with three 
letters a, b, c, find the number of words of n letters having an even number of a’s. 


Solution Let S$, be the number of n letter words with even number of a’s, and let T,, 
be the number of 7 letter words with odd number of a’s. Clearly, one has S, + T, = 
3”. Among the S, words, there are T,_; words ended in a and 2,_; words ended in 
borc, hence S, = Ty—1+2S,—1. Similarly, one has 7, = S,—1+27,—1. Subtracting 
these, we get S, — Ty = Sy—1 — Ty—1, therefore S, — T, = S$; —7T; =2-—1= 1. 
Therefore, S, = (3" + 1)/2. 
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Problem 7 Find the number of n-words from the alphabet A = {0, 1, 2}, ifany two 
neighbors can differ by at most 1. 


Solution Let x, be the number of n-words satisfying the condition. So x; = 3 and 
x2 = 7. Let y, be the number of n-words satisfying the condition and beginning 
with O (by interchanging 0 and 2, y, is also the number of n-words satisfying the 
condition and beginning with 2). Considering a 0, 1, or 2 in front of an n-word, we 
get Xn41 = 3x, — 2yn and yn41 = Xn — Yn. Solving for y, in the first equation, 
then substituting into the second equation, we get x,42 — 2Xn41 — Xn = O. For 
convenience, set x9 = x2—2x, = 1. Since r—2r—1 has the roots 14/2 and xo=1 
and x; = 3, one obtains that x, = a(1+V/2)"+B(1—V2)", where a = (1+/2)/2 
and 6 = (1 — V2)/2. Therefore, x, = [(1 + V2)"+! +  — V2)"41]/2. 


Problem 8 (Romanian Mathematical Olympiad, 1995) Let A, A2,..., An be 
points on a circle. Find the number of possible colorings of these points with p 
colors, p = 2, such that any two neighbors have distinct colors. 


Solution Let C,, be the answer for n points. We have C) = p, C2 = p(p — 1), and 
C3 = p(p — 1)(p — 2). Forn + 1 points, if A; and A, have different colors, then 
Aj,..., An can be colored in C;, ways, while Ay+1 can be colored in p — 2 ways. If 
Aj, and A, have the same color, then A;, ..., A, can be colored in C,—1 ways, while 
An+1 can be colored in p—1 ways. It follows that Cha. = (p-—2)Cn+(p—DCn-1, 
for n > 3, which can be written as Cy41 + Cn = (p — 1)(Cy + Cn_-1). 

This implies that Cp41 + Cp = (p — 1)"~7(C3 + C2) = p(p — 1)". Then, one 
can use induction to show that C, = (p — 1)” + (-1)"(p — 1), forn > 3. 


Problem 9 Define a set S of integers to be fat if each of its elements is greater than 
its cardinal |S|. For example, the empty set and {5, 7,91} are fat, but {3,5, 10, 14} 
is not. Let f, denote the number of fat subsets of {1,...,n}. Derive a recursive 
relation for fn. 


Solution The fat subsets of {1, 2, ...,-+ 1} are of two types: subsets that contain 
n + 1 and subsets that do not contain n + 1. There are obviously f;, subsets that do 
not contain n + 1 (these are just the fat subsets of {1, 2,...,7}). 

Consider now the fat subsets containing n + 1. These are in a one-to-one 
correspondence with the fat subsets of {1,2,..., — 1}, by associating with each 
set {x1,..., Xe, n +1} with x1 < x2 <--- < xx the set {x} —1, x2 -1,..., x, — 1}. 
It is easy to check that this correspondence is well defined and bijective. Therefore, 
there are f,—1 fat subsets of {1, 2,...,-+ 1} that contain n + 1. 

The recurrence relation we are looking for is 


fn+1 =fntfr-1, n= 2, 
where fj = 2 and f2 = 3. It can be easily checked that f, = F,+2, where F, 
denotes the nth term of the Fibonacci sequence. 


Problem 10 Consider a cube of dimensions 1 x 1 x 1. Let O and A be two of its 
vertices such that OA is the diagonal of a face of the cube. Which one is larger: the 
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number of paths of length 1386 beginning at O and ending at O, or the number of 
paths of length 1386 beginning at O and ending at A? 

(A path of length n on the cube is a sequence of n+ 1 vertices, such that the distance 
between each two consecutive vertices is 1.) 


Solution Let a, be the number of paths of length n from O to itself, and let b, be 
the number of paths of length n from O to A. 

First, notice that the number of paths of length 2 from O to itself is 3, while the 
number of paths of length 2 from A to O is 2. 

Consider the (n — 1)th vertex of a path from O to itself. Clearly, this has to be 
either O itself, or the other endpoint of a diagonal of a face containing O as the 
other endpoint, hence we have the relation 


An = 2(bn—2 + Dn—2 + bn—2) + 3an-2. 


Similarly, for considering the possibilities concerning the (n — 1)th vertex of a path 
from O to A we obtain 


Dn = 2(An—2 + bn—2 + bn—2) + 3bp-2. 
Taking the difference, one obtains 
Qn — by = An—2 — bn-2. 
Finally, we deduce that 
41386 — 51386 = 41384 — b1384 = ao — bo = 1, 


hence 1386 > b1336. 


Problem 11 (Rishub Thaper, 0443, MR-2018) Let f(n) be the number of per- 
mutations of the set {1, 2, ...,n}, such that no pair of consecutive integers appears 
in that order; that is, 2 does not follow 1, 3 does not follow 2, and so on. 


1. Prove that f(n) = (n-Df(—-1)+ (a —2) f(t — 2). 


2. If |a] denotes the nearest integer to a real number a, prove that 


1 1)! 
f(n)= _(“**]. 


n e 


Solution 


1. Given such a permutation of the integers 1 through n, removing n yields a 
permutation of the integers | through n — 1 with the same property, unless n 
is between a pair of increasing consecutive integers. But if n is between k and 
k +1, then removing k + | and decreasing each of the remaining integers greater 
than k + | by 1 yield a permutation of the integers 1 through n — 2 with the same 
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property. Conversely, given a permutation of the integers | through n — | with the 
given property, n — 1 permutations of the integers | through n can be obtained 
by placing n either before all the integers, or after any integer 1,...,m — 2. And 
given a permutation of the integers 1 through n — 2 with the given property, 
n — 2 permutations of the integers 1 through n can be obtained, one for each 
k =1,...,n — 2, as follows: increase each number k + 1,...,” — 2 by 1, then 
insert n, k + 1 after k. By this process, each permutation with the given property 
of 1,..., is either among n — | associated with a permutation with the given 
property of 1,...,2 — 1, or among n — 2 associated with a permutation having 
the given property of 1, ..., 1 — 2. Thus, one obtains 


fm=a-Dfa-)+@a@—2)fa—2). 
2. Simple calculations show that 


n+1 


(n+1)! t= ,(n+1)! carey (8) 
7 ety = ee test 
k=0 k=2 k=n+2 
where wae (—1)* {eth is an integer, and 
(a+! SO | < +! DS a 
k=n+2 k=n+2 
as 1 1 
1)! = ts 
Mn) 2 (a+ Dint De! ~ ntl ~ 


so 


[= ] = Feet Dt 
e 


k! 
k=2 
The values f(2) = 1 (permutation (2, 1)) and f(3) = 3 (permutations (1, 3, 2), 


(2, 1, 3), (3, 2, 1)) match the formula for f(”); assume by induction that it holds 
forn — 1 andn — 2 forn > 3. Then 


fy=-Dfa-)+a—-2Dfa—2) 
oF iced 
e e 


n n—1 
a pn! ,(n— 1)! 
3, 1) at ds ieere 
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(n — 1)! 
k! 


n—l 
a eae 


k=2 


1 n n+l a nat 1)! 
F(@+oe0 (1) 7en 


kl 
{22 (n+)! 1fM+D! 
Cl = iF 


n e 
k=2 


which completes the induction step. 


Problem 12 (Mircea Merca, 11767, AMM-2014) Prove that 


IPAs)! 
ys ptt2+ n) _7"_ Ff, 
(1 + fy)!t2!---t,! 


where Fx is the kth Fibonacci number and the sum is over all nonnegative integer 
solutions to ty + 2t2 +---+nt, =n. 


First Solution View the sum as over all partitions of n + 1 having at least 1, 
considering ft; + 1 as the number of copies of | and t; as the number of copies 
of j, for 2 < j <n. The summand counts the ways to permute parts, so the sum is 
the number of composites of n + | having at least 1. 

The number of compositions of n+ 1 is 2”, so it suffices to prove that the number 
an of compositions of nm + 1 in which 1 does not feature is F;,. Clearly, this is true 
forn = 0 andn = 1. Forn > 2, these compositions have last part 2 or greater than 
2. Deleting the last part shows that there are a,—2 of the first type, and subtracting 
1 from the last part shows that there are a,_, of the second type. It follows that 
An = An—1 + Qn—2, hence ay, = Fy, by induction. 


Second Solution Rewrite the sum as 


vr tat +i) 


ty!fo!- ++ ty! 


’ 


summed over all integer solutions to ty + 2f2 +---+nt, =n-+ 1 witht, > 1 and 
t; > 0 fori > 2. The sum is the coefficient of x”+! in the series 


[(xt2 to - (PH $)7] 


Me 


f(x) 
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AS e Lei S. x(1 — x)? 
~1-2e l-x—x? (l—2x)(—x— x?) 


The coefficient we are looking for is also that of x” in 


fx) (1 — x)? 2s, al x 
x (—2x)1—x—x?2)” 1-2x 1L-x—x?° 


The coefficient subtracted in the second term is the number of 1, 2-lists with sum 
n — 1, well known to be F;,, so the answer is 2” — Fy. 


Problem 13 (David Beckwith, 11754, AMM-2015) When a fair coin is tossed n 
times, let P(n) be the probability that the lengths of all runs (maximal constant 
strings) in the resulting sequence are of the same parity as n. Denoting by Fy, the 
nth Fibonacci number, prove that 


1 n/2 . : 
5) ifn is even, 


_|( 
iis Oe F, ifn is odd. 


Solution When 7 is even, all the runs have even length if and only if tosses 2i — 1 


and 2i have the same outcome, for all i. Each constraint holds with probability 5 
n/2 
so P(n) = 5 : 

For any n, let Q(n) be the number of lists of length n whose runs all have odd 
length. It is sufficient to prove that OQ, = 2F,. Clearly, we have Q(1) = Q(2) =2. 
Such lists of length n are obtained from a list of length n — 1 by adding a run of 
length 1, or from a list of length n — 2, by extending the last run by length 2. This 
shows that O(n) = Q(n — 1) + Q(n — 2) forn > 2, which ends the proof. 


Problem 14 Find the number of ways uy, in which we can climb a ladder with n 
steps, if we can climb either one, or two steps at a time? 


Solution Clearly, u, corresponds to the number of ways in which n can be written 
as a sum of ls and 2s, where the order of numbers matters. One can check that 
uy = 1, u2 = 2, uz = 3, and ug = 5, since 


2=2=1+1 


3=24+1=14+2=14+1+4+1 
4=242=24141=1424+1=14142=14+14141. 


Notice that the first term of such a decomposition is either 1 or 2. There are 
Uy—1 Such decomposition starting with 1, and u,_2 which begin with 2, giving the 


recurrence relation 


Un = Un—1 + Un-2. 
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Since the first two terms and the recurrent sequence coincide, we deduce that uy, = 
F,,, where F,, denotes the nth Fibonacci number. 
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Problem 1 (Josef Tkadlec, 0466, MR-2018) Letn > 2 be an integer. Prove that 
there exists a set S of n — 1 real numbers such that whenever a, ..., Gy, are distinct 
numbers satisfying 


1 1 1 
aqyt—=at+t— =: =ay-1 + — =a,+—, 
a2 a3 an a\ 


then the common value of all these sums is a number from S. 


Solution We show that S = {2cos im :i = 1,...,n — 1}. For any nonzero a, 


define ro(x) = a, and r;z(x) = 2x— Ca k > 1. Denote the Chebysev polynomial 


of the second kind by U(x), which is defined by U_\(x) = 0, Uo(x) = 1, and 
Ux (x) = 2xUR_1 (x) — Ug_2(x), k => 1. We claim that 


(2ayx — az — 1)Ug-1(%) 
ay Ug_1(x) — Ug_n(x) ” 


rex) =a, + b= 1254-23. 


This is clearly true for k = 1, and we use induction to prove that it is generally true. 
Assume that it is true for a fixed value k. Then 


1 


= 2x 
rk (x) se (2a,x—at—1)Ug-1 (x) 
41 GU (@)— U2 @) 


a Ug—1 (x) — Ug_-2(%) 
a Ug(x) — Ux-1 (x) 
ae (2x — ay) [a Ug (x) — Ug—1(x)] — a, Ug—1 (%) + Ug—2(x) 
a Ug(x) — Ug-1(x) 
(2ayx — at — 1)Ug(x) 
ay Ux (x) — U1 (x) 


reei(x) = 2x 


=a+ 


Now, if a1, ..., @ are distinct numbers satisfying 


1 1 1 
a+ =a.4+ — H+ = an-1 + — =n + — = 2x, 
an a3 An ay 
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then 2a;x — a} — 1 4 Oand 


1 1 1 
Ayn = 2x — — =7 (XxX) > an_| = 2x =1r(x) > -+-:-- > ay = 2x =r,(Xx). 
a\ an a2 


Hence, we can deduce that U,_1(x) = 0. Finally, it is well known that U;_1(x) = 
ge! gee (x — cos +), completing the proof. 


Problem 2 (Titu Andreescu, $334, MR-2015) Let (ay)n>0 be a sequence of real 
numbers with ag > 0 and an41 = a0-++-d, +4 forn > 0. Prove that 


dn — Vn + DQZ+)-4=1, ne 1. 


Solution The recurrence relation can be written as ayn41 = (dn — 4)ady + 4, hence 
an4, +1 = a? — 4a, + 5. From here, one can write 


(@n41 + I)(a2 +1) —4= (@ — 4an +52 +1) -4 
= at — 4a} + 6a7 — 4an +1 


= (dy — 1)*. 


After taking the fourth root and subtracting, we obtain 


an — ng + D@2 +1) —4=1, n>1. 


Problem 3 (Angel Plaza and Sergio Falcén, 11920, AMM-2016) For a positive 
integer k, let (Fy) be the sequence defined by the initial condition Fy. = 0, Fx. = 
1, and the recurrence relation Fx n41 = kFk.n + Fen-1. Find a closed form for 


n 

2n+1 
>| , ) Fan 
i=0 : 


Note: The kth sequence (Fx,n)n>0 is also known as the k-Fibonacci sequence. 


Solution Consider the Fibonacci polynomial f;, (x, 5) defined by 


fn(, 8) = Xfn—-1(%,5) + 8fn(™, 8), fo®,s)=90, fi@,s) =1. 


Denote the roots of the characteristic equation z” 


x+VJx2 +45 x —VJVx2+4s 
0 = —__—__, 
, 2 


2 


—xz—s=0Oby 
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Since we have a* = xa +s and 6? = xf +s, we can derive by induction the 


well-known Binet formula giving f, (x, 5) = (@” — B”)/(a@ — B). 
Since s = —aB, we have 


Ss S 
a+—-= (6+ ) =< Bpa=x+t+vVx2+4s. 
a B 


By the binomial formula, we obtain 
n 


fOr TY 1 ee Dy ; .; 
Bi ae J! fsa) = 7 a ae jens — purtin2) 


I 


i=0 i=0 
ae : 
_ 1 a em | 2nt1—i_ gyi 1 . an+ 1 i¢_ gy2n+1-i 
| Ja Srey pS CORN cr. 
2n+1 
OOP. (x2 4 4s)", 
a— B 


The desired result is (k? + 4)”, obtained for x =k ands = 1. 


2 
n 


Problem 4 (Problem 32, ME-1997) Let ag = 1996 and ani) = a ; forn= 
0,1,2,.... Prove that |a,| = 1996 —n forn = 0,1,2,...,999, where |x| is the 


greatest integer less than or equal to x. 


Solution Note that a, > 0 implies an41) > 0 and 


1 
an — An41 =1- > 0, 
ay +1 
hence the sequence is decreasing, i.e., dg > a; > ---. We can also write 


an = ag + (a) — a0) + +++ + (Gn — An-1) 
1 1 
= 1996 —n + —— +--+ ——— 
ag+1 Q—1t1 
> 1996 —n. 


For 1 <n < 999, this gives 
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1 1 n 999 999 
Ae ce < < < = 1 
ag+1 Qn-1+1 ayn-1+1  agog +1 1996 — 998+ 1 


This proves that [a,] = 1996 —n. 


Problem 5 (Problem 21, ME-1997) Show that if. polynomial P satisfies P (2x? — 
l= Eee then it must be constant. 


Solution Define the sequence uw; = 1, uz = —1 and uy = ,/ Matt forn > 3. 


We have u, < Uns, < | forn > 2 and Ptu,) = P(Un41)*/2 — 1 for 
n > 1. Note that P(u,) 4 0 forn > 1, as otherwise P(u,) = 0 would imply 
P(un—), P(Un—2),-.., P(uy) are rational. One can check that P(1) = 1+ V3. 
Differentiating the equation for P, we get 4x P/(2x* — 1) = P(x)P’(x). Since 
P(1) 4 4, we get P’(u,;) = P’(1) = 0. This implies 0 = P’(u2) = P’(u3) =->-. 
Therefore, P’(x) is the zero polynomial, hence it is constant. 


Problem 6 (Titu Andreescu, J55, MR-2007) Let ag = 1 and ans.) = ao +++ an+4, 
n > 0. Prove that ay — ./Qn41 = 2, forn > 1. 


First Solution Notice first that a, > 0, forn > 0. Multiplying both sides of a, = 
ao- ++ An—1 + 4 by ao--- an_, and adding 4, we get 


a0 +++ An—14n +4= (ag agen Adages apt +4 


= (ap---dn—1 +2). 


This leads to (an — 4+ 2) = dn4+1, Or equivalently, a, — 2 = ./ay+41. 


Second Solution One can show by induction that a) = (a, — 2). Indeed, this 
is true form = 1. Assuming it is also true fork = 1,...,, we obtain 


OQn42 = A0°** Andn41 + 4 
= (Qn4i — Nant +4 
= a4) — dang +4= (angi — 2). 
The conclusion easily follows. 


Third Solution Notice that the sequence (a,)n>0 1s strictly increasing. From the 
relation dn41 = do--: dn +4, one obtains 


(Qn+1 _ A)an+1 = (ao--: Gn )an+1, 


378 8 Solutions to Proposed Problems 
to which adding 4 and collecting terms, we obtain 


2 
(Qn41 — 2)” = Gn42, 


which ends the proof. 


Problem 7 (APMO, 2014) A sequence of real numbers (an)n>o0 is said to be good 
if the following three conditions hold: 


I. The value of ag is a positive integer. 

2. For each nonnegative integer i we have aj4, = 2a; + 1 or aj4, = aaa 

3. There exists a positive integer k such that ax = 2014. Find the smallest positive 
integer n such that there exists a good sequence (an)n>o0 of real numbers with the 
property that a, = 2014. 


First Solution Note that 


aq+aq,+2 2a4+1) 
tai $1 a2 + Dorags +1= E82 = BE 


Hence 


1 1 1 1 aj +2 1 1 1 


— . or — — . + 
ais41 +1 2 atl dis. +1 qta+2 2 a4+1 2 


Therefore 


1 1 1 Ee 
l 

Bt. Sty, a. 8.17 

atl Qk aot+l a » Qk-it+1 ( ) 


i=1 


where ¢; = 0 or 1. Multiply both sides by 2" (a, + 1) and put ay, = 2014 to obtain 


k 
2015 
os 2015 ort). 
aus (> : 


i=l 


where ¢; = 0 or 1. As ged(2, 2015) = 1, we have ap + 1 = 2015 and ap = 2014. 
Therefore, we have 


k 
a* _ 1 = 2015 (> cat) ; 


i=1 


where ¢; = O or |. We now need to find the smallest k such that 2015 divides 
2* — 1. Since 2015 = 5- 13 - 31, from Fermat’s little theorem we obtain 5 | 24 — 1, 
13 | 2!* —1, and 31 | 270 — 1. We also have Icm(4, 12, 30) = 60, hence 5 | 2 — 1, 
13 | 2© — 1, and 31 | 2© — 1, which gives 2015 | 2° — 1. 
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Notice also that 5 { 27° — 1, hence k = 60 is the smallest positive integer such 
that 2015 | 2* — 1. To conclude, the smallest positive integer k such that a, = 2014 


isk = 60. 


Second Solution Clearly, all sequence terms are positive real numbers. For each 


ar : aged 2a; ; 
positive integer 7, we have aj; = i or aj = as . Since a; > O we deduce that 
L 
dizi1—l if 
7 iW dj+1 > 1, 
aj = 2dj+1 : 
arate if aj41 < 1. 


Thus a; is uniquely defined from aj+1. Starting from a, = 2014, we can run the 
sequence backwards until we reach a positive integer, as shown below: 


2014 2013 2011 2007 1999 1983 1951 1887 1759 1503 991 
1° 2° 4° 8° 16° 32” 64° 128’ 256’ 512° 1024’ 33 ’ 
1949 1883 1751 1487 959 1918 1821 1627 1239 463 926 1852 
66 ’ 132° 264’ 528’ 1056’ 97’ 194” 388° 776’ 1552’ 1089’ 163’ 
1689 1363 711 1422 829 1658 1301 587 1174 333 666 1332 
326’ 652’ 1304’ 593’ 1186’ 357° 714° 1428’ 841’ 1682’ 1349’ 683 ’ 
649 1298 581 1162 309 618 1236 457 914 1828 1641 1267 
1366’ 717’ 1434’ 853’ 1706’ 1397’ 779” 1558’ 1404’ 187” 374° 748° 
519 1038 61 122 244 488 976 1952 1889 1763 1511 1007 
1496’ 977° 1954’ 1893’ 1774’ 1527’ 1039’ 63 ° 126’ 252’ 504° 1008" 


1982 


2014 


The next iteration produces =|—, so the answer is k = 60 steps. 


Problem 8 (Dorin Andrica) Define x, = 2" + 1 for alln > 1. Prove that 


1. Xp = X1X2+++Xp—-p + 2,n => 1; 
2. gcd(xx, x1) = I, for distinct k,l € IN; 
3. X, ends in7 for alln > 3. 


Solution 
1. We have 
pee PTS Fa Se Hy STS yy = ee 
hence 
Xp — 2 = Xp—1(%XK-1 — 2). 
Multiplying these relations for k = 2,...,, one obtains 


Xn — 2 = Xy-1 +++ X2X1(%1 — 2). 
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Since x; = 3, it follows that 
Xp = X1X0-+++Xyn-1 +2. (8.18) 


An alternative proof can be obtained by the identity 


1 n—1 _ 
= I] a + 1) js 
k=1 


2. Since the terms x,, > 1 are all odd, from (8.18) one obtains 


k-1 
x? 


x-—1 


gced(xn, x1) = gcd(xn, x2) Se gced(Xp, Xn-1), n = 2, 


hence gcd(xx, x7) = 1, for distinct k,/ € IN. 
3. Since x2 = 5 and x1x2---X,—1 is odd, by the relation (8.18) it follows that the 
last digit of x, is 7 for all integers n > 3. 


Appendix A 
Complex Geometry and Number Theory 


In this section we expose some basic notions of complex plane geometry and 
number theory that have been used throughout this book. Basic elements of complex 
geometry include the triangle inequality, as well as various types of star polygons 
and directed graphs [6], [54, Chapter 2], and [110, Chapter 1]. 

Some definitions of number theory concepts are then presented, including Euler’s 
totient function, least common multiple, and greatest common divisor [5, 24]. Basic 
properties of lcm and gcd are then discussed in the pairwise context, together with 
results concerning the number of pairs having the same Icm or gcd. A link between 
Icm and gcd for integer tuples obtained by Valcan and Bagdasar is given [160]. 
These are useful for formulating results regarding periodic complex recurrences of 
second order (Chapter 5) and of arbitrary order (Chapter 6). 

We conclude with enumeration theorems related to Stirling numbers [40], and 
density results established by Weyl [165], Hardy [74], Gologan [69], or Andrica 
and Buzeteanu [19], used in the proofs of density results for Horadam sequences 
and their generalizations (Chapters 5-7). 


A.1 Complex Geometry 


A.l.1 The Triangle Inequality 


Any two complex numbers u and v satisfy the inequalities [6], [168, p. 18] 
| |u| — |v] | S |u+ v| S |u| + vl. 


This result allows us to establish inner and outer boundaries for the periodic and 
stable Horadam orbits. These are plotted in many illustrations. 
In general, for m > 3 and the complex numbers x1, ..., Xm then 
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[xy +--+ + Xml S [x1] +--+ + Xml. 


Lower boundaries that only involve |x1|,--- , |x| are presented in the monograph 
of Dragomir [61, Chapter 3], under some assumptions on |x1|,--- , |Xm|. However, 
it may happen that xj + ---+ x», = 0. The graphs illustrating periodic orbits of 
generalized Horadam sequences in Chapter 4 only display the outer boundary. 


A.1.2 Regular Star Polygons and Multipartite Graphs 


Star polygons and multipartite graphs with geometric symmetries can be recovered 
from periodic orbits of complex recurrent sequences. 


Definition A.1 (star polygons) For integers k and p the regular star polygon 
denoted by the Schlafli symbol {k/p} can be considered as being constructed by 
connecting every pth point out of k points regularly spaced in a circular placement 
(see [54, Chapter 2] and [55, Chapter 6]). 


Definition A.2 (multipartite graph) For k a natural number, a k-partite graph 
W is a graph whose vertex set V is partitioned into k parts, with edges between 
vertices of different parts only (a 2-partite graph is simply called bipartite), e.g., 
G = (Vo,..., Ve-1, E) with E C {uv : u € Vj,v € Vj,i F j}. The vertices of 
V;,i=1,...,k — 1 are called the ith level of G [110, p.4]. 


A.2 Key Elements of Number Theory 


A.2.1 The \em and gcd of Integer Pairs 


The least common multiple of two natural numbers a and b is often denoted by 
Icm(a, b) or [a, b], and is the smallest number divisible by both a and b [74, § 5.1, 
p. 48]. The dual notion is the greatest common divisor, denoted by gcd(a, b) or 
(a, b), which is the largest number that divides both a and b. 

Assume that a = pj! p5?--: pik, b= pa ve ae where p; < pr <... < 
Px are primes and a;, b; are nonnegative integers. The following identities hold: 


( ; ) “il a,b min(a2,62) aa ak, Dk 
om L ax(a),b1) ax(az,b2) ax (ag, bx) 
l ( ; ) ‘a a,b, max(d2,b oe nas ak bE ; 


This ensures that 


a+b =Icm(a, b)- gcd(a, b) = pat?! pa2th2 ... pet? (A.1) 
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Numerous properties and results regarding these notions can be found in the 
literature. 
For n = p}'p;°-+: pr’, then the Icm and ged can be expressed by number of 


ordered pairs (a, b) having the same Icm n is 
{(a, b) : Iem(a, b) = n}| = (Qn, + 1)(Qn2 4 1)--- Qn, + 1), (A.2) 


where | | represents the cardinality of a set [8]. If is square-free we have 30%) (571, 
where w(n) denotes the number of prime divisors of n. 

The integer sequence whose nth term is (A.2) is indexed in the Online Encyclo- 
pedia of Integer Sequences (OEIS) [157] as A048691. 

The number of relatively prime ordered pairs (a, b) with same Icm n is (see 
[153]) 


I{(a, b) : ged (a, b) = 1, Iem(a, b) = n}| = 2°”. 


Many related notions are linked to various number sequences indexed in the OEIS. 


A.2.2. The lem and gcd of Integer Tuples 


The Icm and gcd can be defined for k-tuple of integers a), ..., ax > 0, where k > 2. 
Later on we extend results like (A.2) for general tuples of integers. 
The number of k-tuples of positive integers having the same lcm n is 


LCM(n; k) = [{(a1,..., ay) : Iem(ayj,..., ax) = n}}. 
Some identities and inequalities involving the above arithmetic function are pre- 
sented. A number of sequences indexed in the OEIS are obtained from particular 


instances of this function. A detailed list is given in Section 5.3. 
The number of ordered k-tuples with gcd d and Icm n is defined by 


GL(d,n;k) = l{(aq,...,az) : ged(a,...,a) =d, lem (qj, ..., ax) = n}I, 


and certain properties of this function are analyzed. Other enumeration functions for 
increasing and strictly increasing integer tuples will be considered in Chapter 5 


LCM* (k,n) = |{(a1,..., a) : [a1,...,ae] =n, l<a) <-:- <a, <n}I; 


LCM* (k,n) = |{(a1,..., ax): [a1,...,a] =n, l<a <-++< ag <n}. 
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A.2.3 Links Between the lcm and gcd of Integer Tuples 


A link between Icm and ged of k-tuples of integers was proved by Valcan and 
Bagdasar [160]. An inclusion—exclusion derivation is suggested in [68]. 


Theorem A.1 Let k > 2 anda\,...,ax > 0 be integers. We have 


I] gcd (isha Gig) 
1<i, <---<iy<k 


Icm (a1, d2,..., 4k) = " (A.3) 


I] gcd Cree 


1 Si <:++<iy<k 


where u is odd and v is even. 
The dual of this theorem can be written as follows. 


Theorem A.2 Letk > 2 anda\,...,ax > 0 be integers. We have 


I] Icm (aj,,..., di,) 


1 <i, <-++<iy<k 


gcd (a1, a2,...,a) = : (A.4) 


I] lem (aij, nce, ) 


1 Si <+++<iy<k 


where u is odd and v is even. 


Proof If a prime p has multiplicities m,,...,m, in a,,...,ax, then the rela- 
tion (A.3) reduces to 


max(m,,..., Mk) = > min(m;,,..., Mi,) 


1<ij <...<iy<n 


_ ~ min(mj,,-..,Mi,), 


1<i| <...<iy<n 


where u is odd and v is even. To this end one just need to count the terms in the two 
sides. This argument can also be checked using an inclusion—exclusion principle. 
oO 


In particular, for k = 3 the formulae (A.3) and (A.4) produce the identities 


a + a2- a3 - gcd (aq, a2, a3) 
gcd (aj, az) - ged (ay, a3) - ged (az, a3)’ 


Iem (a, a2, 43) = 


and the dual relation 
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ay - a2 - a3 - lem (aj, a2, a3) 


cd (a1, a2, a3) = , 
ged (a1, a2, a3) lem (a), a2) - lem (ay, a3) - lem (a2, a3) 


A.2.4 Euler’s Totient Function 


Euler’s totient is one of the arithmetic functions which feature in number theoretic 
results and algorithms. For an integer € IN, g(n) represents the number of integers 
1 <k <n relatively prime with n. 

If is known that if p is prime and gcd(m, n) = 1 and k > 1, then 


g(p)=p-1 
o(p*) = p*"(p - 1) 
g(mn) = g(m)g(n). (A.5) 


If the factorization of n is n = pi! ps” --- py‘, the following identity holds: 


coal O-D(-2) 


The following valid identity is useful in what follows. 


Proposition A.1 For any positive integers a, b € IN one has 
p(gcd(a, b)) - p(icm(a, b)) = g(a) - g(b). (A.6) 


Proof Denote d = gcd(a, b) and the numbers a’, b’ such that a = da’ and b = db’. 
By (A.1), one has Icm(a, b) = da‘b’. Notice that any two of the numbers d, a’, b’ 
are relatively prime. By the multiplicity of g (A.5), (A.6) becomes 


g(d) - p(da'b’) = g(d)g(a’) - pd)g(b) = g(a)g(b). 


A.2.5 The “Stars and Bars” Argument 


The stars and bars argument is used to prove certain combinatorial identities. There 
are two basic versions of this argument. In the first one, the question is to find 
the number of k-tuples of positive integers whose sum is n, for given numbers n 
and k. In the second, the number of k-tuples of nonnegative integers with the same 
property. It is not too difficult to prove the following results. 
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Let n and k be nonnegative integers. The following results hold. 


Problem 1 The number of k-tuples of positive integers with sum n is 


e n—1 
Si(n, k) = (i oO 


Diagram (A.7) shows a feasible configuration for n = 9 and k = 3. 
7K OK OK Ok Ok OK Ok Ok [ok | ok oR | ok kk (A.7) 


To count the number of configurations, one needs to place (k — 1) bars in the (n— 1) 
gaps between the n stars. This is equal to the number of (k — 1)-element subsets of 
a set with n — | elements. For the example above, the formula gives (a) = 36. 


Problem 2 The number of k-tuples of nonnegative integers with sum n is 


i _ n+k—-1 
S in.) = ( eel ) 


Diagram (A.8) shows a feasible configuration for n = 9 and k = 4. 
7K OK OK Ok Ok OK Ok OK * [ok K| | KOK KKK | (A.8) 


To count the number of configurations, one has a total of n + k — | objects (n stars 
and k—\ bars). Any choice of k—1 spaces for the bars determines the configuration. 


For the example above, the formula gives (oy) = 55. 


For more details and examples one may consult [1, 5, 8, 64], or [68]. 


A.2.6 Partitions of Numbers and Stirling Numbers 


The Stirling numbers of the second kind are usually denoted by S(n, k) (as discussed 
by Knuth in [99], the notation was first used by Richard Stanley) and count the 
number of ways to partition a set of n labeled objects into k nonempty unlabeled 
subsets. Clearly, the following identities hold S(n,n) = S(n, 1) = 1. 


Recurrence Stirling numbers of the second kind obey the recurrence 
S(n+1,k)=kS(n,k) + S(n,k — 1). 


To prove this note that a given partition of the n + 1 objects into k nonempty subsets, 
may or may not contain the (nm + 1)th object as a singleton. 

This element is a singleton for S(n, k — 1) configurations, as the remaining n 
objects are partitioned into the available k — 1 subsets. 
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Otherwise, the (n + 1)th object belongs to a subset containing other objects. This 
can happen in kS(n, k) ways, as all objects other than the (n + 1)th are partitioned 
into k subsets, and then there are k choices for inserting object n + 1. The desired 
results is obtained by summation. 


Explicit formula Stirling numbers of second kind are given by [151] 


Sin, = = ee cy 
kt j 


Identities 


1. A simple identity is S(n, n — 1) = (5). 
To prove this result, note that n elements can be divided into n — | sets only if one 
set is of size 2, while the rest n — 2 sets are of size 1. Each of these configurations 
is fully determined by the choice of these two elements. 

2. Another identity is S(n, 2) = ets I, 
There are 2” ordered pairs of complementary subsets A and B. We can discard 
the two cases when one is empty and get 2” — 2 ordered pairs of subsets. To 
obtain unordered pairs, the last number was divided by 2. 
Another explicit expansion of the recurrence relation is known. 


Lyon-1 n—-1 
pan - 1h) 
ey ll 

S(n,2) = —7 

Ln! = ay —_ 1-1 =, 1-1) 
s~,3)=4 2 

1! 

lygn-1 n—-1 2¢gn-1 n—-1 lgn-1 n-1 

+(4 -—3 —s5(4 —2 +34 —1 
Pe y= 2 y+ 46 ) 

2! 

lon—-1 n—-1 3 pqen—1 n—-1 3 ~qn—1 n—1 lysn—-1 n—1 

List and a Ser gh age ea tad 
Pe — y+ 3 oe ) 


3! 


Similar relations hold for S(n, k) when k > 6. 


A.2.7 Linear (In)dependence and Density Results 


Here we present some useful linear independence and density results. The notations 
[x] = max{m € Z : m < x} and {x} = x — |x] are used for the (resp.) floor and 
fractional part of x. Clearly, the latter is periodic and {x + 1} = {x} forx € R. 
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Definition A.3 The numbers and x;,...,x, € IR, k > 1 are called linearly 
dependent over Q (or Z) if there are coefficients p;,..., px € Q, such that 
Q\xX1 +a2x2+-++-+agxy =O, and (aj,...,a¢) 4 (0,...,0). (A.9) 


If (A.9) only holds when (a1,..., ax) = (0,..., 0), then the numbers x1, ..., xx 
are called linearly independent. 


It is a simple exercise to show that if numbers x1, ..., x, are linearly dependent over 
rationals, they are also linearly dependent over integers. 
We provide the following illustrative example of linear independence. 


Proposition A.2 For any prime number p, the numbers 1, ¥/p, y p2 are linearly 
independent over Z. 


Proof Assuming that the above triplet is linearly dependent over Q, by (A.9) we 
can find the coefficients ag, a, a2 with the property 


ay + a1/B + any) p? =0. (A.10) 
We may assume without loss of generality that ao, a), a2 are relatively prime 
gced(ag, a1, 42) = 1. (A.11) 
Simple computations show that 
wtyt2graxrtt+y4243x+ y+ 20(xy t+ yz t+ 2x) — 3xyz, 
which ensures that whenever x + y + z = 0, the following relation holds: 
wt y473 = 3xyz. 
Applying the latter identity to (A.10), one obtains 
ay + a; pt a3 p = 3anajaz p. (A.12) 
As p is prime, p is also a divisor of ae: hence of ao itself. Dividing (A.12) by p, 
we can show that p also divides a;. Using the same argument once more, one can 


prove that p divides az, in contradiction with (A.11). We conclude that numbers 
1, SP, / p? are linearly independent over Z. Oo 


For k = 1, the linear independence of 1 and x; implies that x; € IR \ Q, and one 
obtains the well-known lemma of Kronecker [74, Theorem 339], [69]. 


Theorem A.3 /f x is irrational, then {nx} is dense in the interval [0, 1]. 
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The following stronger result is a consequence of a property discovered by Weyl] 
[165], [74, Theorem 445] (apparently also by Sierpinski and Bohl at about the same 
time) holds 


Theorem A.4 /f x is irrational, then {nx} are uniformly distributed in [0, 1]. 
The result of Weyl is given in a more general form in [19, Lemma 3.2] 


Theorem A.5 Let P(X) = apyX? +--+ +a,X + ao € R[X] be a polynomial such 
that at least one of the coefficients ap, ..., a, is irrational. Then 


eee 
lm — > eet P(n) _ 0. 
N>oo N 7 

This theorem has numerous applications in approximation theory and probabilities. 
The density and uniformity results are used in what follows to prove the density of 
sequence terms and the uniform distribution of the argument of certain Horadam 
sequences. 

Theorem A.3 can be found under the following reformulation: 


Theorem A.6 /f x is irrational, the set 
A={n+mx:meN, neZ} 


is dense everywhere in R. 
A generalization was proposed by Andrica and Buzeteanu [19, Lemma 3.2]. 


Theorem A.7 Lets > 0, a > 0, b = O be integer numbers and x an irrational 
number. Then the set A = {n+mx:meéeNWN, ne Z,n=a (mods),m = b 
(mod s))} is dense everywhere in R. 


The equivalence between the above density results is based on the periodicity of 
{x}. In [19], the authors formulated several types of density results, involving T- 
relatively periodic functions defined as 


Definition A.4 Let P € IR[X] and T ¢€ R \ {0}. A function f : R > R is T- 
relatively periodical with respect to P if f(P(n) + mT) = f(P(n)). 


Although this class of functions seems to be larger than the class of periodical 
functions of period 7, the authors prove that the two classes coincide for P € Q[X], 
T irrational, and f continuous. 

A multi-dimensional version of Kronecker’s lemma will also be required. 


Theorem A.8 ([74, Theorem 442]) Jf 1, x1, x2,...,x, are linearly independent 
(over IN), a1, @2,..., @%, and N and € are positive, then there are integers n > N, 
Pi,---» Pe such that 


|NXm — Pm —Am| <&, m=l1,...,k. 


390 A Complex Geometry and Number Theory 


Another form of this theorem is the following. 


Theorem A.9 ([74, Theorem 443]) Jf 1, x1, x2,...,xx are linearly independent 
(over IN), then the set of points 


({nxi}, {nx2},..-5 {nxK}), 


is dense in the unit k-dimensional hypercube. 


The following result illustrates properties of linearly dependent triples, which 
will be used in the classification of Horadam stable orbits. 


Proposition A.3 Let x1,x. € R. Jf (1, x1, x2) are linearly independent over Q 
(or Z), then sequence ({nx,}, {nx2}) is dense within [0,1] x [0, 1]. Otherwise, 
(1, x1, x2) are linearly dependent over Q (or Z), hence one can find do, a1, a2 with 
the property 


ao + a,x, +anx2 = 0. 


The following cases are possible: 


1. x1,x2 € QO (ag = —ay x1 — anx2). 
In this case, the sequence ({nx}, {nx2}) is periodic. 
2. x1 = p/k € Q (irreducible), x2 € R\ Q (a, = 0, ag = —a2Xx2). 
Here the sequence ({nx,}, {nx2}) is dense within {0, ie er thy x [0, 1]. 
3.x1,42 € R\O(Q2 = =F _ S = b,x; + bo). 
In this case the sequence ({nx\}, {nx2}) is dense within the graph of the function 
f: [0,1] —> R? defined by f (x) = (x, b1x + bo). 
Important instances are b, = 0 (i.e., x2/x; € Q) or bj = 1 (i.e., x2 — x1 € Q). 


Remark A.1 The distinct cases above will result in distinct types of Horadam 
orbits, which will be finite (dimension zero), dense within distinct circles or other 
closed curves (dimension one), or dense within certain annuli in the complex plane 
(dimension two). 


A.3. Numerical Implementation of LRS General Terms 


The methods presented in Chapter 6 for generating the first terms of the generalized 
Horadam sequence can be refined to allow the direct computation of the sequence 
terms with a given index set J = {i,,...,in}. We detail below the computer 
algorithm, using matrix operations implemented in Matlab®. 
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A.3.1 Distinct Roots 


In this case matrix Vy.m(Z1,---,Zm) in (6.72) can be replaced by the matrix 
Vim(Z1, +--+, Zm) defined for each set J = {i1,..., in} as 
aa ene 

Vim(Z1,+++5%m) = : : : (A.13) 


In Matlab® syntax, matrix (A.13) can be implemented as 
Vim (Z1, +--+, Zm) = [ones(N, 1) * (21, ..-, Zm)]. ATG, ---, in)’ * ones(1, m)], 


where z’ denotes the transpose of vector z. 


A.3.2 Equal Roots 


In this case matrix V,,,m(z) in (6.82) can be replaced by the matrix V7 m(Z1,..., Zm) 
defined for each set J = {ij,..., in} as 
zi iyi... eg 
zi2 igzi2 ... ge 
Vim@=| oh (A.14) 


ziN iyzin ..- im tain 


The above matrix can be written as 


liy --: i zi zit we. zl 
lin -:- i z2 72... 7l2 

Vim(Z) S "0 ‘ ok 5 : ‘ , (A.15) 
live<iy zin Zin... Zin 


where .* is the element-by-element matrix product in Matlab®, 
In this case the two matrices in (A.15) can be implemented as 


Vim) = [(i1,..., in)’ * ones(1, m)]. A [ones(N, 1) * (0, 1,...,m—1)], 


Vin) =  (onestw, Wee LA Migawks iny | * ones(1, m)], 


where .A denotes the element-by-element power function implemented in Matlab®. 
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A.3.3 Distinct Roots z1,..., Zm of Higher Multiplicities 
dy, eeey din 


In general, for an ordered set of indices J = {i,,..., in} one can directly obtain the 
terms x,,n € I of the sequence by considering the matrix 


Writ) nctiy Gis eaestm) = (Vrater)|* Vr. Ga) s 


where the matrix components V7 q,(zj), i = 1,..., m, are defined in (A.14). 
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